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Abstract: Insurance policies seldom provide policy holders with complete coverage against losses.

Most policies limit coverage with deductibles or include an upper limit. A new explanation for existence

of deductibles and upper limits on coverage is given based on multiplicity of agents’ priors and cautious

behavior. Two models are studied. In the first, both agents have capacities which are epsilon-

contaminations of a given prior with different epsilons. It is shown that if the insurer (respectively the

insured) takes more into account maximal losses than the insured (respectively the insurer), then the

optimal contract has an upper limit (respectively includes a deductible). In the second model, agents

are RDEU maximizers. It is proven that if the insurer is very sensitive to the certainty effect (and

therefore overweights his maximal loss) while the insured is mildly sensitive, then the optimal contract

has an upper limit. If furthermore, the insured disregards events of low probability and neglects his

minimal loss, the optimal contract includes a deductible. We lastly combine and compare the two

models.
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1 Introduction

In his 1963 seminal insurance paper, Arrow showed that risk-averse agents with von-Neumann Mor-

genstern utility demand full insurance coverage if insurance is available at actuarially fair price. Yet

insurance policies seldom provide policy holders with a complete coverage against losses. Most insur-

ance policies limit coverage of losses with deductibles and include an upper limit on coverage. Many

explanations have already been given: transaction costs, economies of scale in administrative expenses,

limited liability of policy holders, informationnal asymetries between the insurer and the insured...(see

for example Huberman et al (1983) and Winter (1992) and the references included in those papers).

In this paper, we provide a new explanation for deductibles and upper limits on coverage. We

assume that the insurer and the insured are not able to derive the probability of the loss and have

multiple priors. Being uncertainty averse, agents maximize the minimal expected utility of their

wealths over their sets of priors. We show by mean of two examples that ambiguity and uncertainty

aversion may explain deductibles and upper limits on coverage.

Since early work on equilibrium asset pricing by Dow and Werlang (1992) and Epstein-Wang

(1994), the effect of ambiguity and uncertainty aversion has been discussed in various settings, for

example, game theory, asymetric information, equilibrium asset pricing. Risk or uncertainty sharing

has also been the subject of a subtantive body of literature on which this paper builds upon. Our

main contribution is to show by mean of examples that optimal contracts may have qualitative prop-

erties that cannot be obtained if agents are expected utility maximizers with differentiable utilities.

Following a stream of research that started with Schmeidler (1989), we assume here that agents are

Choquet-expected-utility maximizers with respect to convex capacities. We provide two examples

where agents have different sets of priors and optimal contracts include a deductible or an upper limit

or both.

Let us first briefly recall the model and the properties of efficient contracts when agents have

v.N.M. utilities with differentiable, strictly concave increasing index. A risk averse agent faces a risk

W to his initial wealth w0. The market provides insurance contracts for this risk. A contract is

characterized by a premium Π and an indemnity schedule Ī from the state space into R+. Contracts

are such that 0 ≤ Ī ≤W . When the insured buys the contract, he is endowed with the random wealth

w0 − Π −W + Ī, while by selling the contract the insurer gets Π and promises to pay Ī(s) if state s

occurs. Assuming that his initial wealth is zero, his wealth equals Π − Ī. When agents have v.N.M.

utilities with differentiable, strictly concave increasing index, then agents’ wealths are comonotone.

Hence Ī and Ī−W are non decreasing functions of the loss W that we denote by I(W ) and W −I(W ).

If furthermore, utility index are C2, then I is a differentiable function whenever it is positive and an

efficient contract is such that there exists D ≥ 0 such that I(t) = 0 for t ≤ D and 0 < I(t) < t and

0 < I ′(t) < 1 for t ≥ D.

In a finite number of states setting, Machina (1995) expresses the view that these results should be

robust to Non expected utility if agents’utilities are smooth functions of the distribution. Safra and

Zilcha (1987) express a similar view for utilities compatible with second order stochastic dominance

while providing an example of an insurance market with a weakly averse utility and an efficient con-

tract with an upper limit. We partly share Safra and Zilcha’s view: when agents have RDEU utilities

with strictly convex distortions and strictly concave index, then utilities are compatible with second

order stochastic dominance, hence agents’ wealths are comonotone and therefore Ī and Ī−W are non

decreasing functions of the loss. But we shall show, in an infinite state space setting, that the behavior
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of the distortion at the boundaries, plays an important role in explaining deductibles and upper limits.

Let ((Ω,B)) be an infinite state space endowed with a σ-field. Assume that agents’ set of countably

additive priors is of the form εP + (1− ε)Q where Q is ”any” probability measure on (Ω,B) and that

agents’ utilities are ε− contamination of an expected utility: u(X) = εEP (U(X)) + (1− ε) inf U(X).

If one assumes ”ex-ante” the existence of ”continuous efficient contracts”, it can be proven that,

necessarely, they are non decreasing function of the loss. In a pure exchange economy setting, this

hypothesis is equivalent to the comonotony of Pareto-optimal allocations. Since we believe that

existence and continuity of efficient contracts should be a result of the model and not an assumption,

we assume in this paper that agents’ set of countably additive priors P is of the form εP + (1 − ε)Q

where Q is any probability measure on (Ω,B) absolutely continuous with respect to P and that agents’

utilities are of the form:

u(X) = infR∈P ER(U(X))
= εEP (U(X)) + (1− ε)essinf U(X)

It may also be checked that u(X) = Ef (U(X)) where Ef (X) is the Choquet integral of X with respect

to the distortion discontinuous at one f(x) = εx for 0 ≤ x < 1 and f(1) = 1.

In the first example that we consider, both agents have utilities of that form but with different

epsilons and have strictly concave utility index. It is shown that if the insurer takes more into ac-

count extreme losses than the insured (the insurer is ” more uncertainty averse” than the insured

according to Dow and Werlang (1992)), then the optimal contract has an upper limit. This holds

true independently of agents’ utility index. Agents’ utility index however determine the policy for

low values of the loss and the level of the upper limit. Let us emphazise that this type of contracts

cannot be obtained if agents are expected utility maximizers with differentiable utilities, since efficient

contracts are strictly increasing whenever they are strictly positive. On the other hand, if the insured

takes more into account maximal losses than the insurer, then the optimal indemnity schedule equals

the loss minus a deductible for high values of the loss. This result has some similarity with the case

where agents are expected utility maximizers and the insurer is risk neutral and the insured risk averse.

In the second example, agents are Rank Dependent Expected Utility maximizers with strictly con-

vex differntiable distortions and differentiable strictly concave utility index. Much richer qualitative

properties than in the expected utility model with differentiable utilities may be obtained. It is shown

that if the insurer’s distortion has infinite slope at one (in other words if the insurer is very sensitive

to the certainty effect and distorts very much very likely events and therefore overweights his maximal

loss), while the insured’s distortion has finite slope at one, then he offers a contract with an upper

limit. Again, the phenomenon holds true independently of agents’ utility index but agents’ utility

index determine the policy for low values of the loss and the level of the upper limit. On the contrary,

if the insured’s distortion has infinite slope at one, while the insurer’s distortion has finite slope at

one, then the insured insures himself a constant wealth for high value of the loss by buying a contract

with a deductible. Similarly if the insured’s distortion has slope zero at zero (respectively the insurer’s

distortion has slope zero at zero) which means that the insured neglects events of low probability and

his maximal outcome, then an optimal contract gives no insurance (respectively full insurance) for

low values of the damage. We therefore show that an optimal contract may at the same time have

a deductible and an upper limit according to the relative slopes at 0 or 1 of their distortions. Again

this type of contracts cannot be obtained if agents are expected utility maximizers with differentiable

utilities.
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The qualitative properties of the two models display common features. This raises two natural

questions that are finally discussed.

• Is the first model the limit of the second?

• Suppose a RDEU agent exchange risk with an agent with an agent with epsilon-contaminated

utility. What are the features of an efficient contract?

We show that if the sensitivity to the certainty effect of the RDEU agent is moderate, then we get the

same qualitative properties as in the RDEU section. If it is high, assuming that the RDEU agent is

the insurer, then he may not trade. If he trades, he offers a contract with a deductible for high values

of the risk.

The paper is organised as follows. In section 2, we recall concepts related to convex capacities and

provide a few examples of such capacities. In section 3, we introduce an insurance model and provide

a class of utility functions for the insurer and the insured for which Pareto optimal contracts exist. We

then show that Pareto optimal contracts have properties which are standard when agents are expected

utility maximizers: they only depend on the loss and are non decreasing 1-Lipschitz function of the

loss. We then get to the central part of the paper: we consider the case where agents have different

sets of priors and discuss the qualitative properties of Pareto optimal contracts in two particular cases.

Section 4 is devoted to the case where agents are averse to low values of wealths. Both capacities are

epsilon-contaminations of a given prior (but the epsilons are different). We show that if the insured

takes more into account extreme losses than the insurer, then the optimal indemnity schedule equals

the loss minus a deductible for high values of the loss. On the other hand, if the insurer takes more into

account extreme losses than the insured, then we show that an optimal contract has an upper limit. In

section 5, we consider the case of Rank dependent expected utility maximizers agents (including the

case where some agent is an expected utility maximizer) and show that optimal contracts may include

a deductible or an upper limit or both if one of the agent distorts very much the probability of very

likely events while the other doesn’t or distorts very little the probability of very unlikely events while

the other doesn’t. We end the paper by comparing the two models. We first show that an epsilon

contaminated utility may be obtained as the limit of RDEU utilities for well-chosen distortions. The

second is that exchange of risk between a RDEU insurer and a insurer with epsilon contaminated

utility may also be characterized.

2 Capacities

A capacity on a measurable space (Ω,B) is a set function ν : B → [0, 1] such that ν(∅) = 0, ν(Ω) = 1,

and, for all A,B ∈ B, A ⊂ B =⇒ ν(A) ≤ ν(B). A capacity ν is convex if for all A,B ∈ B,

ν(A ∪B) + ν(A ∩B) ≥ ν(A) + ν(B).

Let X be a bounded real-valued B measurable function. The Choquet integral of X with respect

to ν is defined by

Eν(X) =

∫ 0

−∞
(ν(X ≥ t)− 1)dt+

∫ ∞

0
ν(X ≥ t)dt

We shall make extensive use of the following three examples:

Example 1

Let P be a probability on (Ω,B), and ε ∈]0, 1[. The set function defined by ν1(∅) = 0, ν1(A) =
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(1 − ε)Q(A), A 6= Ω, ν1(Ω) = 1 is a convex capacity called the epsilon-contamination of Q. The

Choquet Integral with respect to ν1 is:

Eν1
(X) = (1− ε)EQ(X) + ε inf

Ω
X

Dow and Werlang [1992] define the uncertainty aversion of a capacity ν at B ∈ B by

e(ν,B) = 1− ν(B)− ν(Bc)

It may easily be checked that in the case of ν1, e(ν1, B) = ε for all B,B 6= Ω, B 6= ∅. We shall there-

fore refer to ε as the uncertainty aversion coefficient of ν1. Dow and Werlang define an agent with

epsilon-contamination ε1 to be ”more uncertainty averse” than another with epsilon-contamination ε2

if ε1 > ε2.

Example 2

Let P be a probability on (Ω,B), and ε ∈]0, 1[. The set function ν2 defined by ν2(∅) = 0, ν2(A) =

(1− ε)P (A) if P (A) < 1, ν2(A) = 1 if P (A) = 1 is a convex capacity. Let X ∈ L∞(P ). The Choquet

integral with respect to ν2 is:

Eν2
[X] = (1− ε)EP [x] + εessinf X (1)

where we recall that

essinf X = sup{t ∈ R | P (X ≤ t) = 0} = inf{t ∈ R | P (X ≤ t) > 0}

Indeed to prove (1), by definition of the Choquet integral, assuming that essinf X ≤ 0 (the case

essinf X ≥ 0 being similar), we have

Eν2
[X] =

∫ essinf X

−∞
(ν2(X ≥ t)− 1) +

∫ 0

essinf X

(ν2(X ≥ t)− 1)dt+

∫ ∞

0
ν(X ≥ t)dt

=

∫ 0

essinf X

[(1− ε)(P (X ≥ t)− 1)− ε]dt+

∫ ∞

0
(1− ε)P (X ≥ t)dt

= (1− ε) EP [X] + ε essinf X.

Example 3

Let P be a probability on (Ω,B). Let f : [0, 1] → [0, 1] be increasing, convex and satisfy f(0) =

0, f(1) = 1. The set function defined by ν(A) = f(P (A)) is a continuous convex capacity. The

corresponding Choquet integral is simply denoted Ef (X) (respectively Ef (U(X))) and is known as

Yaari utility (respectively as Rank dependent expected utility). The differentiability of Ef is discussed

in Carlier and Dana [2002].

3 An Insurance Model

Taken as primitive is a probability space (Ω,B, P ). A risk averse agent faces a risk W ∈ L∞+ (P )

with values in [0, b], to his initial wealth w0. The market provides insurance contracts for this risk.

A contract is characterized by a premium Π and an indemnity schedule Ī : Ω → R+. A contract is

feasible if 0 ≤ Ī ≤ W P -a.e.. When the insured buys the contract, he is endowed with the random

wealth X2 = w0 − Π −W + Ī, while by selling the contract the insurer gets Π and promises to pay

Ī(s) if state s occurs. Assuming that his initial wealth is zero, we denote by X1 = Π− I his wealth.

A pair of wealths (X1, X2) is feasible if X1 +X2 = w0 −W and furthermore Π−W ≤ X1 ≤ Π.

We assume that agents’ preferences are modeled by monotone utility functions: ui : L∞(P ) → R that

we shall further specify.

Let us first recall a pair of definitions:
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Definition 1 A random variable X dominates Y in the sense of second order stochastic dominance

(respectively strictly dominates) denoted X�2Y (respectively X�2Y ) if every U : R → R concave

increasing, E[U(X)] ≥ E[U(Y )], (respectively for every U : R → R strictly concave increasing,

E[U(X)] > E[U(Y )]).

Definition 2 A utility function v : L∞(P ) → R is strongly averse (respectively strictly strongly

averse) if X �2 Y (respectively X �2 Y ) implies v(X) ≥ v(Y ) (respectively v(X) > v(Y )).

Examples and characterizations of strongly risk averse utilities may be found in Chateauneuf et al

(1997) and in Chew et al (1995). Strong risk aversion does not imply concavity or quasi-concavity of

the utility function.

Definition 3 A pair (X,Y ) ∈ (L∞)2 is comonotone if there exists a subset B ⊂ Ω× Ω of measure

one for P
⊗
P such that

[
X(s)−X(s′)

] [
Y (s)− Y (s′)

]
≥ 0, ∀(s, s′) ∈ B ×B

A pair (X,Y ) ∈ (L∞)2 is anti-comonotone if the pair (X,−Y ) is comonotone.

Let W := X + Y , a := essinf W and b := esssup W . An alternative characterization of comono-

tonicity of a pair of random variables is as follows:

Lemma 1 A pair (X,Y ) ∈ (L∞)2 is comonotone iff there exists a pair of non decreasing continuous

function (h1, h2), hi : [a, b] → R such that h1 + h2 =Id and X = h1(W ), a.e. and Y = h2(W ) a.e.

For a proof, see Denneberg (1994).

In this section, we provide a class of utility functions for which Pareto optimal contracts exist. We

then show that they have properties which are standard when agents are expected utility maximizers:

optimal indemnity schedule only depend on the loss and are non decreasing 1-Lipschitz function of it.

Let us introduce the following assumptions:

U1 ui are σ(L∞, L1) upper semi-continuous, i = 1, 2,

U2 ui, i = 1, 2 are strongly averse and some agent is strictly strongly averse.

The following result is an infinite dimension extension of Dana [2000] (see also Chateauneuf, Cohen

and Kast [1997] and Landsberger and Meilijson [1994]). A similar proof for a pure exchange economy

may be found in Carlier and Dana (2002).

Theorem 1 Assume that utilities fulfill U1, then we have:

1. there exists Pareto-optimal contracts,

2. if furthermore utilities fulfill U2, any optimal contract Ī∗ is such that Ī∗ and W − Ī∗ are non

decreasing continuous functions of W .

The proof may be found in Carlier and Dana [2002].

Theorem 1 implies that Pareto efficient allocations only depend on W . We shall from now on

use capital letters to denote random variables on Ω and small letters to denote functions of W .
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More precisely Pareto optimal pairs of wealths (X ∗
1 , X

∗
2 ) can be written as (x∗1(W ), x∗2(W )) with

x∗i : [0, b] → R, i = 1, 2 nondecreasing continuous functions, solutions to the following problems:





max v1(x1)
v2(x2) ≥ u∗2
Π− t ≤ x1(t) ≤ Π, for all t ∈ [0, b]
x1(t) + x2(t) = w0 − t, for all t ∈ [0, b]

where vi(xi) := ui(xi(W )) and u∗2 := u2(x
∗
2(W )).

In the following sections, we shall further specify utilities and describe the qualitative properties

of optimal solutions.

When agents have the same capacity ν, it may be shown that, under regularity conditions on

ν, Pareto-optimal contracts coincide with Pareto-optimal contracts of v.N.M. agents with utilities

ui(X) = Eπ(Ui(X)), i = 1, 2 for any probability π on (Ω,B) such that Eν(−W ) = Eπ(−W ) (See Dana

(2001) for an exchange economy version of the result). In order to get richer qualitative behavior, we

shall from now on assume that agents have different sets of priors.

4 Epsilon-contaminated capacities

In order to take into account agents’ aversion to low values of wealths, we assume that agents’ pref-

erences are represented by the utility functions:

{
u1(X1) = [(1− ε1)EP [U1(X1)] + ε1essinf U1(X1)]
u2(X2) = [(1− ε2)EP [U2(X2)] + ε2essinf U2(X2)]

where Ui : R → R, i = 1, 2 is strictly increasing, concave C 1, strictly concave for some i and

εi ∈ [0, 1[, i = 1, 2. In other words, the value of a random wealth is a weighted average of its expected

utility with respect to the prior P and the utility of the worst possible outcome in probability. In the

case, εi = 0, agent i is an expected utility maximizer.

Proposition 1 The utility function u : L∞(P ) → R defined by u(X) = [(1−ε)EP [U(X)]+εessinf U(X)]

with U , strictly increasing and concave is σ(L∞, L1) sequentially upper semi-continuous and is strongly

averse (respectively strictly strongly averse if U is strictly concave).

Proof. Let us prove the first assertion. Let Xn converge to X̄ in the σ(L∞, L1) topology and define

λn=essinf Xn, λ̄=essinf X̄. Let us show that limsup λn ≤ λ̄. Assume on the contrary that there exists

a subsequence again denoted λn which converges to λ > λ̄. Let µ ∈]λ̄, λ[. As µ < λ̄, P (X̄ ≤ µ) > 0

while µ < λ implies P (Xn ≤ µ) = 0 for n large enough. In other words, Xn ≥ µ for n large enough

a.e. while P (X̄ ≤ µ) > 0. By the convergence of Xn, we have:

lim
n

∫

{X̄≤µ}
(Xn − µ)dP =

∫

{X̄≤µ}
(X̄ − µ)dP

The left handside is non-negative while the right handside is strictly negative. Hence we get a contra-

diction. Therefore limsup λn ≤ λ̄.

To prove assertion 2, let us remark that X �2 Y (respectively X �2 Y ) implies that EP [U(X)] ≥

EP [U(Y )] (respectively EP [U(X)] > EP [U(Y )]) and essinf X = F−1
X (0) ≥ F−1

Y (0) =essinf Y
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Corollary 1 Assume that agents have epsilon-contaminated utilities. Then there exists optimal con-

tracts, and any optimal indemnity schedule Ī∗ is such that Ī∗ and W−Ī∗ are non decreasing continuous

functions of W .

Since efficient contracts are non decreasing and 1-Lipschitz continuous functions of the loss and

since essinf I∗(W )= I∗(essinf W ) = min[0,b] I
∗(t) = I∗(b), we are therefore reduced to characterize the

solutions to the following problem





max(1− ε1)EQ[U1(Π− I(t))] + ε1 mint∈[0,b] U1(Π− I(t))

subject to :
(1− ε2)EQ[U2(w0 −Π− t+ I(t))] + ε2 mint∈[0,b] U2(w0 −Π− t+ I(t)) ≥ u∗2,

0 ≤ I(t) ≤ t for all t ∈ [0, b]

with I : [0, b] → R
+ continuous non decreasing and Q being the probability measure dFW on ([0, b],B)

and u∗2 = (1 − ε2)EQ[U2(w0 − Π − t + I∗(t))] + ε2 mint∈[0,b] U2(w0 − Π − t + I∗(t)). Hence agents

behave as if they had for set of priors the epsilon contamination of the probability measure on the

non-negative reals dFW (see example 1).

We may now characterize optimal wealths or optimal contracts. We show that if the insured takes

more into account maximallosses than the insurer (the insured is more uncertainty averse than the

insurer according to Dow and Werlang (1992)), then the optimal indemnity schedule equals the loss

minus a deductible for high values of the loss. This result has some similarity with the case where

agents are expected utility maximizers and the insurer is risk neutral and the insured risk averse.

On the contrary, if the insurer takes more into account maximallosses than the insured, then the

optimal contract has an upper limit. This phenomenon holds true independently of agents’ utility

index. Agents’ utility index however determine the policy for low values of the loss and the level of

the upper limit. This type of contracts cannot be obtained if agents are expected utility maximizers

with differentiable utility index.

In the sequel, we shall denote by δx the Dirac measure at point x.

Theorem 2 Assume that dFW = (1− p)fW (x)dx+ pδ0, with p ∈ [0, 1[ and that Ui, i = 1, 2 is strictly

concave, then

• Assume that ε2 > ε1. If a contract I is Pareto-optimal, then either I(t) = 0 for all t or there

exists D ≤ b, k ≤ b such that I(t) = t − D, ∀ t ∈ [k, b]. In other words, an optimal contract

includes a deductible for high values of the loss. On [0, k], I is the restriction of an efficient

contract of Expected utility maximizers with same probability and utility index (1−εi)Ui, i = 1, 2.

• Assume ε1 > ε2. If a contract I is Pareto-optimal, then either I(t) = t for all t or there exists D

and k with D ≤ k ≤ b such that I(t) = D, ∀ t ∈ [k, b]. In other words an optimal contract has an

upper limit. On [0, k], I is the restriction of an efficient contract of Expected utility maximizers

with same probability and utility index (1− εi)Ui, i = 1, 2.

The proof may be found in the appendix.

In the case where one agent has a linear index, a more precise statement may be made.

Proposition 2 Let the insurer have utility u1(X1) = [(1− ε1)EP (X1) + ε1essinf X1] and the insured

have utility u2(X2) = [(1 − ε2)EPU2(X2) + ε2essinf U2(X2)] with ε2 ≥ ε1 where U2 : R → R is

strictly concave, strictly increasing and C1. Then a contract I : [0, b] → R is Pareto-optimal iff
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there exists D such that I = (Id − D)+. If u1(X1) = [(1 − ε1)EP (U1(X1)) + ε1essinf U(X1)] and

u2(X2) = [(1− ε2)EP (X2) + ε2essinf X2] with ε1 > ε2 where U1 : R → R is strictly concave, strictly

increasing and C1, then agents do not trade.

The proof may be found in the appendix.

Let us remark that contracts which include a deductible and an upper limit may be explained by

this model. Indeed, assume that the insurer have utility u1(X1) = [(1 − ε1)EP (X1) + ε1essinf X1]

and the insured have utility u2(X2) = [(1 − ε2)EPU2(X2) + ε2essinf U2(X2)] with ε1 > ε2 where

U2 : R → R is strictly concave, strictly increasing and C 1. Then according to Theorem 2, if the

contract I : [0, b] → R is Pareto-optimal, then for low values of the loss, it is a Pareto-optimal contract

of a risk-neutral insurer and of a risk averse agent, hence, it includes a deductible and for high values

of the loss, it has an upper limit.

5 The insurer and the insured are RDEU maximizers

The insurance market is as in section two but we now assume that agents’ preferences are modelled

by RDEU utility functions: {
u1(X1) = Ef1

(U1(X1))
u2(X2) = Ef2

(U2(X2))

where Ui : R → R+, i = 1, 2 are C1, and strictly concave increasing, fi : [0, 1] → [0, 1], i = 1, 2

satisfy fi(0) = 0, fi(1) = 1 and fi are increasing, convex C1. In this section, we assume that (Ω,B, P )

is non-atomic.

Definition 4 Let (Ω,B, P ) be a probability space. A measurable set A ∈ B is an atom of P if P (A) > 0

and B ⊂ A implies P (B) = 0 or P (A) = P (B). A probability space (Ω,B, P ) is non-atomic if it has

no atoms.

As in the previous section, we first prove existence of Pareto optimal contracts and that they only

depend on the loss. We further prove that an optimal contract is a non decreasing 1-Lipschitz function

of the loss:

Proposition 3 The utility function u : L∞(P ) → R defined by u(X) = Ef (U(X)) with U differen-

tiable, strictly increasing and concave fulfills U1 and is strongly averse (respectively strictly strongly

averse if U is strictly concave and f strictly convex).

The proof may be found in Carlier-Dana [2002].

Corollary 2 Assume that agents are RDEU with convex distortions and concave utility index. Then

there exists optimal contracts, and any optimal contract Ī∗ is such that Ī∗ and W − Ī∗ are non

decreasing continuous functions of W .

As in the previous section, we may consider contracts which are non negative functions of the loss

and we shall use the same notations.

In order to characterize optimal wealths, let us first recall a few definitions.
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Definition 5 A function g : L∞ → R is Gateaux-differentiable at Y if for all X ∈ L∞, the limit

Dg(Y )(X) = lim
t→0+

1

t
(g(Y + tX)− g(Y ))

exists and X 7→ Dg(Y )(X) is a continuous linear form in the norm topology.

As Ef is concave, we recall that the superdifferential ∂Ef (Y ) of Ef at Y ∈ L∞ is defined by

∂Ef (Y ) := {h ∈ L1 s. t. Ef (Y )−Ef (Y ′) ≥

∫

Ω
h(Y − Y ′)dP, for all Y ′ ∈ L∞}

We refer to Carlier and Dana [2002] for details and in particular the reason why the superdifferential

is included in L1.

Let U : R → R be a concave increasing C1 function and let Ef (U(Y )) denote the Choquet integral

of U(Y ) with respect to the capacity f(P ). Let FY : R → [0, 1] denote the distribution function of Y ,

FY (t) = P ({Y ≤ t}). Let F−1
Y denote the generalized inverse of FY defined as follows:

F−1
Y (t) = inf{x ∈ R s.t. FY (x) > t}, for t ∈]0, 1]

F−1
Y (0) = essinf Y.

A measurable map s : Ω 7→ [0, 1] is a measure-preserving map if and only if:

∫

Ω
ψ(s(ω))dP (ω) =

∫ 1

0
ψ(t)dt, for all measurable function ψ

for which these integrals are well defined.

Proposition 4 Let Y ∈ L∞, then

1. Ef (U) is Gateaux-differentiable at Y if and only if F −1
Y is increasing and we have:

DEf (U(Y ))(Z) =

∫

Ω
f ′(1− FY (Y ))U ′(Y )ZdP, ∀ Z ∈ L∞

2. More generally, the superdifferential of Ef (U(Y )) is the closed convex hull for the L1 topology

of all f ′(1− s)U ′(Y ) with s measure-preserving and such that Y = F −1
Y ◦ s.

3. Elements of the superdifferential of Ef (U(Y )) coincide on the set of ω’s such that P (Y =

Y (ω)) 6= 0 and are equal to f ′(1− FY (Y (ω))).

The proof of those statements may be found in Carlier Dana [2002]. We may now characterize

efficient contracts. We shall both consider the case of two RDEU agents and the case of a RDEU agent

who exchanges with an expected utility maximizer. We shall show that we get much richer qualitative

properties than in an expected utility model. What plays an important role in the discussion that

follows is whether one of the agent has a distortion with infinite slope at one. The agent is then very

sensitive to the certainty effect, he distorts very much the probability of very likely events. Let us

show that the agent, in some sense, overweights his maximal loss. Consider the integral of a finite

valued random variable which takes values 0 < x1 < x2 < . . . < xn with probabilities p1, . . . , pn:

Ef (x) =
(1− f(

∑n
i=2 pi))

p1
p1x1 +

f(
∑n

i=2 pi)− f(
∑n

i=3 pi)

p2
p2x2 + . . .+

f(pn)

pn
pnxn

10



If f ′(1) = ∞, then
1−f(

∑
n

i=2
pi)

p1
→ ∞ as p1 → 0. Hence the worst possible outcome is given much

more weight than the other outcomes.

The next two results show that if the insurer is very sensitive to the certainty effect (in other words

if f ′1(1) = ∞) while the insured is not so (f ′2(1) <∞), then he offers a contract with an upper limit.

On the contrary, if the insured is very sensitive to the certainty effect f ′2(1) = ∞ while the insurer

is more moderate f ′1(1) < ∞, then he insures himself a constant wealth for high value of the loss

by buying a contract with a deductible. The phenomenon holds true independently of agents’ utility

index. Agents’ utility index determine the policy for low values of the loss and the level of the upper

limit.

Proposition 5 Let fi, i = 1, 2 be strictly convex and Ui, i = 1, 2 be strictly concave and F−1
W be

strictly increasing.

• Assume that f ′1(1) = ∞ and f ′2(1) < ∞. If a contract I is Pareto-optimal, then there exists

D, k ≤ b such that I(t) = D, ∀ t ∈ [k, b]. In other words an optimal contract is constant for

high values of the loss.

• Assume that f ′2(1) = ∞ and f ′1(1) < ∞. If a contract I(t) is Pareto-optimal, then there exists

D ≤ a, k ≤ b such that I(t) = t−D, ∀ t ∈ [k, b]. In other words an optimal contract includes a

deductible for high values of the loss.

The proof may be found in the appendix.

The result stated above also holds true in the case one agent is an expected utility maximizer:

Proposition 6 Let Ui, i = 1, 2 be strictly concave and F−1
W be strictly increasing.

• let f1 be strictly convex fulfilling f ′1(1) = ∞ and let f2(x) = x. If a contract I is Pareto-optimal,

then there exists D, k ≤ b such that I(t) = D, ∀ t ∈ [k, b]. In other words an optimal contract

has an upper limit.

• let f2 be strictly convex fulfilling f ′2(1) = ∞ and let f1(x) = x. If a contract I is Pareto-optimal,

then there exists D, k ≤ b such that I(t) = t−D, ∀ t ∈ [k, b]. In other words an optimal contract

includes a deductible for high values of the loss.

Let us next prove that this model allows for coexistence of a deductible for low values of the loss

and an upper limit for high values of the loss. The relative slopes of the distortions at zero play an

important role in the proof. The condition f ′(0) = 0 means that the RDEU agent neglects events of

low probability and hence doesn’t take into account his maximal outcomes (in the discrete case, the

maximal outcome is weighted by f(pn) = o(pn)).

Proposition 7 Let fi, i = 1, 2 be strictly convex and Ui, i = 1, 2 be strictly concave and F−1
W be

strictly increasing.

• Assume that f ′1(0) > 0 and f ′2(0) = 0. If a contract I is Pareto-optimal, then I(t) = 0 for t

small enough.

• Assume that f ′2(0) > 0, f ′1(0) = 0. If a contract I is Pareto-optimal, then I(t) = t for t small

enough.

The proof may be found in the appendix.
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6 Combining the two models

6.1 Epsilon contamination as a limit case of the RDEU model

The qualitative properties of the two models display common features. This raises two natural ques-

tions that we shall discuss in this last section :

• Is it possible to unify these two models in a common framework?

• What are the characteristics of an efficient contract when an RDEU agent exchange risk with

an agent with an epsilon-contaminated utility?

As far as the first question is concerned, we show that epsilon contaminated utilities are limits of

Choquet expected utilities with respect to convex distortions. This result is only based on the formula

Ef (X) =

∫ 1

0
f ′(1− t)F−1

X dt which holds in great generality.

The following convergence result shows that an epsilon-contaminated utility is the limit of a se-

quence of RDEU utilities.

Let (fn) be any increasing, strictly convex differentiable sequence of functions from [0, 1] into itself

such that for all n, fn(0) = 0, fn(1) = 1 and

lim
n
fn(t) = (1− ε)t, for all t ∈ [0, 1).

Proposition 8 For all X ∈ L∞+ , we have:

lim
n
Efn

(X) = (1− ε)EX + εessinf X.

The proof may be found in the appendix.

6.2 A RDEU agent with an agent with epsilon contaminated utility

In this section, we study the case where one agent is RDEU and the other one has an epsilon contam-

inated utility. As an example, we study only one case, that of a RDEU insurer who exchanges risk

with an insured with epsilon contaminated utility. The symmetrical case follows from the same logic.

Agents’ preferences are then represented by the utility functions:{
u1(X1) = Ef1

[U1(X1)]
u2(X2) = [(1 − ε)EP [U2(X2)] + εessinf U2(X2)]

where Ui : R → R, i = 1, 2 is strictly increasing, concave C 1, strictly concave, fi is strictly convex

increasing and C1 and ε ∈]0, 1[.

We show that if the sensitivity to the certainty effect of the RDEU agent is moderate, then we get

the same qualitative properties than in the RDEU section. If it is high, than the insurer may refuse

to sell a contract. If not, he offers a contract with a deductible for high values of the risk.

We assume that P is non atomic and that F−1
W is strictly increasing.

Proposition 9 • Assume that f ′1(1) <∞. If a contract I∗(t) is Pareto-optimal, then there exists

D ≤ b, k ≤ b such that I∗(t) = t−D, ∀ t ∈ [k, b]. In other words an optimal contract includes

a deductible for high values of the loss.

• Assume that f ′1(1) = ∞. If a contract I∗(t) is Pareto-optimal, then, either I∗(t) = 0 or there

exists D ≤ b, k ≤ b such that I∗(t) = t−D, ∀ t ∈ [k, b].

The proof may be found in the appendix.
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7 Appendix: Proofs

Proof of Theorem 2:

Assume that ε2 > ε1 and let I∗ : [0, b] → R be a Pareto optimal contract and let x∗i : [0, b] →

R, i = 1, 2 be the associated wealths, x∗1(t) = Π− I∗(t) and x∗2(t) = w0 −Π− t+ I∗(t). There exists

λ ≥ 0 such that I∗ maximizes the functional Fλ defined below subject to the constraint 0 ≤ I(t) ≤ t

Fλ(I) = (1− ε1)EQ(U1(Π− I)) + ε1 min
t∈[0,b]

U1(Π− I)

+λ[(1− ε2)EQ(U2(w0 −Π− Id + I)) + ε2 min
t∈[0,b]

U2(w0 −Π− Id + I)]

If λ = 0 then I = 0 and there is nothing to prove we therefore assume λ > 0. First order condition

can be written as:

(1− ε1)U
′
1(x

∗
1)dFW + ε1U

′
1(x

∗
1(b))m1 − ν1 = λ[(1 − ε2)U

′
2(x

∗
2)dFW + ε2U

′
2(x

∗
2(b))m2]− ν2 (2)

where mi is a probability measure for i = 1, 2 that is supported by {t ∈ [0, b] s.t. x∗i (t) = x∗i (b)}

and νi is a nonnegative measure such that ν1 (respectively ν2) is supported by {I∗ = 0} (respectively

{I∗(t) = t}).

If both x∗1 and x∗2 achieve their minimum only at b, then m1 = m2 = δb. Furthermore, this implies

that 0 < I∗(b) < b and since I∗ is continuous that 0 < I∗(t) < t for t close to b. Hence the measures

νi vanish in a neighbourhood of b. In such a neighbourhood, it follows from (2) that:

(1− ε1)U
′
1(x

∗
1(t))dFW (t) = λ[(1 − ε2)U

′
2(x

∗
2(t))dFW (t)] (3)

hence

(1− ε1)U
′
1(x

∗
1(t)) = λ(1− ε2)U

′
2(x

∗
2(t)) (4)

By continuity, we obtain

(1− ε1)U
′
1(x

∗
1(b)) = λ(1− ε2)U

′
2(x

∗
2(b)) (5)

Furthermore, it also follows from (2) that

ε1U
′
1(x

∗
1(b)) = λε2U

′
2(x

∗
2(b)) (6)

Dividing (5) by (6), we obtain ε1

1−ε1
= ε2

1−ε2
, hence ε1 = ε2 a contradiction. Hence x∗1 and x∗2 can-

not both achieve their minimum only at b. Hence one of those functions has to be constant in a

neighborhood of b.

Assume that x∗1 is constant in a neighborhood of b. We denote by [k, b] the largest interval on which

x∗1 = x∗1(b). There are two cases : either I∗(b) = 0 so that I∗(t) = 0 for all t or 0 < I∗(b) = I∗(k) ≤ k.

In that case we have m2 = δb, ν1([k, b]) = 0 and ν2(]k, b]) = 0. Then using (2), we first get:

ε1U
′
1(x

∗
1(b)) ≥ ε1U

′
1(x

∗
1(b))m1({b}) = λε2U

′
2(x

∗
2(b)) (7)

Similarly we have

0 ≥ −ν2({k}) = ε1U
′
1(x

∗
1(b))m1({k})

so that ν2({k}) = m1({k}) = 0.

Integrating (2) between k and b, we get:

λ[(1 − ε2)

∫ b

k

U ′2(x
∗
2(s))dFW + ε2U

′
2(x

∗
2)(b)] = [(1 − FW (k))(1 − ε1) + ε1]U

′
1(x

∗
1(b)) (8)

13



Since U ′2 and x∗2 are decreasing, and using (7) we get:

λ(1− ε2)

∫ b

k

U ′2(x
∗
2(s))dFW < λ(1− FW (k))(1 − ε2)U

′
2(x

∗
2(b)) (9)

≤ (1− FW (k))(1 − ε2)
ε1

ε2
U ′1(x

∗
1(b)) (10)

then using (8) and (7), we obtain:

[(1 − FW (k))(1 − ε1) + ε1]U
′
1(x

∗
1(b)) < [ ε1

ε2
(1− ε2)(1 − FW (k)) + ε1]U

′
1(x

∗
1(b))

= [(1 − FW (k)) ε1

ε2
+ ε1FW (k)]U ′1(x

∗
1(b))

After simple computations, this last inequality yields ε1 > ε2, hence a contradiction and x∗1 cannot

be constant in a neighborhood of b. Finally this proves that either I ∗ is the zero function or x∗2 is

constant on some interval [k, b]. In that case, it follows from (2) that the restriction of I ∗ to [0, k[ is a

Pareto optimal contract of expected utility maximizers with utilities (1− εi)Ui

Proof of Proposition 2:

Let I : [0, b] → R be a feasible contract and let (x1, x2) be the associated wealths. Let us prove

that I is dominated by a contract (Id−D)+ for some D. From Corollary 1, we can assume that I(W )

and W − I(W ) are non decreasing functions of W . If I is not of the form (Id − D)+ for some D,

let D be such that v1(x1) = v1(Π − (Id − D)+). Equivalently EQ′(x1) = EQ′(Π − (Id − D)+) with

Q′ = (1 − ε1)Q + ε1δb. Let x2D(t) = w0 − Π − t + (t −D)+ = w0 − Π−min(t,D). As U2 is strictly

concave,

EQ′(U2(x2D)−EQ′(U2(x2)) > U ′2(w0 −Π−D)[(EQ′(x1)−EQ′(Π− (Id−D)+)) = 0 (11)

In other words,

(1− ε1)EQ (U2((x2D)) + ε1U2((x2D(b)) > (1− ε1)EQ (U2(x2)) + ε1U2(x2(b)) (12)

Let us show that D < b − I(b) or equivalently that x2D(b) > x2(b). Indeed D ≥ b − I(b) im-

plies D ≥ t − I(t) for all t ∈ [0, b], hence min(t,D) ≥ t − I(t) for all t ∈ [0, b] or x2D(t) ≤ x2(t)

for all t and EQ′(U2(x2D)) ≤ EQ′(U2(x2)) contradicting (13). Hence D < b − I(b). Therefore

x2D(b) = w0 −Π−D > x2(b).

There are two cases: either

EQ (U2(x2D)) ≥ EQ (U2(x2)) . (13)

then obviously we have v2(x2D) > v2(x2) which proves that (Id−D)+ dominates I, or:

EQ (U2(x2D)) < EQ (U2(x2)) (14)

As ε2[U2(x2D(b))− U2(X2(b))] > ε1[U2(x2D(b))− U2(X2(b))]
> (1− ε1)[EQ (U2(X2))−EQ (U2(x2D))]
> (1− ε2)[EQ (U2(X2))−EQ (U2(x2D))]

(the first inequality follows from x2D(b) > x2(b) and ε2 ≥ ε1 and U2 increasing, the second from (12))

and the third from (14) and ε2 ≥ ε1. We therefore get

(1− ε2)EQ (U2(x2D)) + ε2U2(x2D(b)) > (1− ε2)EQ (U2(x2))) + ε2U2(x2(b))
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which proves that (Id−D)+ dominates I

Proof of Proposition 5:

We prove the result in the case : f ′1(1) = +∞, f ′2(1) < +∞. The other case is obviously obtained

by permuting the two agents.

Let I∗ : [0, b] → R be a Pareto optimal contract and let x∗i : [0, b] → R, i = 1, 2 be the associated

wealths, x∗1(t) = Π − I∗(t) and x∗2(t) = w0 − Π − t + I∗(t). Since I∗ is Pareto-Optimal, there exists

λ ≥ 0 such that I∗ maximizes

Fλ(I) := Ef1
(U1(Π− I(W ))) + λEf2

(U2(w0 −Π + I(W )−W ))

subject to the constraint 0 ≤ I ≤W .

Let us first prove that there exists a neighbourhood of b on which I ∗(t) < t. If it was not the case,

as t 7→ I∗(t)− t is nonincreasing, one would have I∗(t) = t for all t ∈ [0, b]. Let us therefore show that

I∗ 6= Id. For ε > 0 small enough, let

Iε(t) := min(t, b− ε).

We have

Ef2
(U2(w0−Π+ Iε(W )−W ))−Ef2

U2(w0−Π) ≥

∫

Ω
h(Iε(W )−W )U ′2(w0−Π+ Iε(W )−W )dP (15)

for any h ∈ core(f2(P )). Since h ≤ f ′2(1) and Iε(W )−W ≤ 0, we get

Ef2
(U2(w0 −Π + Iε(W )−W ))−Ef2

U2(w0 −Π) ≥
∫ b

b−ε
f ′2(1)U

′
2(w0 −Π + b− ε− t)(b− ε− t)dFW (t)

≥ U ′2(w0 −Π− ε)f ′2(1)
∫ b

b−ε
(b− ε− t)dFW (t)

(16)

Similarly we have

Ef1
U1(Π− Iε(W ))−Ef1

U1(Π−W ) ≥

∫

Ω
h(W − Iε(W ))U ′1(Π− Iε)dP (17)

for any h ∈ ∂Ef1
(U1(Π− Iε)). Taking h = f ′1(FW (W )) in (17), we obtain

Ef1
(U1(Π− Iε(W )))−Ef1

U1(Π−W ) ≥
∫ b

b−ε
f ′1(FW t)U ′1(Π− b+ ε)(t− b+ ε)dFW (t)

≥ f ′1(FW (b− ε))U ′1(Π− b+ ε)
∫ b

b−ε
(t− b+ ε)dFW (t)

(18)

Since f ′1(FW (t)) tends to +∞ as t tends to b, it follows from (16) and (18) that

Fλ(Iε)− Fλ(Id) ≥
(
f ′1(FW (b− ε))U ′1(Π− b+ ε)− λU ′2(w0 −Π− ε)f ′2(1)

) ∫ b

b−ε

(t− b+ ε)dFW (t) > 0

for ε > 0 small enough. Hence I∗ 6= Id.

Let us show now that x∗1 and x∗2 cannot be both strictly decreasing. Since x∗i strictly decreasing

implies that F−1
x∗

i

(t) = x∗i ◦ F
−1
W (1− t) is strictly increasing, we may therefore apply proposition 4. As

Fx∗

i
(x∗i ) = 1− FW (w), the first order conditions are,

λU ′2(x
∗
2(W (ω)))f ′2(FW (x∗2(W (ω)))) = U ′1((x

∗
1(W (ω)))f ′1(FW (W (ω))), ∀ω (19)

Equivalently,
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λU ′2(x
∗
2(t))f

′
2(FW (t)) = U ′1(x

∗
1(t))f

′
1(FW (t)), ∀ t ∈ [0, b] (20)

Let t → b. Since U ′i is strictly decreasing and x∗i is decreasing, we have U ′i(x
∗
i (b)) > 0, i = 1, 2.

As f ′1(FW (t)) →∞, f ′2(FW (t)) →∞ contradicting the hypothesis. Hence x∗i , i = 1, 2 cannot be both

strictly decreasing. Let us now show that x∗1 is constant in a neighbourhood of b. By proposition 6,

the first order conditions are:

f ′1(s1(ω))U ′1(x
∗
1(W (ω))) = λf ′2(s2(ω))U ′2(x

∗
2(W (ω))) (21)

with si(ω) = FW (W (ω)) for all ω which does not belong to a level set of x∗i (w) with positive measure.

If x∗1 is not constant in a neighbourhood of b, then there exists an increasing sequence wn with limit

b and such that for almost every ω ∈ {W = wn}, s1(ω) = FW (wn). Hence for every n, we have:

λf ′2(s2(ω))U ′2(x
∗
2(W (ω))) = U ′1(x

∗
1(wn))f ′1(FW (wn)), ∀ ω ∈ {W = wn} (22)

Passing to the limit, we have a contradiction the right hand side being unbounded while the left hand

side is bounded. Hence x∗1 is constant in a neighbourhood of b

Proof of Proposition 6:

The proof of the first case is as in the previous proposition. One first shows that there exists a

neighborhood [b − ε, b] of b such that I(t) < t, for all t ∈ [b − ε, b]. One then shows that x∗1 and x∗2
cannot be both strictly decreasing since the first order conditions would be:

λf ′1(FW (t))U ′1(x
∗
1(t)) = U ′2(x

∗
2(t)), ∀ t ∈ [0, b]

leading to a contradiction as t → b since the left hand side tends to ∞ and the right hand side to a

finite value. The end of the proof is similar to that of proposition 5

Proof of Proposition 7:

Let I∗ : [0, b] → R be a Pareto optimal contract. Let us first show that there does not exist α > 0

such that I∗(t) = t on [0, α].

Indeed, assume by contradiction that I∗ is Pareto-Optimal and I∗(t) = t on [0, α] for some α > 0.

Since I∗ is Pareto-Optimal, there exists λ ≥ 0 such that I ∗ maximizes

Fλ(I) := Ef1
(U1(Π− I(W ))) + λEf2

(U2(w0 −Π + I(W )−W ))

subject to the constraint 0 ≤ I ≤W .

For ε ∈ (0, α), let

Iε(t) := I(t)1t≥ε

Let x1ε = Π − Iε and x2ε = w0 − Π + Iε − Id be the associated wealths. As x2ε = w0 − Π − Id in

a neighborhood of 0, it is strictly decreasing in that neighborhood. By proposition 5, the function

U ′2(w0−Π−W )f ′2(FW (W ) is the only element in the restriction of ∂Ef2
(U2(w0−Π + Iε(W )−W ) to

{W ≤ ε} (see Carlier and Dana (2002)). As Iε = I for t ≥ ε, we thus have:

Ef2
(U2(w0−Π+Iε(W )−W ))−Ef2

(U2(w0−Π+I(W )−W )) ≥ −

∫ ε

0
tU ′2(−t+w0−Π)f ′2(FW (t))dFW (t)

hence

Ef2
(U2(w0−Π+Iε(W )−W )−Ef2

(U2(w0−Π+I(W )−W ))) ≥ −f ′2(FW (ε))

∫ ε

0
tU ′2(w0−Π−t)dFW (t)

(23)
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On the other hand, let h be any density in ∂Ef1
U1(Π−Iε(W )). By Carlier and Dana [2002] lemma

1, h ≥ f ′1(0) a.e.. Hence

Ef1
(U1(Π− Iε(W ))−Ef1

(U1(Π− I(W )) ≥ U ′1(Π)f ′1(0)

∫ ε

0
tdFW (t). (24)

It follows that from (23) and (24) that

Fλ(Iε)− Fλ(I) ≥

∫ ε

0
t
(
U ′1(Π)f ′1(0)− λU ′2((w0 −Π− t)f ′2(FW (ε)

)
dFW (t)

Since f ′2(FW (ε)) → 0, U ′1(0) > 0 and f ′1(0) > 0, we obtain that F (Iε) > Fλ(I) for ε > 0 small enough,

hence a contradiction.

If I∗ is interior, by proposition 5, the first order conditions are:

f ′1(s1(ω))U ′1(x
∗
1(W (ω))) = λf ′2(s2(ω))U ′2(x

∗
2(W (ω))) (25)

with si(ω) = FW (W (ω)) for all ω which does not belong to a level set of x∗i (W ) with positive measure.

It follows in particular from the previous paragraph that x∗2 is not constant in a neighborhood of 0.

hence there exists an decreasing sequence wn with limit 0 and such that for almost every ω ∈ {W =

wn}, s2(ω) = FW (wn). Hence for every n, we have:

λf ′2(FW (wn))U ′2(x
∗
2(W (ω))) = U ′1(x

∗
1(wn))f ′1(s1(ω)), ∀ ω ∈ {W = wn} (26)

Passing to the limit, we have a contradiction the left hand side going to 0 while the right hand side

being bounded below. Hence I∗ is not interior in a neighborhood of 0. In other words, I(t) = 0 for t

small enough

Proof of Proposition 8:

Let us first recall that given a function f from [0, 1] to R, the Legendre-Fenchel Transform of f

denoted f ∗ is the convex function defined for all x ∈ R by:

f∗(x) = sup
t∈[0,1]

xt− f(t).

x ∈ R is a subgradient of f at t ∈ (0, 1) if and only if f(t) + f ∗(x) = xt.

Let us also recall that if a sequence of continuous nondecreasing function fn converges pointwise to

a continuous function f on [0, 1), then the convergence is uniform on compact subsets of [0, 1) (Dini’s

Theorem).

Let (fn) be any increasing, strictly convex differentiable sequence of functions from [0, 1] into itself

such that for all n, fn(0) = 0, fn(1) = 1 and

lim
n
fn(t) = (1− ε)t, for all t ∈ [0, 1).

We now proceed to the proof of the proposition. Let us first remark that f ′n converges to 1 − ε

pointwise on [0, 1[. Indeed for any t ∈]0, 1[ and h sufficiently small, we have

fn(t)− fn(t− h)

h
≤ f ′n(t) ≤

fn(t+ h)− fn(t)

h

Taking the limit, we obtain the pointwise convergence of f ′n converges to 1 − ε on [0, 1[. By Dini’s

theorem, the convergence is uniform on compact subsets of [0, 1[.
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Let us now define for all n, εn such that

f ′n(1− εn) = 1.

Let us prove that εn converges to 0. If not some subsequence again denoted εn would converge to

ε0 > 0 and f ′n(1− εn) would converge to 1− ε contradicting the definition of εn. Hence εn tends to 0.

Let us next prove that

lim
n
fn(1− εn) = 1− ε. (27)

Since, each fn is increasing, it follows from Dini’s Theorem that fn converges to t 7→ (1 − ε)t

uniformly on compact subsets of [0, 1). Therefore, there exists δn tending to 0 such that δn ≥ εn and

fn(1− δn) tends to 1− ε. Since fn is increasing, we get:

lim inf
n

fn(1− εn) ≥ 1− ε. (28)

On the other hand, let f ∗n is be the Legendre-Fenchel Transform of fn. By definition of εn, we

have:

f∗n(1) := sup
0≤t≤1

t− fn(t) = 1− εn − fn(1− εn).

Hence

fn(1− εn) = 1− εn − f∗n(1) (29)

For all t ∈ [0, 1), we have:

lim inf f ∗n(1) ≥ lim inf(t− fn(t)) = εt

so that lim inf f ∗n(1) ≥ ε. By (29), we obtain:

lim sup fn(1− εn) ≤ 1− ε. (30)

which proves (27).

To end the proof, recall that: Ef (X) =
∫ 1
0 F

−1
X (t)f ′(1 − t)dt and that F−1

X (0) = essinfX. Write

Efn
(X) = In + Jn where

In :=

∫ εn

0
F−1

X (t)f ′n(1− t)dt and Jn :=

∫ 1

εn

F−1
X (t)f ′n(1− t)dt

We first have

F−1
X (0)[fn(1) − fn(1− εn)] ≤ In ≤ F−1

X (εn)[fn(1) − fn(1− εn)]

so that with (27) and the convergence of F−1
X (εn) to F−1

X (0), we get

lim
n
In = εF−1

X (0) = εessinfX. (31)

Note now by convexity of f , we have for all t ∈ [εn, 1],

0 ≤ f ′n(1− t) ≤ f ′n(1− εn) = 1

As f ′n converges pointwise to (1 − ε) on [0, 1), by Lebesgue’s Dominated Convergence Theorem, we

get:

lim
n
Jn = (1− ε)

∫ 1

0
F−1

X (t)dt = (1− ε)EX. (32)

The desired result follows from (31) and (32)
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Proof of Proposition 9:

Since I∗ is Pareto-Optimal, there exists λ ≥ 0 such that I ∗ maximizes

Fλ(I) := Ef1
(U1(Π−I(W )))+λ

(
(1− ε)EP [U2(w0 −Π + I(W )−W )] + εmin

Ω
U2(w0 −Π + I(W )−W )

)

subject to the constraint 0 ≤ I ≤ W . The first order condition 0 ∈ ∂Fλ(I∗) can be written as the

equality of two measures:

hU ′1(Π− I∗(W ))P = λ
(
εmU ′2(w0 −Π + I∗(b)− b) + (1− ε)U ′2(w0 −Π + I∗(W )−W )P + µ+ ν

)

(33)

where h ∈coref(P ) is a strictly positive integrable function, m is supported by {I ∗(W ) = I∗(b)}, µ is

supported by {I∗(W ) = 0} and ν is supported by {I∗(W ) = W}.

Assume by contradiction that I∗(t)− t is not constant in any neighbourhood of b. Since I ∗− Id is

non increasing, I∗(t)− t < I∗(0) = 0 for t close to b. Hence there exists a neighbourhood V of b such

that ν vanishes on {I∗(W ) ∈ V} and furthermore m is supported by {W = b}

Let us now prove that similarly µ vanishes on I∗(W ) ∈ V. If not, we would have, since I∗ is

nondecreasing, I∗(t) = 0 for all t ∈ [0, b]. Let us prove then that I∗ = 0 cannot be optimal. For δ > 0

small enough, consider the contract

Iδ(t) := max(0, t− b+ δ)

We first have,

min
t∈[0,b]

U2(w0−Π− Id+ Iδ)− min
t∈[0,b]

U2(w0−Π− Id) = U2(w0−Π− b+ δ)−U2(w0−Π− b) ≥ c0δ (34)

for some constant c0 > 0. Moreover, we have for any h ∈ ∂Ef1
(U1(Π− Iδ(W )))

Ef1
(U1(Π− Iδ(W )))−Ef1

(U1(Π)) ≥ −
∫
Ω Iδ(W )U ′1(Π− Iδ(W ))hdP

≥ −f ′1(1)
∫
Ω Iδ(W )U ′1(Π− Iδ(W ))dP

= −f ′1(1)
∫ b

b−δ
Iδ(t)U

′
1(Π− Iδ(t))dFW

≥ −c1δf
′
1(1)(1 − FW (b− δ))

(35)

for some constant c1 > 0. The second inequality follows from the fact that for every h ∈coref(P ), 0 ≤

h(ω) ≤ f ′1(1) (see Carlier-Dana (2002), lemma 1) and the last inequality 0 ≤ Iδ ≤ δ. It follows from

(34) and (35) that

Fλ(Iδ)− Fλ(0) ≥ δ(c0ελ− c1f
′
1(1)(1 − FW (b− δ))

hence for δ small enough, Fλ(Iδ) > Fλ(0) which shows that I∗ = 0 cannot be optimal and that µ

vanishes for t close to b.

Finally, we may rewrite (33) as

αP = βm

for some function α and some constant β > 0 contradicting the assumption that P is non atomic and

that m̃ is concentrated on the set {W = b} which has zero measure since F −1
W is strictly increasing.

Hence I∗(t)− t is constant in any neighbourhood of b as was to be proven.

In the case f ′1(1) = ∞, the proof is identical except that it may not be proven that I ∗ = 0 cannot be

optimal
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