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1 IntroductionWe consider the semilinear elliptic partial di�erential equation �u+f(u) = 0,x 2 D � IRN and its ground states, which are nonnegative solutions van-ishing at the boundary. This equation, often called the nonlinear scalar �eldequation, plays an important role in various domains of Physics, Chemistryand Population Dynamics, and it is fundamental from the mathematicalpoint of view.Regarding ground states of scalar �eld equations there are two stronglyrelated natural questions: symmetry and uniqueness. Co�man in [4] provedthat �u � u + u3 = 0, x 2 IRN has a unique radially symmetric groundstate. Later Gidas, Ni and Nirenberg in [12] proved that all ground statesare actually radially symmetric when f is the sum of a Lipschitz and of anincreasing function.Several authors continued the study of uniqueness of radially symmetricground states, enlarging the class of nonlinearities considered. We have tomention the fundamental work of Peletier and Serrin [19] and the paper byKwong [15] (see [6] for more complete references). More recently Franchi,Lanconelli and Serrin in [10] obtained uniqueness results for radially sym-metric ground states in a rather surprising situation. In this paper, theyassume that the nonlinearity f is locally Lipschitz continuous in (�;1) andmerely continuous in [0; �], where � is such that the primitive F of f suchthat F (0) = 0 is negative in the interval (0; �) (growth and convexity assump-tions of a sublinear nature were also considered). Later, Cort�azar, Elguetaand Felmer in [7] studied the uniqueness problem for radially symmetric so-lutions in a case where the nonlinearity f has a superlinear nature, is locallyLipschitz continuous in [�;1) and merely continuous in [0; �], and has twozeroes, 0 and � > 0.In view of the uniqueness results in [10, 7] it is interesting to know if underthis kind of hypotheses a symmetry result also holds for general ground states.Positive answers in this direction will give rise to actual uniqueness theorems2



for ground states.The purpose of this paper is to analyze the symmetry and the relatedmonotonicity question for nonlinearities that are continuous but not Lipschitzcontinuous in all their domain. The basic tools in the proof of our theoremsare a local variant of theMoving Planes Method and the Unique ContinuationPrinciple. These tools have a strong connection with the tools used forproving the uniqueness of positive radially symmetric solutions.In proving symmetry results our strategy consists, as a �rst step, in �nd-ing what we call a -core, that is a subset of D on which the function u issymmetric with respect to a hyperplane orthogonal to the direction . Thenby chosing appropriate directions  in a second step we �nd a (radially sym-metric) core, (i.e. a -core for any direction ). Finally we show under somefurther regularity assumption on f that if D is a ball, the function u is ac-tually radially symmetric, or has monotonicity properties in the other cases.This last step is performed with the aid of the Unique Continuation Princi-ple in connection with a trick already used in [10] in studying the uniquenessof radially symmetric solutions. It introduces a new ingredient in the proofof symmetry theorems, that we believe could be of importance in obtainingfurther results: see [8] for the 2-dimensional case. Note that the UniqueContinuation Principle had been already used in the study of symmetry byLopes in [18], however its use was di�erent in spirit.More precisely we shall consider the following nonlinear elliptic problem�u+ f(u) = 0; u > 0 in D; (1.1)u = 0 on @D; (1.2)assuming that f satis�es the assumptions:(f1) f : IR+ ! IR is continuous,(f2) For any s 2 [0;+1[, there exists a constant � > 0 such that on ]s ��; s+�[\IR+ f is either strictly decreasing or it is the sum of a Lipschitz3



and of a nondecreasing function (in the latter case, we shall say that fis Lipschitz + increasing in a neighborhood of s in IR+),and that D is a domain in IRN with one of the two following properties (e1 isgiven and we denote by x1 the coordinate along this direction):(B) Bounded case: D is x1-convex and symmetric with respect to the hy-perplane T e1 = fx 2 IRN : x � e1 = 0g and has the property8 � > 0 9 � > 0 such that 8 � > �� 2 SN�1; j��e1j < � =) fx+2(��x ��)� : x 2 D; x �� > �g � D ;(C) Case with "Cone property": there exists � > 0 such that for any � 2 IR,� 2 SN�1 such that j� � e1j < �, the set fx 2 D x � � > �g is boundedand D = [ �2SN�1j��e1j<� fy � t� : y 2 @D; t > 0g :Assumption (B) means that D is symmetric with respect to T e1 and thatfor directions � close to e1, the image of the reection by the hyperplanefx 2 IRN : x � � = �g of fx 2 D : x � � > �g is contained in D provided� > �, while assumption (C) essentially means that @D is the graph of auniformly Lipschitz function of x0 = (x2; x3; ::: xN) which goes to �1 asjx0j ! +1.In order to describe our results we need to introduce the following notionof local monotonicity.De�nition. A nonnegative function u is said to be monotone up to coreson ~D in the direction e1, where ~D � D is a bounded subdomain, if there arenonnegative functions ~u; u1; :::; uk de�ned on ~D such that:{ uj ~D = ~u+Pkj=1 uj;{ the functions uj have support in balls Bj intersecting ~D and they areradially symmetric non increasing, with respect to the center ofBj, j = 1; :::k.4



{ if Bi \ Bj 6= ;, i 6= j, then either Bi � Bj and uj is constant on Bi orBj � Bi and ui is constant on Bj{ ~u is monotone non increasing on ~D in the direction e1, and it is constanton any Bj, j = 1; :::k.Remark 1.1 See the beginning of Section 2 for a precise de�nition thenotion of -core and (radially symmetric) core. See also Proposition 4.1 foran explanation why uj � 0.Now we can state our main result.Theorem 1.1 Assume that f satis�es (f1), (f2) and D satis�es (B) (resp.(C)). Let u 2 C2(D)\C0( �D) be a positive solution of (1.1)-(1.2). Then u ismonotone up to cores on ~D = fx 2 D : x � e1 � 0g in the direction e1 (resp.on ~D = D). Moreover in case (B), with the above notations, ~u is symmetricwith respect to T e1.Actually, the result is a little bit stronger, and the monotonicity up tocores is true in any of the entering directions in case (C), or in any of thedirections � such that j� � e1j < �, on the domain fx 2 D : x � � � �g incase (B).Under the following additional assumption(f3) For any u > 0 such that f(u) = 0, lim infv!u; v>u f(v)v�u > �1,we obtain monotonicity and symmetry results:Theorem 1.2 Assume that f satis�es (f1), (f2), (f3) and D satis�es either(B) or (C). Let u 2 C2(D)\C0( �D) be a positive solution of (1.1)-(1.2). Thenu is monotone strictly decreasing in any direction � given by Conditions (B)or (C), on ~D de�ned as in Theorem 1.1. In case (B), u is symmetric withrespect to T e1. 5



In the case of a ball, we recover a result proved by F. Brock [3] by the meanof the continuous Steiner symmetrization method: u is radially symmetricand dudr (r) < 0 for any r 2 (0; 1).The use of the Moving Planes Method for proving symmetry results goesback to Alexandro� in the study of manifolds with constant mean curvature[1]. It was further developed by Serrin in [20] and by Gidas, Ni and Nirenbergin [11, 12] to study the symmetry of positive solutions of elliptic partialdi�erential equations. In both of the above mentioned works the nonlinearitywas assumed to be locally Lipschitz in [0;+1) or at least the sum of aLipschitz function and of a nondecreasing function. Several generalizationshave been obtained since that fundamental work (see [17] for more completereferences), in particular we mention that of Cort�azar, Elgueta and Felmer [6],where some symmetry results are presented in case the nonlinearity looses theLipschitz property at zero (see also [14]). In [6] this di�culty was overcomeby assuming that f is decreasing in a neighborhood of u = 0. Our results area generalization of Theorem 1.3 in [6]. Note that an independent work by Liand Ni [17] also introduces the decay condition on f near zero to overcomethe lack of control on the decay of solutions when f 0(0) = 0.During the completion of this paper we learned the results obtained byF. Brock in [2, 3], where local symmetry results are proved only under theassumption of continuity for f , using a continuous Steiner symmetrizationmethod. In the cases where Brock's result applies, our method is weaker. Wethink however that an extension of the Moving Planes Method to a generalnon-Lipschitz case is interesting in itself because it gives a local descriptionof the mechanisms involved in monotonicity (symmetry) theorems. More-over the Moving Planes method is constructive and robust. Moving Planesgive monotonicity also in directions close to the direction of symmetry (thisallows us to prove that when monotonicity holds up to cores, these coresare radially symmetric). The method provides monotonicity results in un-bounded domains as well and can handle some nonlinear elliptic equations6



not in divergence form.The paper is organized as follows. In Section 2 we introduce some de�-nitions, develop a framework for a local Moving Planes Method and prove acrucial lemma that allows us to build the cores. In Section 3 we present themain proofs and give monotonicity and symmetry results using the UniqueContinuation Principle. Section 4 is devoted to some extensions (weaker con-ditions on f , whole space results, fully nonlinear case). Some of the resultsof this paper were announced in [9].2 A technical lemmaIn this section we start setting up the basic notation and providing somede�nitions. Then we state and prove a lemma on how to build a core (seebelow the de�nition).Consider a solution u 2 C2(
) \ C0(
) of�u+ f(u) = 0 ; u � 0 in 
u = 0 on @
;where 
 is a bounded domain in IRN . In the following u is �xed and wede�ne various types of sets according to their geometrical properties and tothe behavior of u on them.De�nition: Given  2 SN�1, 
 is said to be a  � core of u if and only if(i) There exists a real number �
 such that 
 and u are symmetric withrespect to the hyperplane T�
 = fx 2 IRN : x �  = �
g, that is, forany x 2 
 we have x�
 = x� 2(x �  � �
) 2 
 and u(x�
) = u(x),(ii) 
 is convex in the  � direction (or  � convex), that is, for any x 2 
,the set ft 2 IR : (x + t) 2 
g is an interval,(iii) ru(x) �  � 0 for any x 2 
 such that x �  > �
.7




 is said to be a (radially symmetric) core of u if it is a -core of u forany direction  2 SN�1.We may observe that a core of u is a ball on which u is radially symmetricwith respect to the center of the ball and non increasing along any radius.Remark 2.1 In order to prove that a given set 
 is a core, it is su�cient(when u is continuous) to prove that it is a i-core for N independent direc-tions i 2 SN�1, i = 1; 2; ::: N such that the angle (i; j) is 2�-irrational forany (i; j) with i 6= j.In dimension N = 2, if two lines make a 2�-irrational angle �0, thenthe composition of two orthogonal reections with respect to each of thesetwo lines gives a rotation of angle �2�0 which is 2�-irrational too. The setfn�0gn2ZZ is dense in S1 so that 
 is a disk and u is radially symmetric.In dimension N � 3, let x0 2 
: x0 = PNi=1 x0i i, since the figi=1;2;::: Nare linearly independent. Here we take the origin to be the unique point inthe intersection of the hyperplanes T�i associated to the directions i. Nextwe consider the a�ne plane �1;N(x0) = fx 2 IRN : x = x0 + y; y 2span(1; N)g. By using the 2-dimensional argument given above we see thatwe can rotate x0 in �1;N(x0) to obtain x1 = PN�1i=1 x1i i. Of course jx0j = jx1j.We can repeat this argument N�1 times until getting xN�1 = xN�11 1, wherexN�11 = jx0j. Thus u(x0) = u(jx0j1), proving in this way that u is radiallysymmetric. Similarly, we conclude that 
 is a ball.Now we set up some notational conventions. Whenever possible, given 2 SN�1 we will choose a system of coordinates so that  = e1. In thatcase we write x1-core for a -core. Following the usual notation we considerT� = fx = (x1; x0) 2 IR � IRN�1 : x1 = �g and �� = fx = (x1; x0) 2(IR � IRN�1) : x1 > �g. If x = (x1; x0) 2 IR � IRN�1, then we writex� = (2�� x1; x0) and u�(x) = u(x�) for any x 2 IRN such that x� 2 
.De�nition: Let 
 be a non empty bounded domain in IRN . We say that
 satis�es Property P if and only if the following conditions are satis�ed:(i) 
 is symmetric with respect to the hyperplane T = fx = (x1; x0) 28



IR � IRN�1 : x1 = �
g for some �
 2 IR, that is, (2�
 � x1; x0) 2 
for any x = (x1; x0) 2 IR� IRN�1 \ 
,(ii) 
 is x1-convex,(iii) There is a constant u0 such that uj@
 � u0 and u > u0 on 
,(iv) There exists an � > 0 such that f is strictly decreasing on [u0; u0 + �[.Remark 2.2 If 
 satis�es Property P then it is an x1-core of u if and only if1) u�
(x) = u(x) for any x 2 
,2) @u@x1 (x) � 0 for any x 2 ��
 \ 
 = f(x1; x0) 2 IR� IRN�1 \ 
 : x1 � �
gif �
 � 0 (resp. for any �
) in case (B) (resp. in case (C)).Lemma 2.1 Under assumptions (f1) and (f2), if 
 is a non-empty subdo-main of D satisfying Property P, then there exists a � 2 IR and x 2 �� \ 
such that u�(x) = u(x) if x 2 �� ; (2.1)@u@x1 (x) = 0 if x 2 T� ; (2.2)and(i) one of the two following cases has to be ful�lled:Case a: � = �
 and u�(x) = u(x) for any x 2 
,Case b: there exist u1 > u0 and u2 > u1, with u(x) 2]u1; u2[, such that fis locally Lipschitz + increasing on ]u1; u2[ (we assume in the followingthat ]u1; u2[ is the maximal interval containing u(x) in ]u0;+1[ andon which f is locally Lipschitz + increasing),(ii) @u@x1 � 0 on 
 \ ��,(iii) In Case b, let C be the connected component of fx 2 
 : u1 < u(x) <u2g containing x, then we have u�(x) = u(x) for any x 2 C,9



(iv) In Case b, let ~C be the x1-convexi�ed of C, i.e. the set~C = fx 2 
 : 9(y; z) 2 C � C such that z � y is parallel to x1and 9t 2]0; 1[ such that x = ty + (1� t)zg ;and ~
 = fx 2 ~C : u(x) > u2g. Then either ~
 = ; or ~
 satis�esProperty P.Remark 2.3 In Case a, the set 
 is an x1-core of u. In Case b, if ~
 = ;, thenC = ~C is an x1-core of u. And if ~
 6= ;, let 
̂ = fx 2 
 : u(x) > ~u0g � ~
,where ~u0 = inffu 2 [u1; u2] : f is strictly decreasing on [u; u2]g :If u = maxx2
̂ u(x) is such that f is strictly decreasing on [~u0; u], then 
̂ isan x1-core of u. The proof is easy: on @
̂ � C, u� � u, u� � u in 
̂ accordingto (ii) in Lemma 2.1 and since f is decreasing, ��(u��u) � 0, which meansu� � u.Proof of Lemma 2.1: The proof relies on the moving plane techniqueintroduced by Alexandrov [1]. We will say that 
 satis�es the property �� ifw�(x) = u�(x)� u(x) � 0 8 x 2 
 \ �� :Let �� = supfx1 2 IR : 9x0 2 IRN�1 such that (x1; x0) 2 
 \ ��g and� = inff� 2 [�
; ��] : 8 � 2]�; ��[ �� is true g. We will �rst see that� < ��. Assume indeed by contradiction that � = ��. Then there exists anincreasing sequence (�k)k2IN converging to �� such that8 k 2 IN 9 xk 2 ��k \ 
 w�k(xk) < 0 :On @(��k \
), w�k � 0, so that w�k reaches its minimum value in a point of��k \ 
 and we may assume that xk realizes this minimum. Then we have0 � ��w�k(xk) = f(u�k(xk))�f(u(xk)) = f(u(xk)+w�k(xk))�f(u(xk)) > 0;10



for k large enough, since u0 < u(xk) < u0 + �, a contradiction. Thus � < ��.Assume now that � > �
, where �
 is de�ned in part (i) of Property P.We recall that 
 is symmetric with respect to T�
 . We may again �nd anincreasing sequence (�k)k2IN converging to � (with �
 < �k < �), and asequence of points (xk)k2IN such thatxk 2 ��k \ 
 ; w�k(xk) = minx2��k\
w�k(x) < 0:Here again, xk 62 
0 = fx 2 
 : f is strictly decreasing in a neighborhoodof u(x) in [u0;+1[g because ��w�k(xk) � 0. Up to the extraction of asubsequence, we may assumelimk!+1xk = x 2 
 \ 
c0 \ �� :On one hand we have, 0 � u�(x)� u(x) = limk!+1w�k(xk), and on theother hand u�(x) � u(x) because of �� (�� is true since �� is true for any�� � > 0, small enough). Note that either x 2 ��, or x 2 T�. In the lattercase, @u@x1 (x) = �12 limk!+1 @w�k@x1 (xk) = 0.Since f is strictly decreasing in [u0; u0 + �[ for some � > 0 (and sinceuj@
 = u0), again x cannot belong to @
. Then x 2 
n
0 and so f isLipschitz + increasing in a neighborhood of u(x), which proves assertion (i)in Case b.If � = �
, we may exchange the direction x1 and �x1. We observe thatProperty P is invariant under the transformation (x1; x0) 7! (2�
 � x1; x0).Then either we �nd a � 6= �
 and we are back to the previous case, or weget � = �
, which proves that u�
(x) = u(x) for any x 2 
. This provesassertion (i) in Case a. At this point we have also completed (2.1) and (2.2).Because of the de�nition of �, �� is true and assertion (ii) follows. Infact, for any � 2 [�; ��[, for any x = (�; x0) 2 (T� \ 
) � (�� \ 
),0 � n � w�(�+ 1n; x0)! �2 @u@x1 (�; x0) as n! +1 :11



Assertion (iii) is obtained, in case x 2 �� as a consequence of the Maxi-mum Principle applied to w�. Note that w� � 0 and w�(x) = 0 with x 2 C.When x 2 T�, assertion (iii) is a consequence of Hopf's Lemma, since in thiscase, @w�@x1 (x) = �2 @u@x1 (x) = 0.To �nish with the proof of Lemma 2.1, one has to check that in Case b~
 satis�es Property P if it is not empty. The symmetry and x1-convexityfollows from the de�nition of ~
, and f is decreasing on a neighborhood of u2in [u2;+1[ again because of assumption (f2). 23 ProofsFirst, let us give a precised version of Theorem 1.1 with a weaker assumption:we do not assume the strict positivity of u any more.Theorem 3.1 Assume that f satis�es (f1) and (f2). Let u 2 C2(D)\C0( �D)be a solution of �u+ f(u) = 0; u � 0 in D ; (3.1)u = 0 on @D : (3.2)If condition (B) is satis�ed, there exists a �nite number N of balls Bi (i =1; 2; ::: N ) contained in D such that there exists at least one i0 2 f1; 2; ::: Ngsatisfying(i) for any j = 1; 2; :::; i0 � 1; i0 + 1; ::: N , if Bj \ Bi0 6= ;, then Bi0 � Bj(ii) ujBi0 is radially symmetric and decreasing along any radius of Bi0 ,(iii) if N > 1, the C2 function de�ned on D by~u = u in DnBi0~u = uj@Bi0 = Const on @Bi0is still a solution of equations (3.1)-(3.2) (and we can then iterateand apply again the above result to ~u with the set of N � 1 balls Bi,i = 1; 2; 3; :::; i0 � 1; i0 + 1; ::: N ).12



In case of Assumption (C), the same result is true except that N might bein�nite. However, for any � 2 IR, I(�) = fj 2 N : Bj \ �� 6= ;g =fjk(�) : k = 1; 2; ::: N (�)g is �nite and the same result as above applies toujD(�) where D(�) = (D \ ��) [ ([N (�)k=1 Bjk(�)).On D n ([N (�)k=1 Bjk(�) \�0) in case (B), D(�) n ([N (�)k=1 Bjk(�) \ ��) in case(C), u is monotone non increasing.Remark 3.1When D is a ball, the solution in Theorem 3.1 is locally radiallysymmetric, with a �nite number of cores: there exists a �nite partition inballs and annuli on which the solution is radially symmetric and (strictly)decreasing, and complementary domains on which the solution is constant.Because of Condition (f2), the number of possible cores is �nite (Step 2 ofthe proof of Theorem 3.1).If u > 0 is a solution of equations (3.1)-(3.2), which is not radially sym-metric, there exists therefore a � 2]0; 1[ such that u is radially symmetric inthe annulus fx 2 IRN : � < jxj < 1g and 0 = d2udr2 (�) = dudr (�) = f(u(�)). Wecan now notice that if Assumption (f3) is replaced by(f3') For any u > 0 such that f(u) = 0, lim infv!u; v<u f(v)v�u > �1,there exists a constant C > 0 such that for u(�) � v > 0 small enough,f(v)u(�)�v > �C. Then Hopf's Lemma applied to ��(u(�)�u)�C(u(�)�u) < 0in B((�+�) xjxj ; �) at x, for any x 2 B(0; 1) such that jxj = � and � > 0 smallenough, is in contradiction with ru(x) = xjxj � dudr (�) = 0.In the case of a ball, either (f3) or (f3') are therefore su�cient to prove theradial symmetry. This is probably true for more general domains althoughdi�cult to prove in full generality (see [8] for a proof in dimension N = 2).Proof of Theorem 3.1: We �rst build an x1-core, and then a radiallysymmetric core, which can be removed. By iteration and since the possiblenumber of cores is �nite in case (B), locally �nite in case (C), we prove thetheorem. 13



First step : Building a x1-coreLet u be a solution of Equation (1.1) and de�ne �(u) = supf� � 0 : uis either strictly decreasing or Lipschitz + increasing on ]u � �; u + �[g,� = inff�(v) : v 2 [0;maxx2D u(x)]g. If f satis�es (f2), then � > 0.We now want to apply Lemma 2.1: if f is strictly decreasing on [0; �[ forsome � > 0 and ifD is bounded (assumption (B)), we may take 
 = D. If not,let us prove that 
 = fx 2 D \�� : u(x) > u�g, where u� = inffu > 0 : fis not "Lipschitz + increasing" on ]u; u+ �[ for any � > 0 g, satis�es propertyP of Lemma 2.1 for some well chosen � > 0.Of course, if u� > maxD u(x), the usual methods apply and the conclu-sions of Theorem 3.1 hold. The theorem is proved if 0 = � := inff� > 0 :u� � u in D \ ��g in case of assumption (B) or if � = �1 in case (C). As-sume then that � > 0 in case of assumption (B), � > �1 in case (C): thereexists a sequence (�k)k2IN with �k < �, limk!+1 �k = �, and a sequence(xk)k2IN such thatu�k(xk)� u(xk) = minx2��k\D�u�k(x)� u(x)� < 0 :If x = limk!+1 xk, then f has to be Lipschitz + increasing on ]u(x)��; u(x)+�[ for the same reason as in Lemma 2.1.Exactly as in Lemma 2.1, u� � u on the connected component of fx 2D : u1 < u(x) < u2g where ]u1; u2[ is the maximal interval on whichu is Lipschitz + increasing and such that u(x) 2]u1; u2[. u� � u on D isimpossible since � > 0 and u > 0 in D: u1 > 0, and the set 
 6= ; satis�esproperty P because @u@x1 � 0 on 
.If f is strictly decreasing on [0; �[ (and not Lipschitz + increasing on thisinterval) and if D satis�es condition (C), a similar argument allows us toextract a bounded domain having Property P, unless u is monotone in thex1-direction.We may now apply Lemma 2.1 to 
 = 
1 and iterate n times to �nda x1-core, n being at most the integer part of (�)�1 �maxx2D\�� u(x). Here14



�� is the domain corresponding to the � obtained at the �rst iteration. Inthe following, with the notations of Lemma 2.1, we note 
k+1 = ~
k for1 � k � n.Second step : Building a radially symmetric coreIf 
n is the non-empty x1-core given above, we may notice that u isconstant on @
n and strictly bigger than uj@
n in 
n: u reaches its maximumin 
n at some interior point x. According to assumption (f2), again two casesare possible:1) either there exists some u 2]uj@
n; u(x)] such that f is Lipschitz + in-creasing on ]u� �; u+ �[,2) or not.In case the �rst case, by construction of 
n, uj@
n < u� � � u(x). In thesecond case, we may use the set 
̂n de�ned as in Remark 2.3:u(x) > uj@
n � uj@
̂n + � :In both cases, the method shows the existence of a x1-core ! such that ureaches its maximum at some interior point x andu(x) = maxx2! u(x) > uj@! + � : (3.3)Let M = krukL1(D). Then B(x; r) � ! with r = �M .The number N of the connected components which are x1-cores withProperty (3.3) is �nite and bounded by N � C�M� �N for some constant Cwhich depends on the volume of D \ �� (where � was de�ned in the �rststep of the proof).Let us take (N � 1)N +1 directions i 2 SN�1, i = 1; 2; ::: (N � 1)N +1satisfying the conditions de�ned by Assumptions (B) or (C), such that theangle (i; j) is 2�-irrational for any (i; j) with i 6= j, and such that anyfamily of N such unit vectors generates IRN . Then, applying the method15



of the �rst two steps successively to each of these directions (for each i,choose the direction x1 as the one of i), we �nd at least one core ! which issymmetric with respect to at least N directions. According to Remark 2.1,! is a radially symmetric core (it is a ball) and (x � x) � ru(x) � 0 for anyx 2 !, where x is the center of !.Note that in case (B), either the maximum of the core obtained by it-erating Lemma 2.1 belongs to the hyperplane T e1 and the symmetry resultinside the core follows, or not. In this last case, we may choose a direction� close enough to e1 so that it is also a �-core which is reached by movinghyperplanes along the direction �. 2Remark 3.2 The assumption u > 0 in Theorem 1.1 has been replaced bythe weaker assumption u � 0 in Theorem 3.1. In this case any connectedcomponent of the support which is strictly included in D is a ball on whichu is radially symmetric and decreasing up to cores. Note that this is possibleonly if f is not Lipschitz + increasing on a neighborhood of u = 0+.With this remark, the proof of Theorem 1.1 is straightforward.Proof of Theorem 1.2: For simplicity, we assume that there is a (radiallysymmetric) core which reaches its maximum at x = 0 (this is easily achievedby the mean of a translation). We have to prove that the solution is ra-dially symmetric under Assumption (f3). Our main tool will be a UniqueContinuation argument. Let us de�ne� = maxfr > 0 : B(0; r) � D and u is radially symmetric in B(0; r)g:If @D \ @B(0; �) 6= ;, then B(0; �) = D, otherwise, we would have a con-tradiction with the condition u > 0 in D, since u is radially symmetric inB(0; �).If @D \ @B(0; �) = ;, then there exists a sequence of points (xk)k2INof D such that (jxkj)k2IN is decreasing and converges to � and such thatu(xk) 6= u(Rkxk), where Rk is the reection with respect to some hyperplane16



containing the origin and de�ned by a direction � close to e1. Withoutloss of generality, we may assume that xk ! x for some x 2 @B(0; �) andRk ! R, where R is the reection with respect to some �xed hyperplane.Here the convergence of the reexion is in the sense that that the unit vectorscorresponding to the hyperplanes converge.Then, replacing x by Rx if necessary, one of the two following possibilitiesis ful�lled:a) ru(x) = 0,b) xjxj � ru(x) < 0, since ru(x) = dudr (�) xjxj .If a) occurs, since e1 �ru(x) � 0 in a neighborhood of �e1 (here we use theradial symmetry of u in B(0; �)), we can conclude that d2dt2u((�+t)e1)jt=0 = 0.Using the radial symmetry of u again, we �nd that�u(x) = �d2udr2 + N � 1r dudr�jr=� = 0and then f(u(x)) = 0. But this is impossible since Assumption (f3) applies:there exists a constant C > 0 such that for v � u(x) > 0 small enough,f(v)v�u(x) > �C, and Hopf's applied to ��(u � u(x)) + C(u � u(x)) > 0 inB((�� �) xjxj ; �) at x for � > 0 small enough is in contradiction with: ru(x) =xjxj dudr (�) = 0.We may now consider Case b). For notational convenience, we can per-form a rotation R such that x = � � e1 (the monotonicity with respect to e1is true at least locally because r(u(x) 6= 0: since the rest of the argument islocal, we do not have to take care of the geometrical restrictions correspond-ing to Assumptions (B) or (C)). For some � > 0 small enough, we have then@u@x1 (x) < 0 for any x 2 B(x; �). If we denote u(x) = u(Rx), we have that uprovides another solution of�u+ f(u) = 0 ; x 2 B(0; �)such that u 6� u in B(x; �), since for k is large enough, xk 2 B(x; �). Weobserve that, taking � smaller if necessary, @u@x1 (x) < 0 for any x 2 B(x; �).17



Here we shall use a local argument which involves a local change of co-ordinates (this transformation is the extension to N � 2 of the one used in[8] in the case N = 2). By the Implicit Function Theorem, there exists aneighborhood V of (u(x); 0) 2 IR� IRN�1 and two functions v and v of classC2 such that t = u(v(t; x0); x0) andt = u(v(t; x0); x0) 8 (t; x0) 2 V ;with @v@t 6= 0 and @v@t 6= 0 in V. After some computations, we �nd that thefunction v satis�es the quasilinear equation�1+ NXi=2( @v@xi )2�@2v@t2 � 2@v@t NXi=2 @v@xi @2v@xi@t +(@v@t )2 NXi=2 @2v@x2i = (@v@t )3f(t) in V :A similar equation is satis�ed by the function v. It is easy to see that theseequations are elliptic in V.We may now consider the function z(t; x0) = v(t; x0)�v(t; x0) that satis�esthe equation�1 + NXi=2( @v@xi )2�@2z@t2 � 2@v@t NXi=2 @v@xi @2z@xi@t + (@v@t )2 NXi=2 @2z@x2i +b1@z@t + NXi=2 bi @z@xi = 0 in V ;where the coe�cients bi are given byb1(t; x0) = �2 NXi=2� @v@xi @2v@xi@t�+ �@v@t + @v@t �� NXi=2 @2v@x2i ��f(t)�(@v@t )2 + (@v@t � @v@t ) + (@v@t )2� ;and bi(t; x0) = @2v@t2 ( @v@xi + @v@xi )� 2 @2v@xi@t � @v@t ; i = 2; 3; ::: N:18



We observe that the coe�cients of the second order term are all of class C1,while the bi's are of class C0. Thus the equation satis�ed by z has the UniqueContinuation Property, see [13] for instance.We conclude that since u and u coincide on the open set B(0; �)\B(x; �),the functions v and v coincide in the corresponding open set. Therefore u � uin B(x; �), a contradiction.The only possibility is therefore B(0; �) = D, which ends the proof ofTheorem 1.2 if D is a ball, or if it is not, by contradiction with uj@B(0;�) = 0.24 Further resultsWe will not try to give the most general possible results, but just quote someremarks and directions to which our results can be extended.To start with, we may notice that our (local) symmetry results hold fornonnegative solutions of (1.1) and the solutions may eventually be identicallyequal to 0 on a non empty subdomain of D. We may also notice that ona (radially symmetric) core, the minimum of the function is reached on theboundary of the core. One may therefore wonder why a nonnegative solutionof (1.1) when D is, for instance, a ball cannot have cores on which the solutionreaches its minimum inside the core (if we forget the nonnegativity condition,such solutions are easy to build). The answer is given by the following resultwhich is reproduced from [9].Proposition 4.1 Assume that f satis�es (f1). Let u be a solution of (1.1)on the unit ball B(0; 1) which is radially symmetric up to cores. Assumethat N � 2. With the same notations as in Theorem 3.1, if Bi \ Bj = ;for any j 6= i (u is radially symmetric on Bi) and if u = minx2Bi u(x) <minx2@Bi u(x), then u < 0.Proof: For the completeness of the paper, we give the main argument ofthis result. Consider u+ and u� two solutions of d2udr2 + N�1r � dudr 0+f(u(r)) = 019



de�ned respectively on the intervals I� =]r�1 ; r�0 [ and I+ =]r+0 ; r+1 [ (with0 < r�1 < r�0 � r+0 < r+1 ), such that u(r�0 ) = a, du�dr (r�0 ) = 0, u�(r) < awhere a > 0 is chosen in order that f(a) = 0. u� is increasing on I� and u+is decreasing on I+, at least as long as du�dr does not vanish. According tothe method introduced by L.A. Peletier and J. Serrin in [19], it is possibleto extend these solutions uniquely if du�dr 6= 0. Eventually, decreasing r�1 andincreasing r+1 , we may assume that I� and I+ are the maximal intervals inIR+ on which the property is satis�ed. Then for any r 2 I�, du�dr (r) = 0 isimpossible unless u�(r) < infs2I+ u+(s). The functions r�(t) are indeed suchthat t = u�(r�(t)) are solutions of (r�)00((r�)0)3 = f(t)+(d�1) 1r�(r�)0 . Multiplyingby (r�)0(t) and integrating between u+(r) and a, we obtain for any r 2 I+0 � 12�du+dr (r)�2 = Z au+(r) f(s) ds+ (d� 1) Z au+(r) dsr+(s)(r+)0(s)< Z au+(r) f(s) ds+ (d� 1) Z au+(r) dsr�(s)(r�)0(s)= 12�du�dr (r�(u+(r)))�2 :This computation is still valid if du�dr (r�0 ) > 0, du+dr (r+0 ) = 0 and one can easilyextend the argument to the case where du+dr � 0 takes the value 0 in I+ if wede�ne r+ by r+(t) = inffs > r+0 : u+(s) = tg.Without loss of generality, we may assume that Bi is the unique core ofu (if not, apply the procedure de�ned in Theorem 3.1). Up to a translation,we can then identify u+ and u� with ~u and uj@Bi respectively and get 0 =u+(1) < u�(0) = u. 2To summarize, we could say that for N � 2, there are no cores "goingdown".4.1 Without overlappingIn Assumption (f2), the condition that the range of u on which f is locallyeither Lipschitz + increasing, or strictly decreasing, is open means that there20



is always an overlapping of these conditions. This is actually crucial to provethat the number of cores is �nite, in any bounded subdomain in D.However, it is clear at least in the case of a ball (see [3, 8]) that the rightcondition to avoid the existence of cores is a condition { actually (f3) { onthe regularity of f in a neighborhood of u whenever f(u) = 0, u > 0. Thusthe overlapping is unnecessary, as we shall see on the following example. Forsimplicity, assume that N = 2 and replace (f2) and (f3) by the assumption(f2')There exists an a > 0 such that f is strictly decreasing in [0; a], f islocally Lipschitz + increasing on [a;1) and f(a) < 0.We assume here a strong regularity assumption, except that there is no moreoverlapping between the region where f is strictly decreasing and the regionwhere f is Lipschitz + increasing. This condition could of course be extendedto each point a such that f(a) < 0, f is strictly decreasing on a neighborhoodof a� and Lipschitz + increasing on a neighborhood of a+, and even also toeach point b such that f(b) > 0, f is strictly decreasing on a neighborhood ofb+ and Lipschitz + increasing on a neighborhood of b�, as soon as one controlsthe number of possible cores. However a statement with such assumptionswould be unnecessarily complicated. For simplicity again, we shall considerthe case of a ball B = B(0; 1).Proposition 4.2 Let N = 2. Assume that f satis�es (f1) and (f2') andconsider a positive solution u 2 C2(B)\C0( �B) of (1.1)-(1.2) on the unit ballD = B. Then u is radially symmetric and dudr (r) < 0 for any r 2 (0; 1).Proof. We proceed exactly as in the proof of Lemma 2.1 with 
 = B.Assume that � > �
 and consider x 2 B such that u(x) � a (x is the limit ofxk 2 ��k such that w�k(xk) < 0, rw�k(xk) = 0: w�(x) = 0 and rw�(x) = 0.If u(x) > a, the proof goes as before (the number of possible cores is �nitebecause at a maximum, ��u = f(u) > 0, so that we can give an estimateof N using the Lipschitz norm of u) and the only case one has to consider isthe case u(x) = a. 21



Let us prove that there is some x 2 �� such that u(x) > a (and thereforef is Lipschitz in a neighborhood of u(x)) and w(x) = 0.We will distinguish two cases{ Case (1): x 2 ��{ Case (2): x 2 T�Let us de�ne �rst the set ! = fx 2 �� : u(x) > ag. We may �rst noticethat either w � 0 on ! \ �� or w > 0 because of the Maximum Principle.Assume then that the second case is satis�ed and look for a contradiction.Case (1) : We have to prove that ! satis�es an interior sphere conditionat x.a) if @u@x1 (x) 6= 0, @! is locally of class C2 in a neighborhood of x: ! satis�esan interior sphere condition at x for some ball B(~x; �) of center ~x 2 ! andradius � > 0, such that (~x � x) � e1 6= 0, (~x � x) � ru(x)jru(x)j = �, j~x � xj = �and u(x) > a for any x 2 B(~x; �), provided � > 0 is small enough. Hopf'slemma applied to w > 0 in ! at x (see [11]) provides: rw�(x) � (~x� x) < 0,a contradiction with rw�(x) = limk!+1rw�k(xk) = 0.b) if @u@x1 (x) = 0 and @u@x2 (x) 6= 0, we may again apply Hopf's lemma inthe direction of x2. Assume then that ru(x) = 0. The monotonicity ofx1 7! u(x1; x0) gives: @2u@x1@x2 (x) = @2u@x21 (x) = 0 because of the following Taylordevelopmentu(x)� a = Xi;j=1;2(i;j)6=(1;1) @2u@xi@xj (x) � (x� x)i(x� x)j + o(jx� xj2) :Then, since �@2u@x22 (x) = ��u(x) = f(a) < 0, ! again clearly satis�es aninterior sphere condition at x. For the same reason as in case a), again weget a contradiction.Case (2) : Assume now that x 2 T�. Because of the de�nition of x, @u@x1 (x) =�12 limk!+1 e1 �rw�k(xk) = 0. If @u@x2 6= 0, we may apply Serrin's lemma (seefor instance [11, 20]) : 22



Lemma 4.1 Let O be a domain in IRN and assume that near x 2 O theboundary consists of two transversally intersecting hypersurfaces � = 0 and� = 0. Suppose that �; � > 0 in O. Let w > 0 be a function in C2(O) withw > 0 in O, w(x) = 0 satisfying the di�erential inequality ��w� c(x)w � 0for some function c in L1(O). Assume that PNi=1 @�@xi (x) � @�@xi (x) = 0 andD�PNi=1 @�@xi � @�@xi�(x) = 0 for any derivative tangent at x to the submanifoldf� = 0g\f� = 0g. Then for any direction s which enters O at x transversallyto each hypersurface, @w@s > 0, @2w@s2 > 0.But this is clearly in contradiction with rw�(x) = 0.If @u@x2 = 0, we may still �nd a smaller cone K of summit x containing thedirection �x2 such that on ! \ K, w > 0 and as in Case (1) we get in thatway a contradiction with Serrin's lemma. 24.2 Whole space resultsIn the case the domain D is the whole space IRN , the method can still beadapted as soon as the moving plane technique can be started from +1 inany direction. One of the main features of the local moving planes methodwe develop in this paper is that we do not need to assume a strict positivityof w� as soon as f is strictly decreasing and can therefore handle in a uni�edframework the positive solutions as well as the nonnegative solutions thatare compactly supported.Theorem 4.1 Assume f satis�es (f1)-(f2). Let u be a C2 nonnegative so-lution of (1.1)-(1.2) satisfying limjxj!+1 u(x) = 0. Then u is radially sym-metric up to cores. If it is compactly supported, the support of u is a unionof balls with disjoined interiors.Of course, with a further assumption on the positive critical levels of f ,we may get a strict monotonicity on each component of the support (and afurther assumption on the regularity of f at 0 would provide the result that23



the solution has to be radially symmetric, positive and strictly decreasingwith respect to some point in IRN):Corollary 4.1 Assume f satis�es (f1)-(f3). Let u be a C2 nonnegative so-lution of (1.1)-(1.2) satisfying limjxj!+1 u(x) = 0. Then any connected com-ponent of fx 2 IRN : u(x) > 0g is a ball (or IRN), and u restricted to eachof these components is radially symmetric and strictly decreasing.4.3 Fully nonlinear caseIt is possible to generalize the results given in Sections 1-3 for the Laplacianto more general fully nonlinear elliptic equations of the typeF�u; @u@xi ; @2u@xi@xj � = 0 with i; j = 1; 2; ::: Nwhen F is only continuous with respect to u, even in the case where thehighest order part of the operator cannot be written in divergence form.Let us consider the following assumptions, which are adapted from [16,17], F : IR+ � IRN � IRN�N ! IR(s; p; Q) 7! F (s; p; Q)has the following properties(F1) F is continuous and C1 with respect to Q = (Qij)i;j=1;2;::: N ,(F2) F is either Lipschitz + increasing in s, or has the following strict decayproperty F (u+ w; p;Q+R) > F (u; p; Q) (4.1)for any N � N nonnegative symmetric matrix R and any w < 0, pro-vided (w;R) 6= (0; 0), 24



(F3) For any (s; p; Q) such that F (s; p; Q) = 0, there exists a neighborhoodof (s; p; Q) in IR+� IRN � IRN�N on which F is Lipschitz + increasingwith respect to s,(F4) For any � 2 IRN , Fpipj(s; p; Q)�i�j � �(s; p; Q)j�j2 for some �(s; p; Q)which is uniformly positive.(F5) F has the following symmetry property with respect to e1:F (s; (�p1; p2; ::: pN); ~Q) = F (s; p; Q) ;~Q = (Q11;�Q12;�Q13; ::: �Q1N ;�Q21; Q22; Q23; ::: Q2N ; ::: QNN ) ;as well as for any direction  2 SN�1 such that j � e1j < � for somegiven � > 0.Theorem 4.2 Assume that f satis�es (F1)-(F5) and D is x1-convex, sym-metric with respect to the hyperplane fx 2 IRN : x�e1 = 0g and bounded. Letu 2 C2(D)\C0( �D) be a positive solution of (1.1)-(1.2). Then u is monotonenon increasing up to cores on ~D = fx 2 D : x � e1 � 0g in the direction e1.Of course, a similar monotonicity result holds for unbounded domains.Note that Assumption (F5) as in [16] is quite restrictive (see [8] for an ex-ample).The proofs go exactly as for the Laplacian, but present purely computa-tional technicalities that are unessential and will not be presented here. Themain point is that one has to make sure that the local inversion theorem(unique continuation argument in the proof of Theorem 1.2) preserves theellipticity of the operator.Imposing a dependence in jxj is easy and we can for instance state thefollowing result. Consider in case (B)�u+ f(jxj; u) = 0; u > 0 in D; (4.2)u = 0 on @D: (4.3)25



Theorem 4.3 Under the same assumptions as in Theorem 1.1, providedthese assumptions on f are uniform in x, if D satis�es condition (B) andif f is monotone non increasing in jxj, then the same results hold for anysolution of (4.2)-(4.3). If moreover f(jxj; u) is strictly decreasing in jxj, thenno cores may exist.Actually, to obtain the nonexistence of cores, it is su�cient to ask thatf(jxj; u) is strictly decreasing in jxj for any u such that f is not strictlydecreasing in u. In that case by Lemma 2.1, u would be symmetric withrespect to some hyperplane T� in the range u1 < u(x) < u2, in contradictionwith the fact that0 = �u� + f(u�; jx�j) = �u+ f(u; jx�j) > �u+ f(u; jxj) = 0 ;except if � = 0.The only di�culty that may occur is the case � = �
 in Lemma 2.1,which can be solved by noticing �rst that if 
 = D, �
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