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Résultats d'approximation di�érentielle pour le problème du voyageur du
ommer
eRésuméNous 
ommençons par démontrer que les versions maximisation et minimisation du pro-blème du voyageur de 
ommer
e sont approximables à rapport di�érentiel 1/2. Nous pré-sentons ensuite une 3/4-approximation polynomiale du 
as parti
ulier à distan
es 1 et 2 ;
e résultat nous permet notamment de ramener le rapport standard 
onnu pour la versionmaxisation de 
e sous-problème de 5/7 à 7/8. Nous proposons en�n un résultat négatif :approximer le voyageur de 
ommer
e, à 
oût minimum 
omme maximum, à mieux que3475=3476+ � est NP-di�
ile pour tout � > 0.Mots-
lé : algorithme d'approximation, rapport d'approximation, problème NP-
omplet,
omplexité, rédu
tion, voyageur du 
ommer
e.
Di�erential approximation results for traveling salesman problemAbstra
tWe prove that both minimum and maximum traveling salesman problems 
an be approx-imately solved, in polynomial time within approximation ratio bounded above by 1/2. Wenext prove that, when dealing with edge-distan
es 1 and 2, both versions are approximablewithin 3/4. Based upon this result, we then improve the standard approximation ratioknown for maximum traveling salesman with distan
es 1 and 2 from 5/7 to 7/8. Finally, weprove that, for any � > 0, it is NP-hard to approximate both problems within better than3475=3476+ �.Keywords: approximation algorithm, approximation ratio, NP-
omplete problem, 
om-plexity, redu
tion, traveling salesman.
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1 Introdu
tionGiven a 
omplete graph on n verti
es, denoted by Kn, with positive distan
es on its edges, theminimum traveling salesman problem (min_TSP) 
onsists in minimizing the 
ost of a Hamilto-nian 
y
le, the 
ost of su
h a 
y
le being the sum of the distan
es on its edges. The maximumtraveling salesman problem (max_TSP) 
onsists in maximizing the 
ost of a Hamiltonian 
y
le.Further spe
ial but very natural 
ases of TSP are the ones where edge-distan
es are de�ned usingthe `2 norm (Eu
lidean TSP), or where edge-distan
es verify triangle inequalities (metri
 TSP);an interesting sub-
ase of the metri
 TSP is the one in whi
h edge-distan
es are only 1 or 2(TSP12). Both min_ and max_TSP, even in their restri
ted versions mentioned just mentionedabove, are famous NP-hard problems.In general, NP optimization (NPO) problems are 
ommonly de�ned as follows.De�nition 1. An NPO problem � is as a four-tuple (I;S; vI ; opt) su
h that:1. I is the set of instan
es of � and it 
an be re
ognized in polynomial time;2. given I 2 I (let jIj be the size of I), S(I) denotes the set of feasible solutions of I;moreover, there exists a polynomial P su
h that, for every S 2 S(I) (let jSj be the sizeof S), jSj = O(P (jIj)); furthermore, given any I and any S with jSj = O(P (jIj)), one 
ande
ide in polynomial time if S 2 S(I);3. given I 2 I and S 2 S(I), vI(S) denotes the value of S; vI is integer, polynomially
omputable and is 
ommonly 
alled obje
tive fun
tion;4. opt 2 fmax;ming.Given an instan
e I of an NPO problem � and a polynomial time approximation algorithm Afeasibly solving �, we will denote by !(I), �A(I) and �(I) the values of the worst solutionof I, of the approximated one (provided by A when running on I), and the optimal one for I,respe
tively. There exist mainly two thought pro
esses dealing with polynomial approximation.Commonly ([13℄), the quality of an approximation algorithm for an NP-hard minimization(resp., maximization) problem � is expressed by the ratio (
alled standard in what follows)�A(I) = �(I)=�(I), and the quantity �A = inffr : �A(I) < r; I instan
e of �g (resp., �A = supfr :�A(I) > r; I instan
e of �g) 
onstitutes the approximation ratio of A for �. Re
ent works ([9, 8℄),strongly inspired by [3℄ (see also [12, 23℄), bring to the fore another approximation measure, aspowerful as the traditional one (
on
erning the type, the diversity and the quantity of the resultsprodu
ed), the ratio (
alled di�erential in what follows) ÆA(I) = (!(I) � �(I))=(!(I) � �(I)).The quantity ÆA = supfr : ÆA(I) > r; I instan
e of �g is the di�erential approximation ratio of Afor �. In what follows, we use notation � when dealing with standard ratio and notation Æ whendealing with the di�erential one. Moreover �(�) (resp., Æ(�)) will denote the best standard(resp., di�erential) approximation ratio for �.In [3℄, the term �trivial solution� is used to denote what in [9, 8℄ and here is 
alled worstsolution. Moreover, all the examples in [3℄ 
arry overNP-hard problems for whi
h worst solution
an be trivially 
omputed. This is for example the 
ase of maximum independent set where,given a graph, the worst solution is the empty set, or of minimum vertex 
over, where the worstsolution is the vertex-set of the input-graph, or even of the minimum graph-
oloring where one
an trivially 
olor the verti
es of the input-graph using a distin
t 
olor per vertex. On the
ontrary, for TSP things are very di�erent. Let us take for example min_TSP. Here, given agraph Kn, the worst solution for Kn is a maximum total-distan
e Hamiltonian 
y
le, i.e., theoptimal solution of max_TSP in Kn. The 
omputation of su
h a solution is very far from beingtrivial sin
e max_TSP is NP-hard. Obviously, the same holds when one 
onsiders max_TSP1



and tries to 
ompute a worst solution for its instan
e. In order to remove ambiguities about the
on
ept of the worst solution, the following de�nition, proposed in [9℄, will be used here.De�nition 2. Given a typi
al instan
e I of an NPO problem �, the worst solution of I is theoptimal solution of a new NPO problem �� where items 1 to 3 of de�nition 1 are identi
al forboth � and ��, and opt(��) = � max opt(�) = minmin opt(�) = maxOne of the features of the di�erential ratio is to be stable under a�ne transformation of theobje
tive fun
tion of a problem and so it does not 
reate a dissymmetry between minimizationand maximization problems. This is very 
lear in the 
ase of TSP. Dealing with min_TSP it isvery well-known that its general version is not approximable in polynomial time within betterthan 2p(n) for a polynomial p. On the other hand, its maximization version, max_TSP, theNP-hardness of whi
h is immediately proved if one repla
es distan
e d(i; j) for min_TSP byM � d(i; j) in max_TSP, for an M greater than the largest edge distan
e in the input graphof min_TSP, 
an be approximated in polynomial time within 5/7 ([20℄).Let us re
all some standard terminology from the theory of the polynomial approximation oftheNP-hard problems (for the standard approximation framework). Given anNPminimization(resp., maximization) problem �, a 
onstant-ratio approximation algorithm for � is a polynomialtime approximation algorithm (PTAA) guaranteeing approximation ratio bounded above (resp.,below) by a �xed 
onstant, i.e., by a 
onstant that does not depend on any input-parameterof �. APX is the 
lass of the NP optimization problems solved by 
onstant-ratio PTAAs.A polynomial time approximation s
hema (PTAS) for � is a sequen
e of PTAAs (re
eiving asinputs any instan
e of � and a �xed 
onstant �) guaranteeing approximation ratio boundedabove (resp., below) by 1 + � (resp., 1 � �), for every � > 0. If a PTAS is polynomial inboth n and 1=�, then it is 
alled fully polynomial time approximation s
hema (FPTAS). For thedi�erential approximation, the ratio a
hieved by polynomial time approximation s
hemata is1� � for both minimization and maximization. Finally, APX-
omplete is the 
lass of problemsin APX, whi
h, in addition, are 
omplete with respe
t to the existen
e of a PTAS solving them,in other words, if any APX-
omplete problem 
ould be solved by a PTAS, then any otherAPX-
omplete problem 
ould be so.As it is shown in [9, 8℄, many problems behave in 
ompletely di�erent ways regarding tradi-tional or di�erential approximation. This is, for example, the 
ase of minimum graph-
oloringor, even, of minimum vertex-
overing. This paper deals with another example of the diversityin the nature of approximation results a
hieved within the two frameworks, the TSP. For thisproblem and its versions mentioned above, a bun
h of standard-approximation results (posi-tive or negative) have been obtained until nowadays. The �rst inapproximability result is theone of [21℄ (see also [13℄) a�rming that it is NP-hard to approximate min_TSP within any
onstant fa
tor; with the same proof, one 
an easily re�ne the result of [21℄ to dedu
e the in-aproximability of min_TSP within any ratio of the form 2p(n) for any polynomial p. On theother hand, the metri
 min_TSP is approximable within 3/2 ([5℄), the symmetri
 min_TSP12within 7/6 ([18℄) (re
all that the original proof of the NP-
ompleteness of the min_TSP is doneby redu
tion to min_TSP12), while the asymmetri
 version of min_TSP12 is approximablewithin 17/12 ([22℄). Moreover, min_TSP12 is APX-
omplete ([18℄), 
onsequently, given theresult of [2℄, it 
annot be solved by a PTAS unless P=NP; in other words, 9� > 0 for whi
happroximation of min_TSP12 within ratio smaller than 1 + � is NP- hard. Furthermore, evenin graphs where the density of the subgraph spanned by the edges of length 1 is bounded belowby a 
onstant 
 2℄0; 1=2[, min_TSP12 
annot be solved by a polynomial time approximations
hema ([11℄). The works of [10℄ and more re
ently of [4℄ re�ne the result of [18℄ spe
ifying2



for �. In [4℄ is proved that for any � > 0, it is NP-hard to approximate min_TSP12 within ratiosmaller than, or equal to, 3475=3476 � �; in other words the result of [10℄ gives a value � equalto 1=3476 � �0, 8�0 > 0 � for the hardness threshold � of min_TSP12 re�ning so the negativeresults of [18, 10℄. Finally another restri
tive version of the metri
 min_TSP, the Eu
lideanmin_TSP 
an be solved by a standard PTAS ([1℄). A 
omplete list of standard-approximationresults for min_TSP is given in [6℄.In what follows, we show that, in the di�erential approximation framework the 
lassi
al 2_OPTalgorithm, originally devised in [7℄ and revisited in numerous works (see, for example, [15℄),approximately solves min_TSP with edge-distan
es bounded by a polynomial of n within dif-ferential approximation ratio 1/2. In other words, 2_OPT provides for these graphs solutions�fairly 
lose� to the optimal and, simultaneously, �fairly far� from the worst one. We alsoprove that, in the opposite of what happens in the standard framework, metri
 min_TSP andgeneral min_TSP are equi-approximable in the di�erential framework. Moreover we provethat min_TSP12 is approximable within 3/4.For max_TSP things are mu
h more optimisti
 for standard approximation, sin
e this prob-lem is in APX. By the end of 70s it has been proved in [12℄ that 2_OPT guarantees approxima-tion ratio 1/2 for max_TSP. More re
ently, in [20℄ is proved that max_TSP 
an be solved bya standard PTAA within ratio 5/7, if the distan
e-ve
tor is symmetri
 and within 38/63, if itis asymmetri
. The dissymmetry in the approximability of min_ and max_TSP 
an be 
on-sidered as somewhat 
urious given the stru
tural symmetry existing between them. In fa
t thetransformation d 7!M�dmentioned above and revisited in detail in se
tion 6 is a�ne. Sin
e dif-ferential approximation is stable under a�ne transformation of the obje
tive fun
tion, min_TSPand max_TSP are equi-approximable.In what follows, we will denote by V = fv1; : : : ; vng the vertex-set of Kn, by E its edge-set and, for vivj 2 E, we denote by d(vi; vj) (or by d(i; j) when no ambiguity o

urs) thedistan
e of the edge vivj 2 E; we 
onsider that the distan
e-ve
tor is symmetri
 and integer.Given a feasible TSP-solution T (Kn) of Kn (both min_ and max_TSP have the same setof feasible solutions), we denote by d(T (Kn)) its (obje
tive) value; T will be indexed by minor max depending on whether it deals with min_ or max_TSP. When ne
essary, the values ofthe worst 
ase solution, the approximated one and the optimal one for min_TSP (max_TSP)will be denoted by !min(Kn), �minA (Kn) and �min(Kn) (!max(Kn), �maxA (Kn) and �max(Kn)),respe
tively. Given a graph G indu
ed by Kn, we denote by V (G) its vertex-set. Finally, givenany set C of edges, we denote by d(C) the total distan
e of C, i.e., the quantity Pvivj2C d(i; j).2 Preserving di�erential approximation for several min_TSP versionsThis se
tion is a preliminary one 
ontaining several results about how di�erential approximationis preserved between several restri
tive versions of min_TSP.Proposition 1. Metri
 min_TSP and general min_TSP are di�erentially equi-approximable.Proof. Obviously, metri
 min_TSP being a spe
ial 
ase of the general one, 
an be solved withinthe same di�erential approximation ratio with the latter.Suppose now that metri
 min_TSP is approximately solved within di�erential ratio Æ. Givenan instan
e I = (Kn; ~d) of general min_TSP (set dmax = maxfd(i; j) : vivj 2 Eg), one 
antransform it into a new one I 0 = (Kn; ~d0) by 
hanging, 8vivj 2 E, distan
e d(i; j) of theformer to d0(i; j) = dmax + d(i; j). It is easy to see that I 0 is metri
, and that every feasibletour T (I) of (Kn; ~d) remains feasible for (Kn; ~d0). The 
ost of su
h a tour be
omes d(T (I 0)) =d(T (I)) + ndmax. Then the Æ-PTAA for metri
 min_TSP will a
hieveÆ = !(I 0)� d(T (I 0))!(I 0)� �(I 0) = !(I) + ndmax � d(T (I)) � ndmax!(I) + ndmax � �(I)� ndmax = !(I)� d(T (I))!(I)� �(I) :3



Consequently, every PTAA for metri
 min_TSP 
an simultaneously solve general min_TSPwithin the same di�erential approximation ratio.Let dmin = minfd(i; j) : vivj 2 Eg. Then, if one transforms every distan
e d(i; j) intod(i; j)� dmin+1, one obtains a 
omplete graph where dmin = 1 and with arguments 
ompletelyanalogous to the ones of proposition 1, the following holds.Proposition 2. General min_TSP and min_TSP with dmin = 1 are differentially equi-appro-ximable.We next 
onsider another 
lass of instan
es, the one where the edge-distan
es are either a,or b (notorious member of this 
lass of min_TSP-problems, denoted by min_TSPab, is themin_TSP12). Suppose, without loss of generality that a < b. Then, by proposition 2,min_TSPab is equi-approximable with min_TSP1b. Consider now an instan
e of the latterproblem. If one sets b = 2 for all the b-edges (edges of distan
e b), then by arguments 
om-pletely similar to the ones of the proof of proposition 1 (and sin
e for a tour T 
ontaining kbb-edges, d(T ) = n+ (b� 1)kb), the following result holds.Proposition 3. min_TSPab and min_TSP12 are di�erentially equi-approximable.Note that results analogous to the ones of propositions 1, 2 and 3 do not hold in the standardapproximation framework.3 2_OPT and di�erential approximation for the general minimum travelingsalesmanIn what follows, we denote by D-APX the analogous of the 
lass APX, the 
lass of NPOproblems solved by a 
onstant-ratio PTAA, for the di�erential approximation framework.Theorem 1. min_TSP is di�erentially approximable within approximation ratio 1/2 and thisratio is tight.Proof. In what follows, suppose that a tour is listed as the set of its edges and 
onsider thefollowing algorithm of [7℄.BEGIN /2_OPT/(1) start from any feasible tour T;(2) REPEAT(3) pi
k a new set fvivj; vi0vj0g � T;(4) IF d(i; j) + d(i0; j0) > d(i; i0) + d(j; j0) THEN T (T n fvivj; vi0vj0g) [ fvivi0 ; vjvj0g FI(5) UNTIL no improvement of d(T) is possible;(6) OUTPUT T;END. /2_OPT/Suppose now that, starting from a vertex denoted by v1, the rest of the verti
es is orderedfollowing the tour T �nally 
omputed by 2_0PT (so, given a vertex vi, i = 1; : : : ; n�1, vi+1 is itssu

essor with respe
t to T ; vn+1 = v1). Let us �x one optimal tour and denote it by T �. Givena vertex vi, denote by vs�(i) its su

essor in T � (remark that vs�(i)+1 is the su

essor of vs�(i)in T ; in other words, edge vs�(i)vs�(i)+1 2 T ). Finally let us �x one (of the eventually many)worst-
ase (maximum total-distan
e) tour T!.The tour T 
omputed by 2_OPT is a lo
al optimum for the 2-ex
hange of edges in the sensethat every inter
hange between two non-interse
ting edges of T and two non-interse
ting edgesof E n T will produ
e a tour of total distan
e at least equal to d(T ). This implies in parti
ularthat, 8i 2 f1; : : : ; ng,d(i; i + 1) + d (s�(i); s�(i) + 1) 6 d (i; s�(i)) + d (i+ 1; s�(i) + 1) ;4



so, writing the expression above for all i 2 f1; : : : ; ng, we getnXi=1 (d(i; i + 1) + d (s�(i); s�(i) + 1)) 6 nXi=1 (d (i; s�(i)) + d (i+ 1; s�(i) + 1)) (1)Moreover, it is easy to see that the following holds:[i=1;:::;n fvivi+1g = [i=1;:::;n�vs�(i)vs�(i)+1	 = T (2)[i=1;:::;n�vivs�(i)	 = T � (3)[i=1;:::;n�vi+1vs�(i)+1	 = some feasible tour T 0 (4)Let us show that T 0 = [i=1;:::;nfvi+1vs�(i)+1g is feasible. Re
all that an a
y
li
 permutation is abije
tive fun
tion f : f1; : : : ; ng ! f1; : : : ; ng su
h that, 8i 2 f1; : : : ; ng:� f (k)(i) 6= i k < nf (n)(i) = iEvery feasible tour T , oriented as mentioned above, 
an be seen as an a
y
li
 permutation.Consider now the following mappingss� : i 7! s�(i)f : i 7! i+ 1h : i 7! s�(i� 1) + 1:It is easy to see that if s� is an a
y
li
 permutation and f is a permutation, then h = f Æs� Æf�1is an a
y
li
 permutation. Moreover, it is not hard to see that pairs (i; h(i)) 
orrespond (modn)to the edges of T 0.Combining expression (1) with expressions (2), (3) and (4), one gets:(2) =) nPi=1 d(i; i+ 1) + nPi=1 d (s�(i); s�(i) + 1) = 2�2_OPT(Kn)(3) =) nPi=1 d (i; s�(i)) = �(Kn)(4) =) nPi=1 d (i+ 1; s�(i) + 1) = d(T 0) 6 !(Kn) (5)and expressions (1) and (5) lead to2�2_OPT (Kn) 6 � (Kn) + ! (Kn)() ! (Kn)� �2_OPT (Kn)! (Kn)� � (Kn) > 12 :Consequently, Æ2_OPT > 1=2.Consider now a K4n+8, n > 0, set V = fvi : i = 1; : : : ; 4n+ 8g, letd(2k + 1; 2k + 2) = 1 k = 0; 1; : : : ; 2n+ 3d(4k + 2; 4k + 4) = 1 k = 0; 1; : : : ; n+ 1d(4k + 3; 4k + 5) = 1 k = 0; 1; : : : ; nd(4n+ 7; 1) = 15



and set the distan
es of all the remaining edges to 2. Then,T = fvivi+1 : i = 1; : : : ; 4n+ 7g [ fv4n+8v1gT � = fv2k+1v2k+2 : k = 0; : : : ; 2n+ 3g [ fv4k+2v4k+4 : k = 0; : : : ; n+ 1g[ fv4k+3v4k+5 : k = 0; : : : ; ng [ fv4n+7v1gTw = fv2k+2v2k+3 : k = 0; : : : ; 2n+ 2g [ fv2k+1v2k+4 : k = 0; : : : ; 2n+ 1g[ fv2k+2v2k+5 : k = 0; : : : ; 2n+ 1g [ fv4n+8v1g :In �gure 1, T � and Tw are shown for n = 1 (T = f1; : : : ; 11; 12; 1g). Hen
e, Æ2_OPT(K4n+8) = 1=2and this 
ompletes the proof of the theorem.PSfrag repla
ements 1 2 34567891011
12 T �Tw

Figure 1. Tightness of the 2_OPT approximation ratio for n = 1.From the proof of the tightness of the ratio of 2_OPT, the following 
orollary is immediatelydedu
ed.Corollary 1. Æ2_OPT = 1=2 is tight even for min_TSP12.A �rst 
ase of polynomial 
omplexity for algorithm 2_OPT (even if edge-distan
es of the graphare exponential in n) is for graphs where the number of (feasible) tour-values, denoted by �(Kn),is polynomial in n. Here, sin
e there exists a polynomial number of di�erent min_TSP solution-values, a
hievement of a lo
ally minimal solution (starting, at worst for the worst-value solution)will need a polynomial number of steps (at most �(Kn)) for 2_OPT.Theorem 1 obviously works in polynomial time when dmax is bounded above by a polynomialof n. However, even when this 
ondition is not satis�ed, there exist restri
tive 
ases of min_TSPfor whi
h 2_OPT remains polynomial.Consider now 
omplete graphs with a �xed number k 2 IN of distin
t edge-distan
es,d1; d2; : : : ; dk. Then, any tour-value 
an be seen as k-tuple (n1; n2; : : : nk) with n1 + n2 +: : : + nk = n, where n1 edges of the tour are of distan
e d1, . . . , nk edges are of distan
e dk(Pki=1 nidi = d(T )). Consequently, the 
onse
utive solutions retained by 2_OPT (in line (4))before attaining a lo
al minimum are, at most, as many as the number of the arrangements withrepetitions of k distin
t items between n items (in other words, the number of all the distin
tk-tuples formed by all the numbers in f1; : : : ; ng), i.e., bounded above by O(nk).6



Another 
lass of polynomially solved instan
es is the one where �(Kn) = O(P (n)) where P isa polynomial of n. Re
all that, from proposition 1, general and metri
 min_TSP are di�erentiallyequi-approximable. Consequently, given an instan
e Kn where �(Kn) is polynomial, Kn 
an betransformed into a graph K 0n as in proposition 1. Then, if one runs the algorithm of [5℄ in orderto obtain an initial feasible tour T (line (1) of algorithm 2_OPT), then its total distan
e, atmost 3/2 times the optimal one, will be of polynomial value and, 
onsequently, 2_OPT will needa polynomial number of steps until attaining a lo
al minimum.Let us note that the �rst and the fourth of the above 
ases 
annot be de
ided in polynomialtime. However, if one systemati
ally transforms general min_TSP into a metri
 one (proposi-tion 1) and then uses the algorithm of [5℄ in line (1) of 2_OPT, then all instan
es meeting these
ond item of 
orollary 2 will be solved in polynomial time even if we 
annot re
ognize them.Corollary 2. The following versions of min_TSP are in D-APX (solved by 2_OPT withinratio 1/2):� on graphs where the optimal tour-value is polynomial in n;� on graphs where the number of feasible tour-values is polynomial in n (examples of thesegraphs are the ones where edge-distan
es are polynomially bounded, or even the ones wherethere exists a �xed number of distin
t edge-distan
es).4 Approximating min_TSP12Let us �rst re
all that, given a graph G, a 2-mat
hing is a a set M of edges of G su
h thatif V (M) is the set of the endpoints of M , the verti
es of the graph (V (M);M) have degreeat most 2, in other words, the graph (V (M);M) is a 
olle
tion of 
y
les and simple paths. A2-mat
hing is optimal if it is the largest over all the 2-mat
hings of G. As it is shown in [14℄,an optimal triangle-free 2-mat
hing 
an be 
omputed in polynomial time.Our min_TSP12 PTAA is based upon a spe
ial kind of triangle-free 2-mat
hing in Kn,the 
y
les of whi
h will be progressively pat
hed in order to produ
e a Hamiltonian tour. Inwhat follows, we deal with optimal triangle-free 2-mat
hings, i.e., with triangle-free 
olle
tionsof 
y
les.Theorem 2. min_TSP12 is approximable within di�erential approximation ratio Æ > 3=4.This ratio is tight for the algorithm devised.Proof. Let M = (C1; C2; : : :) be any maximal triangle-free 2-mat
hing of Kn. In the sequel,we 
all by value of a 2-mat
hing the sum of the distan
es of its edges. For any mat
hing M ,we will denote its value by d(M). Also, let us 
all 
y
le-pat
hing (see also [18℄) the operation
onsisting in taking two 
y
les Ci and Cj of M , in pi
king edges vkvl 2 Ci, vpvq 2 Cj andin transforming Ci, and Cj into a unique 
y
le C = Ci \ Cj n fvkvl; vpvqg \ feij ; e0ijg, wherefeij ; e0ijg = fvkvp; vlvqg, or feij ; e0ijg = fvkvq; vlvpg. This spe
i�es the following pro
edure,polynomial in n, 
omputing, in addition, the total distan
e of the 
y
le resulting from 
y
lepat
hing.BEGIN /CYCLE_PATCH/take edges vkvl 2 Ci and vpvq 2 Cj;C1ij  Ci [ Cj n fvkvl; vpvqg [ fvkvp; vlvqg;C2ij  Ci [ Cj n fvkvl; vpvqg [ fvkvq; vlvpg;OUTPUT Cij  argminfd(C1ij); d(C2ij)g;END. /CYCLE_PATCH/ 7



4.1 Spe
i�
ation of the min_TSP12-algorithm and evaluation of �(Kn)In the sequel, we will �rst spe
ify a PTAA min_TSP12 and estimate the value �TSP12(Kn) =d(T (Kn)) of the Hamiltonian tour 
omputed. Next, we will 
ompute a lower bound for !(Kn).As for theorem 1, we will exhibit a feasible tour of a 
ertain value. Sin
e worst solution's valueis larger than the value of every other Hamiltonian tour of Kn, the value of the tour exhibitedwill be the bound 
laimed.Let M̂ be an optimal triangle-free 2-mat
hing of Kn (re
all that, as we have mentioned,su
h a mat
hing is maximal, i.e, it does only 
ontains 
y
les). Starting from M̂ , one 
an easily
onstru
t an optimal 2-mat
hing M� where every pat
hing of two 
y
les stri
tly in
reases itsvalue. In what follows, we will 
allM� 2-minimal. Constru
tion ofM� 
an be done in polynomialtime by the following pro
edure.BEGIN /2_MIN/Mp  ;;REPEAT pi
k a new set fCi; Cjg � M̂;FOR all vkvl 2 Ci; vpvq 2 Cj DOMp  M̂ n fCi; Cjg [ CYCLE_PATCH(Ci; Cj)IF d(M̂) > d(Mp) THEN M̂ Mp FIODUNTIL no improvement of d(M̂) is possible;OUTPUT M�  M̂;END. /2_MIN/Remark 1. In any 2-minimal mat
hing M there exists at most one 
y
le C 
ontaining 2-edges (edges of distan
e 2). In fa
t, if not, pro
edure CYCLE_PATCHING 
an always be applied inorder to pat
h two distin
t 
y
les 
ontaining 2-edges into one 
y
le with total distan
e no longerthan the sum of the distan
es of the two 
y
les pat
hed. Moreover, if M = C, then M is anoptimal solution for min_TSP (in general, a Hamiltonian 
y
le being a parti
ular triangle-free2-mat
hing, d(M) 6 �min(Kn)).Fix a 2-minimal triangle-free mat
hing M� = (C1; C2; : : : ; Cp+1) (re
all that M� is a minimumtotal-distan
e triangle-free 2-mat
hing) and suppose, without loss of generality, that p > 0and that 
y
les C1; : : : ; Cp 
ontain only 1-edges (edges of distan
e 1) and that only 
y
le Cp+1
ontains, eventually, some 2-edges. Finally, re
all that it is assumed that jCij > 4. The followingfa
ts 
an be 
on
luded regarding M�.Fa
t 1. 8(C;C 0) 2M� �M� su
h that C 6= C 0, 8uv 2 C, 8u0v0 2 C 0, maxfd(u; u0); d(v; v0)g =maxfd(u; v0); d(v; u0)g = 2.Fa
t 2. If vertex u is adja
ent to a 2-edge in Cp+1, then, 8u0 =2 V (Cp+1), d(u; u0) = 2.Fa
t 3. If uu0 and vv0 are two distin
t non-adja
ent 2-edges of Cp+1, then d(u; v) = d(u; v0) =d(u0v) = d(u0v0) = 2.Given M� = (C1; : : : ; Cp+1), we �rst perform the following prepro
essing on C1; : : : ; Cp.BEGIN /PREPROCESS/PR ;;WHILE possible DOarbitrarily pi
k Ci; Cj 2 M� n fCp+1g linked by at least one 1-edge;8



PR PR [ fCi; Cjg;M�  M� n fCi; Cjg;ODOUTPUT PR;END. /PREPROCESS/Suppose the WHILE loop of PREPROCESS exe
uted q times and denote by fCs1 ; Cs2g the 
y
les
onsidered during the sth exe
ution of the loop, s = 1; : : : ; q. Then PR = [qs=1fCs1 ; Cs2g. Setr = p� 2q and denote by Dt, t = 1; : : : ; r, the 
y
les in fC1; : : : ; Cpg n [qs=1fCs1 ; Cs2g. Under allthis, M� = ( q[s=1 fCs1 ; Cs2g)[( r[t=1Dt)[Cp+1:The following fa
ts hold and 
omplete the above dis
ussion.Fa
t 4. 2q + r > 1; if 2q + r = 1 then Cp+1 6= ;.Fa
t 5. 8s 2 f1; : : : ; qg, 8` 2 f1; 2g, 8e 2 C s̀, d(e) = 1.Fa
t 6. 8t 2 f1; : : : ; rg, 8e 2 Dt, d(e) = 1.Fa
t 7. 8s 2 f1; : : : ; qg, 9is 2 V (Cs1), 9Is 2 V (Cs2) su
h that d(is; Is) = 1.Fa
t 8. 8(t; t0) 2 f1; : : : ; rg � f1; : : : ; rg, t 6= t0, 8(u; v) 2 V (Dt)� V (Dt0), d(u; v) = 2.In the sequel, for s = 1; : : : ; q, we denote by as and bs (resp., As and Bs) the verti
es adja
entto is (resp., Is) in Cs1 (resp., Cs2). We set 
 = Pqs=1(jCs1 j + jCs2 j), d = Prt=1 jDtj, E2 = fe 2Cp+1 : d(e) = 2g. Following these notations, n = 
+d+ jCp+1j and, denoting by jE2j 
ardinalityof the set E2, d (M�) = n+ jE2j (6)We are well-prepared now to des
ribe the algorithm proposed. Informally, it �rst pat
hes 
y-
les Cs1 and Cs2 into a single 
y
le Cs, s = 1; : : : ; q. Next, it pat
hes 
y
le C1 with C2 to produ
ea 
y
le C whi
h will be pat
hed with C3, and so on, �nally produ
ing a single 
y
le C. Itdoes so for the 
y
les Dt, t = 1; : : : ; r, produ
ing a single 
y
le D. Then it pat
hes C and Din order to produ
e a partial tour ~T and �nally it pat
hes ~T and Cp+1 obtaining so the �nalTSP-tour T (Kn).4.1.1 Constru
tion and evaluation of CConstru
tion of C is performed by means of the following pro
edure.BEGIN /C/FOR s 1 to q DO using edge isIs Cs  CYCLE_PATCH(Cs1; Cs2); ODC C1;FOR s 1 TO q� 1 DOrepla
ing as many 2-edges as possible C CYCLE_PATCH(C; Cs+1);ODOUTPUT C;END. /C/The 
all of algorithm CYCLE_PATCH in the �rst FOR-loop of C is a very slightly di�erent variantof the 
orresponding pro
edure presented above where one imposes to the 1-edge isIs (fa
t 7)to be one of the 
ross-edges entering 
y
le Cs. 9



Lemma 1. The 2-mat
hing (C1; C2; : : : ; Cq) produ
ed during the q exe
utions of the �rstFOR-loop of algorithm C has value d(C1; C2; : : : ; Cq) = 
+ q.Proof of lemma 1. Pat
hing of Cs1 and Cs2 into Cs is done using 1-edge isIs (fa
t 7), s =1; : : : ; q. Consequently, only one 2-edge has been in
luded in Cs (the one used with isIs topat
h Cs1 and Cs2). Su
h an edge always exists be
ause of fa
t 1. So, for s = 1; : : : ; q, exe
ution ofCYCLE_PATCH(Cs1; Cs2) in the �rst FOR-loop of C will produ
e in all exa
tly q 2-edges repla
ing and q1-edges repla
ing 2q 1-edges. Consequently, d(C1; C2; : : : ; Cq) =Pqs=1(jCs1 j+ jCs2 j) + q = 
+ qand this 
ompletes the proof of lemma 1.During the exe
utions of CYCLE_PATCH in the se
ond FOR-loop of C, we try that the totaldistan
e of the resulting 
y
le is no longer than the sum of the total distan
es of the 
y
lespat
hed. In other words, we try to not produ
e additional 2-edges in the resulting 
y
le. Herethe following lemma holds.Lemma 2. The 
y
le C produ
ed during the se
ond FOR-loop of algorithm C does not in
reased(C1; C2; : : : ; Cq).Proof of lemma 2. The proof is done by indu
tion on q.4.1.1.1 q = 1The proof of this 
ase is an immediate appli
ation of lemma 1 with q = 1.4.1.1.2 q = kSuppose that during the k �rst exe
utions of the FOR-loop, the number of 2-edges is at most k.4.1.1.3 q = k + 1Suppose now that there exists at least one 2-edge in C (note also that Cs+1, sin
e it has beennot pro
essed yet, always 
ontains the 2-edge produ
ed by the exe
ution of the �rst FOR-loop).Sin
e the pat
hing with Cs+1 is done by algorithm C using two 2-edges, there is no additional2-edge 
reated. On the other hand, if no 2-edge exists in C, the pat
hing of C with Cs+1 willprodu
e at most 2 6 k+1 new 2-edges and this 
on
ludes indu
tion and the proof of lemma 2.Lemmata 1 and 2 indu
e d(C) 6 
+ q (7)4.1.2 Constru
tion and evaluation of DThe following pro
edure is used to 
onstru
t D.BEGIN /D/D D1;FOR t 1 TO r� 1 DOrepla
ing as many 2-edges as possible D CYCLE_PATCH(D; Dt+1);ODOUTPUT D;END. /D/Exa
tly analogous arguments to the ones of the proof of lemma 2 applied to algorithm D andthanks to fa
t 8 indu
e d(D) 6 d+ r (8)Also, let us note that any pat
hing of 
y
les Di between them will 
reate an additional 
ost of r.10



4.1.3 Constru
tion and evaluation of ~TBEGIN /~T/repla
ing as many 2-edges as possible ~T CYCLE_PATCH(C; D);OUTPUT ~T;END. /~T/With the same arguments as in lemma 2, the following holds for j ~T j:� d( ~T ) 6 
+ d+ q + r 2q + r > 2d( ~T ) = d (q; r) = (0; 1) (9)4.1.4 Overall spe
i�
ation of the min_TSP12-algorithm, 
onstru
tion and evalu-ation of TOn
e ~T 
onstru
ted, 
all of CYCLE_PATCH(~T; Cp+1), 
hanging as many as 2-edges (at most 2)as possible, 
onstru
ts the �nal TSP-solution T (Kn) and the whole min_TSP12-PTAA is thefollowing. The 2-mat
hing M̂ produ
ed in the �rst line of the algorithm below is supposed tobe optimal and without 
y
les on less than, or equal to, four edges.BEGIN /TSP12/
all the algorithm of [14℄ to produ
e M̂;M̂ = (C1; : : : ; Cp+1) 2_MIN(M̂);M�  PREPROCESS(M̂) [rt=1 fDtg [ Cp+1;C C(M�);D D(M�);~T CYCLE_PATCH(C; D);OUTPUTT(Kn) CYCLE_PATCH(~T; Cp+1);END. /TSP12/It is easy to see that, sin
e all the algorithms 
alled are polynomial, TSP12 works in polynomialtime.If (q; r) = (0; 1) (in this 
ase, by fa
t 4, Cp+1 6= ;), then pat
hing of D1 with Cp+1 
onstru
tsa tour with d(T (Kn)) = d(D1) + d(Cp+1) + 1 = d(M�) + 1 = d(M�) + q + r.Suppose 2q+r > 2. Then, by expression (9), d( ~T ) 6 
+d+q+r. If d( ~T ) < 
+d+q+r, i.e.,d( ~T ) 6 
+d+q+r�1, even if ~T does not 
ontain any 2-edge, pat
hing of ~T with Cp+1 will 
reateonly one additional 2-edge so, �nally, d(T (Kn)) 6 d( ~T )+d(Cp+1) 6 
+d+ q+ r+ jCp+1j+ jE2jand, by expression (6), d(T (Kn)) 6 d(M�) + q+ r. If d( ~T ) = 
+ d+ q+ r, we simply ex
hangetwo 2-edges and the same expression for d(T (Kn)) always holds.The dis
ussion above leads to the following 
on
luding expression for the quantity d(T (Kn)):d (T (Kn)) = �TSP12 (Kn) 6 v (M�) + q + r (10)4.2 A bound for !(Kn)In what follows, we will exhibit a TSP12-solution, the obje
tive value of whi
h will provide uswith a lower bound for the value !(Kn) of the worst TSP12-solution on Kn. For this we de�ne aset W of disjoint elementary paths (d.e.p.), any one of them 
ontaining only 2-edges. Obviously,if W = fw1; : : : ; wjW jg, one, by properly linking wi's, 
an easily 
onstru
t a tour T 0 verifyingd(T 0) > n+Pwi2W jwij whi
h is a lower bound for !(Kn).
11



4.2.1 Disjoint elementary paths on V (C)Re
all that, for q 6= 0, d(is; Is) = 1; hen
e, by fa
t 1, d(as; As) = d(as; Bs) = d(bs; As) =d(bs; Bs) = 2, s = 1; : : : ; q. Always by fa
t 1, either d(is; Bs) = 2, or d(Is; bs) = 2. Without lossof generality, we suppose all over the rest of the proof of theorem 2 that d(is; Bs) = 2.Consequently, for s = 1; : : : ; q, set WCs = fbsAs; Asas; asBs; Bsisg and the set of d.e.p. onthe verti
es of C is WC = [qs=1WCs with jWC j = 4q (11)4.2.2 Disjoint elementary paths on V (D)If r > 1, we 
hoose, for t = 1; : : : ; r, a sequen
e fwt; xt; yt; ztg 2 V (Dt). Then, the set of d.e.p.and its 
ardinality on V (D) isWD = fw1; w2; : : : ; wt; wt+1; : : : ; wr; x1; : : : ; xt; : : : ; xr; y1; : : : ; yr; z1; : : : ; zrg (12)jWDj = 4(r � 1) + 3 = 4r � 1 (13)If r 6 1, then we set WD = ;.4.2.3 Disjoint elementary paths on V (T̂ )4.2.3.1 q > 0Suppose �rst r 6= 1. If r = 0, then WT̂ = WC . Suppose now r > 1. Then, by fa
t 1, thereexists vertex v1 2 V (D1) su
h that either d(v1; B1) = 2, or d(v1; I1) = 2. Let e be this 2-edge.Without loss of generality, we 
an suppose v1 = w1 (see the paragraph just above). Then theset of d.e.p. on V (T̂ ) is WT̂ = WC [WD [ feg with (see expressions (11) and (13))��WT̂ �� = 4q + 4r � 1 + 1 = 4(q + r) (14)Suppose r = 1. Consider 
y
les C11 , C12 and D1 and denote by a01 (resp., A01) the vertex,distin
t from i1 (resp., I1) in C11 (resp., C12 ) adja
ent to a1 (resp., A1). If for any u 2 V (D1)and for any v 2 fa1; b1; A1; B1g, d(u; v) = 2, then let w; x; y; z be four verti
es of V (D1) and setW1 = fwa1; a1x; xb1; b1y; yA1; A1z; zB1; B1i1g.Suppose now that there exist x 2 v(D1) and v 2 fa1; b1; A1; B1g with d(x; v) = 1; assumev = a1 (so, d(xa1) = 1). Let w; y; z be three verti
es in V (D1) su
h that w; x; y; z are subsequentin D1. Then, by fa
t 1, d(w; a01) = d(w; i1) = d(y; a01) = d(y; i1) = 2.If d(y; I1) = d(x;A1) = 2, then W1 = fI1y1; ya01; a01w;wi1; a1B1; B1b1; b1A1; A1xg. If not,we 
an suppose (up to renaming of 
y
les C11 , C12 andD1 in the dis
ussion that follows) d(y; I1) =1. Then, by fa
t 1 one of the edges i1x and a1y is a 2-edge; let us denote it by e. Set f = a01yif e = i1x, or f = i1w if e = a1y. Then, W1 = fa01w; i1y; a1A1; A1b1; b1B1; B1zg [ fe; fg.Figure 2 illustrates this 
ase. In all the above 
ases set WT̂ = (WC nWC1)[W1 is a set of d.e.p(remark that the hypothesis d(is; BS) = 2 does not intervene in the spe
i�
ation of the set WT̂ )of 
ardinality ��WT̂ �� = 4q + 4 + 8 = 4(q + r) (15)From expressions (14) and (15) we 
on
lude for the 
ase q > 0:��WT̂ �� = 4(q + r) (16)
12
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Figure 2. Constru
tion of W1.4.2.3.2 q = 0Consider �rst jE2j = jCp+1j. Remark that r > 1 (if not T (Kn) = Cp+1 is a minimum-distan
eHamiltonian tour); note also that Cp+1 
an eventually be empty. From fa
ts 2, 3 and 8, for any
y
le Dt, t = 1; : : : ; r the only 1-edges (other than the ones of Dt) in
ident to verti
es of V (Dt)are pairs of V (Dt) � V (Dt) not in
luded in Dt. However, in any feasible Hamiltonian tour,one 
annot use more than Pt=rt=1(jDtj � 1) = d � r of them and, 
onsequently, no less thann� (d� r) = jCp+1j+ r 2-edges. Hen
e, �(Kn) > n+ jCp+1j+ r = d(M�)+ r = jT (Kn)j and thesolution 
omputed by algorithm TSP12 is optimal. For 
ase jE2j < jCp+1j, we set WT̂ = WDif r > 1, and WT̂ = ;, if r = 1.4.2.4 Disjoint elementary paths on V (Kn)4.2.4.1 q > 0; jE2j < jCp+1jConsider set W = WT̂ [E2. Using expression (16), we get jW j = 4(q + r) + jE2j.4.2.4.2 q > 0; jE2j = jCp+1jLet uv 2 Cp+1 and u0 be a vertex with j�WT̂ (u0)j = 1, where by �WT̂ (u0) we denote the set ofneighbors of u0 belonging also to V (WT̂ ). Remark that su
h a vertex u0 exists be
ause WT̂ is asimple set of paths. Fa
t 2 ensures d(u; u0) = 2. We then set W = WT̂ [ (Cp+1 n fuvg) [ fuu0gwith (see expression (16)) jW j = 4(q + r) + jE2j.13



4.2.4.3 q = 0; jE2j < jCp+1jLet us �rst suppose r = 1. Then, let H = fe1; e2; e3; e4g be an elementary path on four edgesin Cp+1 with endpoints u and v and su
h that d(e1) = 1 and d(e2) = 2; let M = fw; x; y; zg bea sequen
e of four su

essive verti
es in V (D1) and set H2 = fe 2 H : d(e) = 2g. Then, usingfa
ts 1 and 2, we 
an 
onstru
t (see �gure 3), between paths H and M , a path P 
ontaining atleast 4 + jH2j 2-edges where j�P (v)j � 1. We set W = P [ (E2 nH2) that 
onstitutes a d.e.pwith jW j = (4 + jH2j) + (jE2j � jH2j) = jE2j+ 4.
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Figure 3. Constru
tion of W supposing vz = argmaxfd(v0; y); d(v; z)g.Let us now suppose r > 1 and let uv be an 1-edge of Cp+1. Moreover, from the previousparagraph, for the 
ase we deal with, WT̂ = WD, where WD is given by expression (12). Byfa
t 1 we have that either x1u, or y1v is a 2-edge; let us suppose d(x1; u) = 2. Then, the setW = WT̂ [ E2 [ fx1ug forms a d.e.p. 
omposed of jW j = (4r � 1) + jE2j + 1 = 4r + jE2j =4(q + r) + jE2j 2-edges.Consequently, dealing with W , we always have jW j > 4(q + r) + jE2j. One 
an obtaina tour Tw(Kn) by properly linking d.e.ps by edges (at worst by 1-edges) in order that theyform a Hamiltonian 
y
le on Kn. The so obtained Tw(Kn) has obje
tive value d(Tw(Kn)) >n+ 4(q + r) + jE2j; so, using expression (6)! (Kn) > d (Tw (Kn)) > n+ 4(q + r) + jE2j = d (M�) + 4(q + r): (17)
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4.3 The di�erential approximation ratio of TSP12We have already seen that if q = 0 and jE2j = jCp+1j, then Æ(min_TSP12) = 1. So, for q > 0or q = 0 and jE2j < jCp+1j expressions (10), (17) and the fa
t that �(Kn) > d(M�), we getÆTSP12 (Kn) = ! (Kn)� �TSP12 (Kn)! (Kn)� � (Kn) > d (M�) + 4(q + r)� (d (M�) + (q + r))d (M�) + 4(q + r)� d (M�) = 3(q + r)4(q + r) = 34 :4.4 Ratio 3/4 is tight for TSP12PSfrag repla
ements 1 2 345 6 78910
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Figure 4. Tightness of the TSP12 approximation ratio.Consider two 
liques and number their verti
es by f1; : : : ; 4g and by f5; 6; : : : ; n + 8g, re-spe
tively. Edges of both 
liques have all distan
e 1. Cross-edges ij, i = 1; 3, j = 5; : : : ; n+ 8,are all of distan
e 2, while every other 
ross-edge is of distan
e 1.Unraveling of TSP12 will produ
e:T = f1; 2; 3; 4; 5; 6; : : : ; n+ 7; n+ 8; 1g 
y
le-pathing on edges (1; 4) and (5; n+ 8)Tw = f1; 5; 2; 6; 3; 7; 4; 8; 9 : : : ; n+ 7; n+ 8; 1g using 2-edges (1; 5); (6; 3); (3; 7) and (n+ 8; 1)T � = f1; 2; n+ 8; n+ 7; :::; 5; 4; 3; 1g using 1-edges (4; 5); (2; n+ 8)i.e., �(Kn+8) = n + 9, �(Kn+8) = n + 8 and !(Kn+8) = n + 12 (in �gure 4, T � and Tw areshown for n = 2; T = f1; : : : ; 10; 1g). Consequently, ÆTSP12(Kn+8) = 3=4 and this 
ompletes theproof of theorem 2.Let us note that the di�erential approximation ratio of the 7/6-algorithm of [18℄, whenrunning on Kn+8, is also 3/4. The authors of [18℄ bring also to the fore a family of worst-
ase instan
es for their algorithm: one has k 
y
les of length four arranged around a 
y
le oflength 2k. We have performed a limited 
omparative study between their algorithm and theour one, for k = 3; 4; 5; 6 (on 24 graphs). The average di�erential and standard approximationratios for the two algorithms are presented in table 1.5 Further results for minimum traveling salesman5.1 Bridges between di�erential and standard approximationLet us 
onsider the following approximation-preserving redu
tion proposed in [16℄, stronglyinspired by the A-redu
tion of [17℄ between pairs (�; R), where � is an NPO problem and R an15



k TSP12 The algorithm of [18℄3 0,931100364 0,8467020914 0,9000002 0,8333335 0,920289696 0,8333336 0,9222222 0,833333Di�erentialra
tio

3 0,923350955 0,870134 0,9094018 0,8571435 0,92646313 0,8571436 0,928178 0,857143StandardratioTable 1: A limited 
omparison between TSP12 and the algorithm of [18℄ on some worst-
aseinstan
es of the latter.approximation measure. In what follows, we denote by R[�℄(I; S) the value of the approximationmeasure R relative to a solution S of an instan
e I of �. We suppose that R has values in [0; 1℄(for the standard approximation, we inverse the approximation ratio in the 
ase of minimizationproblems).De�nition 3. A G-redu
tion of the pair (�1; R1) to (�2; R2), denoted by (�1; R1)6G(�2; R2),is a triplet (/; g; 
) su
h that:� /: I1 ! I2 polynomially transforms instan
es of �1 into instan
es of �2;� g : S(/ (I))! S(I) polynomially transforms solutions for �2 into solutions for �1;� 
 : [0; 1℄! [0; 1℄ (
�1(0) = f0g) is su
h that, 8� 2 [0; 1℄;8I 2 I1;8S 2 S(/ (I)),R2 [�2℄ (/ (I); S) > � =) R1 [�1℄ (I; g(S)) > 
(�):The following easy lemma holds.Lemma 3. Consider an NPO problem � = (I;S; vI ; opt). If 9t > 0 su
h that, 8I 2 I,j!(I)� �(I)j 6 tminf!(I); �(I)g, then (�; �)6G(�; Æ) with
t(�) = � t�+1t+1 opt = max1t+1�t� opt = minRemark that for min_TSPab we have! (Kn)� � (Kn) 6 bn� an 6 (b� a)n 6 b� aa � (Kn)and by appli
ation of lemma 3 the following theorem holds.Theorem 3. (min_TSPab; �) 6G (min_TSPab; Æ) with 
(�) = ab� (b� a)�(min_TSP12; �) 6G (min_TSP12; Æ) with 
(�) = 12� � :16



Theorem 3 implies 1=�TSP12 > 4=5; in other words, �TSP12 6 5=4. This ratio is better than theone of [5℄ for this parti
ular 
ase, but with no operational impa
t sin
e it is dominated by theresult of [18℄.Re
all that min_TSP12 and min_TSPab are equi-approximable in the di�erential approxi-mation framework. Consequently, using theorem 3 with Æ = 3=4, the following 
orollary holds.Corollary 3. min_TSPab is approximable within� 6 34 + 14 bain the standard framework. This ratio tends to 1 with b.Let us now denote by Amax and Amin a maximum and a minimum spanning trees of Kn, re-spe
tively, and by 
(Amax) and 
(Amin) their respe
tive 
osts. Then, the following propositionholds.Proposition 4. If 
(Amax)=
(Amin) 6 �, � > 1, then (min_TSP; �)6G(min_TSP; Æ) with
(�) = 1=(�(1 � �) + �).Proof. Let Tw(Kn) and T �(Kn) be a worst-value tour and an optimal tour of Kn, respe
-tively. Set dw = minvivj2Tw(Kn)fd(i; j)g and d� = maxvivj2T �(Kn)fd(i; j)g. Sin
e Tw(Kn) nfargminvivj2Tw(Kn)fd(i; j)gg and T �(Kn) n fargmaxvivj2T �(Kn)fd(i; j)gg are obviously spanningtrees ofKn: 
(Amax) > !(Kn)�dw, 
(Amin) 6 �(Kn)�d�. Remark also that dw 6 !(Kn)=n andd� > �(Kn)=n. So, 
(Amax) > !(Kn)(1 � 1=n) and 
(Amin) 6 �(Kn)(1� 1=n). Consequently,! (Kn)� (Kn) 6 
 (Amax) �1� 1n�
 (Amin) �1� 1n� 6 
 (Amax)
 (Amin) � �:Hen
e, !(Kn) � �(Kn) � (� � 1)�(Kn), and using lemma 3 for t = (� � 1) we get 
(�) =(�(1� �) + �)�1.5.2 An inapproximability resultWe �rst note that one 
an prove very easily (with arguments similar to the ones of theorem 6.13in [13℄) that min_TSP 
annot be solved by a di�erential FPTAS unless P=NP. We now restri
tourselves to min_TSP12 and revisit theorem 3. It is easy to see that it does not only establishlinks between the approximabilities of min_TSP12 in standard and di�erential frameworks, butit also establishes limits on its approximability in the two frameworks. Plainly, sin
e approxi-mation of min_TSP12 within Æ = 1� � implies its approximation within � = 2� (1� �) = 1+ �,0 6 � 6 1, if there exists an �0 su
h that, under a very likely 
omplexity theory hypothesis,min_TSP12 is inapproximable within �0 6 1+ �0, then it is inapproximable within Æ0 > 1� �0.In other words, the hardness thresholds for standard and di�erential frameworks are identi
al.Theorem 4. If under a 
omplexity theory hypothesis min_TSP12 is inapproximable within1 + �0, then, under the same hypothesis, min_TSP12 is di�erentially inapproximable within1� �0.Re
all the negative result of [4℄: 8� > 0, no PTAA 
an guarantee standard approximation ratioless than, or equal to, 3477=3476 � � unless P=NP. Using theorem 4, 8� > 0, it is NP-hard toapproximate min_TSP12 with di�erential ratio better than 3475=3476 + �. Sin
e min_TSP12is a spe
ial 
ase of general min_TSP, the following 
orollary holds 
on
luding the se
tion.Corollary 4. min_TSP 
annot be approximated within di�erential ratio greater than, or equalto, 3475=3476 + �, for every positive �, unless P=NP.Finally, let us note that the inapproximability result of [11℄ for dense graphs holds also in thedi�erential approximation framework with the same hardness threshold.17



6 Di�erential approximation of maximum traveling salesmanWe have also mentioned that in the opposite of min_TSP, max_TSP (
ertainly less popular thanits 
ousin), although it is APX-hard ([20, 18℄), 
an be solved by a PTAA a
hieving standardapproximation ratio � = 5=7 (this ratio is somewhat worst � 38/63 � when the input-graph isdire
ted).The purpose of this se
tion is to show that, in the di�erential approximation framework, thetwo 
ousins are equi-approximable establishing so a kind of natural symmetry between the twoproblems at hand.Theorem 5. max_TSP is equi-approximable with min_TSP; 
onsequently it is in D-APX.Proof. Observe �rst that, given a graph Kn, there exists a very interesting symmetry be-tween min_ and max_TSP with respe
t to worst-
ase and best obje
tive values:� �min (Kn) = !max (Kn)�max (Kn) = !min (Kn) (18)Expression (18) 
on�rms what we said in the introdu
tion of the paper that the worst value ofa problem 
an be as hard to 
ompute as the optimal one.Given a 
omplete graph Kn, let us denote by �Kn the 
omplete graph on n verti
es when onerepla
es distan
e d(i; j) by �d(i; j) = M � d(i; j), i; j = 1; : : : ; n, for M = maxvivj2Efd(i; j)g +minvivj2Efd(i; j)g. It is easy to see that ��Kn = Kn. Moreover, any TSP-feasible solution for Knis TSP-feasible for �Kn.Given a Hamiltonian 
y
le T , we use notation Tmin (resp., Tmax) in order to indi
ate thatwe deal with a solution of min_TSP (resp., max_TSP). We then havejTmin (Kn)j = Mn� ��Tmax( �Kn)��jTmax (Kn)j = Mn� ��Tmin � �Kn���and, more parti
ularly,!min (Kn) = Mn� �min � �Kn� = Mn� !max � �Kn� (19)�min (Kn) = Mn� !min � �Kn� = Mn� �max � �Kn� (20)�minA (Kn) = Mn� �maxA � �Kn� (21)By the dis
ussion above, one 
an immediately 
on
lude that for every PTAA A and for every Kn,ÆminA (Kn) = ÆmaxA ( �Kn) (where, on
e again, indi
es min and max are used to denote min_TSPand max_TSP, respe
tively). Consequently, ÆminA = ÆmaxA , 8A. Sin
e Æmin2_OPT > 1=2, the sameholds for Æmax2_OPT and this 
ompletes the proof of the theorem.For d(i; j) 2 fa; bg, maxvivj2Efd(i; j)g+minvivj2Efd(i; j)g�d(i; j) 2 fa; bg 8vivj 2 E; so, theproof of theorem 5 establishes also equi-approximability between min_TSPab and max_TSPaband the following theorem summarizes di�erential approximation results for max_TSP.Theorem 6.� max_TSP is approximable within di�erential approximation ratio 1/2;� max_TSP12 and max_TSPab are approximable within di�erential approximation ra-tio 3/4;� for every � > 0, max_TSP 
annot be approximated within di�erential ratio greater than,or equal to, 5379/5380+ �, unless P=NP.18



7 An improvement of the standard ratio for the maximum traveling salesmanwith distan
es 1 and 2Appli
ation of lemma 3 in the 
ase of max_TSPab with t = (b� a)=a gets� = 
 b�aa (Æ) = b� ab Æ + aband for Æ = 3=4 we have � = 
 b�aa �34� = 34 + 14 ab (22)The above ratio is always bounded below by 3=4. Here we see another impa
t of the asym-metry between minimization and maximization versions of TSP in the standard approximationframework. Re
all that, as we have seen in se
tion 5.1, the standard approximation ratio formin_TSPab tends to 1 with b and this obviously holds for every PTAA.Set now a = 1 and b = 2 and revisit expression (22). Then, the following theorem immedi-ately holds.Theorem 7. max_TSP12 is polynomially approximable within �max > 7=8.Su
h an improved ratio (7=8 > 5=7) for max_TSP12 seems that it 
annot be immediatelya
hieved by the interesting work of [20℄.Consider now the following algorithm for max_TSP.BEGIN /MTSPALG/
onstru
t �Kn;
all the algorithm of [18℄ to 
ompute a tour Tmin(�Kn);OUTPUT Tmax(Kn) Tmin(�Kn);END.Re
all that the algorithm 
alled in the �rst line of the algorithm just above guarantees �min 67=6. Then, using expressions (20), (21) and some easy algebra, one gets �maxMTSPALG(Kn) > 2=3.8 Towards stronger di�erential-inapproximability results for the travelingsalesmanRe
all that an NPO problem � is 
alled simple ([19℄) if its restri
tion �k to instan
es verifying,for every �xed 
onstant k 2 IN , �(I) 6 k 
an be solved in polynomial time. Analogously, wewill 
all � D-simple if its restri
tion �k to instan
es verifying, for every �xed 
onstant k 2 IN ,j!(I)� �(I)j 6 k is polynomial. Then the following proposition holds.Proposition 5. If � is not D-simple, then there exists k0 2 IN su
h that Æ(�) < k0=(k0 + 1).Proof. Suppose � not D-simple and Æ(�) > k=(k + 1), 8k 2 IN . Then, 8I 2 I,!(I)� �(I) > !(I)� �(I)� !(I)� �(I)k + 1 (23)Consider now an instan
e I 0 2 I su
h that !(I 0) � �(I 0) 6 k. Then, sin
e obje
tive fun
tion'svalues are integer (item 3 of de�nition 1), expression (23) gives !(I 0) � �(I 0) = !(I 0) � �(I 0).Consequently, it su�
es to set k0 = minfk : �k non polynomialg in order to 
omplete theproof.In other words, problems whi
h are not D-simple do not admit di�erential PTAS (this isthe di�erential-equivalent of the result of [19℄ for the standard approximation). The propositionabove allows a
hievement of stronger hardness thresholds provided that k0 is a �xed 
onstant.We 
onje
ture that TSP is not D-simple and this for a small k0. If this was true, the hardnessthreshold of 
orollary 4 
ould be meaningfully improved.19
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