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Résumé

Nous considérons un problème de sous-coloration pondérée dans un graphe mo-
délisant des problèmes d’ordonnancement par lots ; chaque sommetv a un poids
w(v) ; chaque couleurS est une collection de cliques disjointes deux à deux (au sens
des sommets et des arêtes). Le poidsw(S) est défini comme étantmax{w(K) =∑

v∈K w(v)| Kclique ∈ S}. Dans ce problème d’ordonnancement, le temps d’exé-

cution est donné par
∑k

i=1 w(Si) oùS = (S1, . . . , Sk) est une partition des sommets
du grapheG dont chaque classe de couleur est définie comme précédemment. Nous
présentons des propriétés de telles colorations concernant des classes particulières
de graphes (line-graphes de cactus, block graphes) et nous exposons des résultats
de complexité et d’approximabilité. Nous démontrons que leproblème de décision
associé estNP-completpour deux classes de graphes : les graphes bipartis de degré
maximum au plus 39 et les graphes planaires sans triangle de degré maximum au
moins 3. Nous proposons également des algorithmes polynomiaux pour les graphes
de degré maximum au plus 2 et pour les forêts de degré maximum au plusk, pour
tout k constant. Finalement, nous présentons un algorithme exponentiel basé sur un
principe de séparations pour les graphes sans triangle.
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A Hypocoloring Model for Batch Scheduling
(Preliminary version)

Starting from a batch scheduling problem, we consider a weighted subcoloring
in a graphG ; each nodev has a weightw(v) ; each color classS is a subset of nodes
which generates a collection of node disjoint cliques. The weight w(S) is defined
asmax{w(K) =

∑
v∈K w(v)| K ∈ S}. In the scheduling problem, the comple-

tion time is given by
∑k

i=1 w(Si) whereS = (S1, . . . , Sk) is a partition of the
node set of graphG into color classes as defined above. Properties of such colorings
concerning special classes of graphs (line graphs of cacti,block graphs) are stated ;
complexity and approximability results are presented. Theassociated decision pro-
blem is shown to beNP-completefor bipartite graphs with maximum degree at most
39 and triangle-free planar graphs with maximum degreek for anyk ≥ 3. Polyno-
mial algorithms are given for graphs with maximum degree twoand for the forests
with maximum degreek. An (exponential) algorithm based on a simple separation
principle is sketched for graphs without triangles.

Key words : Batch scheduling ; graph coloring ; subcolorings, hypocolorings ; weigh-
ted colorings ; approximability.

1 Introduction

Chromatic scheduling is the domain of scheduling problems which can be formulated
in terms of graph coloring or more precisely of generalized graph coloring (i.e., coloring
with a few additional requirements).

The development of chromatic scheduling have thus generated various extensions of
graph coloring motivated by applications like course timetabling or processor scheduling
problems or satellite communication.

In particular the concept of weighted coloring has been introduced to generalize clas-
sical coloring models and to handle situations where operations occur with possibly dif-
ferent processing times. In this paper, we shall generalizea weighted coloring model used
in de Werra et al. [10] for studying some types of batch scheduling problems. Such a
generalization of classical coloring appears in Fiala et al. [12], Albertson et al. [1] and
Brown and Corneil [8] but simply as a variation of coloring problems. We also refer the
reader to Broersma et al. [6]. To our knowledge the weighted case has not been studied
specifically.

After motivating the use of such weighted coloring by means of batch scheduling, we
will recall some complexity results related to these colorings and derive some comple-
mentary properties together with approximation results. We will also characterize a few
solvable cases (graphs of degree2) and an enumeration algorithm generalizing a classi-
cal coloring technique will be given for triangle-free graphs. The last section will present
some possible extensions of these types of weighted colorings.



Annales du LAMSADE n˚1

For all graph theoretical terms not defined here, the reader is referred to Berge [3] and,
for all definitions related to complexity, to Garey and Johnson [13].

2 A chromatic scheduling model

In order to describe our generalized weighted coloring model, we shall consider an
instance of batch scheduling problem which can be stated as follows :

We are given a finite setV of operationsv to be processed on some identical proces-
sors whose properties will be stated later. Each operation has a positive (generally integral)
processing timew(v) which does not depend on the processor. No preemptions will be
allowed during the processing of an operation. Each processor will handle one operation
at a time. In addition, there are some incompatibilities between pairs of operationsu, v ; if
the pairu, v is incompatiblethen operationsu andv cannot be processed simultaneously
(on different processors).

At this stage we may associate to each operationv a nodev of a graphG = (V, E) ; the
setE of incompatible pairs of operations will be associated withthe edge set ofG. Each
nodev will have aweightw(v). Now abatchS of operations is a collection of pairwise
compatible operations ; the operations inS are assigned to different processors (assuming
there is a large enough number of processors) and they are processed simultaneously. So
all operations inS are completed when the operationv with the largest processing time
w(v) is completed. At this stage, the setS corresponds to a stable set inG. It is then natural
to define the weightw(S) asw(S) = max{w(v)| v ∈ S}. Assigning each operation to
some batch corresponds then to partitioning the node setV of graphG into a numberk
of stable sets. This is precisely the problem of finding ak-coloringS = (S1, . . . , Sk) of
G such thatC(S) = w(S1) + . . . + w(Sk) is minimum.

There are many situations where operations have to be assigned to batches (of compa-
tible operations) which are processed one after the other (see Boudhar and Finke [5] for
some examples). Examples in satellite communication and inproduction have also been
modeled as special cases of the above batch scheduling problem (see Rendl [17], Boudhar
and Finke [5]).

In the above model all operations in a batch are assigned to different processors and
processed simultaneously. The processing time of a batchS is limited by the largest pro-
cessing time of the operations inS. If the processing times may take different values, it
may be worthwhile to assign two (or more) incompatible operations v with small pro-
cessing timesw(v) to the same batch ; they will be processed consecutively on the same
processor. This will not increase the processing timew(S) of the batchS as long as the
sum of processing times of these operations does not exceed the longest processing time
w(v) in S.
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In order to allow this possibility in our model, we have to generalize the definition
of a stable set in a graphG. We may view a stable setS in a graphG as a set of nodes
which induces a collection of node disjoint cliques of size one (without any edges between
them).

In a similar way, we shall say that a subsetS of nodes ishypostable setin G if it
induces a collection of node disjoint cliques (without any edges between them).

In our batch scheduling model, we shall in a natural way definethe weightw(K) of
a cliqueK asw(K) =

∑
v∈K w(v). SinceK corresponds to incompatible operations

(assigned to the same processor), the processing time of alloperations inK will be the
sum of all processing times. As a consequence, the weight of ahypostable setS will be
w(S) = max{w(K)| K ∈ S}.

In the case of stable sets, we have|K| = 1 for each cliqueK in S.

Our batch scheduling problem now consists in finding ak-hypocoloringS = (S1, . . . , Sk)
of the nodes ofG, i.e., a partition of the node set into hypostable sets such that :

K̂(S) =

k∑

i=1

w(Si) is minimum (1)

Observe thatk is generally not given ; its value results from the minimization of K̂.

Assume we have a collection of people who have expressed somemutual compatibi-
lity (represented by edges of a graph whose nodes are the people). Each personv needs
a certain numberw(v) of time units to tell his (her) stories. We want to invite eachone
of these people to a banquet where different tables are set for each banquet. The natural
requirements are that we want to place at a same table people who are all compatible.
At any table each person will tell successively his (her) stories. So for each table we will
need an amount of time equal to the sum of thew(v) of the personsv sitting at this table.
In addition in order to avoid frustration we would require that on any given banquet there
are no two people sitting at different tables who would have liked to be together (no edge
between their nodes). The duration of a banquet will be the maximum time needed for the
tables set up for this banquet. We want to invite each person to one banquet exactly and
we want to find an assignment of the people to banquets (batches) and more precisely to
tables in this banquet so that the total duration of the banquets is minimum (it is propor-
tional to the cost of hiring personal to serve meals in the banquets). This is precisely a
weighted hypocoloring of a graph with a minimum cost.

The above model may also be used for representing some machine scheduling pro-
blems : we are for instance given a collection of jobsv with processing timesw(v) in a
flexible manufacturing system ; we link the nodes representing two jobs if these share a
certain number of tools ; it will thus be interesting to assign these jobs to a same machine
on which the appropriate tools (and some others as well) willbe installed. A batch will
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consist of an assignment of jobs to some machines in which we try to assign to a same
machine jobs which share some tools. Since there is only a limited number of tools of
each type, we will try to assign to different machines jobs which do not need the same
tools. Hence a batch will be represented by a hypostable set in the graph of compatibilities
(common tools) and the processing time of a batch will again be the maximum load of
a machine (maximum of the sums of processing times of jobs assigned to the same ma-
chine) . We shall concentrate on this model of weighted hypocoloring which is motivated
in a natural way by the batch scheduling context. For clarifying purposes some results
will be derived for this special model and we will mention in the last section how these
ideas may be transposed to more general situations

3 Some special cases

Getting back to the definition ofk-hypocolorings in a graphG we may by analogy
define the hypochromatic numberχh(G) of G as the smallestk for which G has ak-
hypocoloring. Recognizing ifχh(G) ≤ 2 for graphG is difficult (see Fiala et al. [12]) ;
so, we will simply derive a few cases where the hypochromaticnumber can be obtained
easily. In Broersma et al. [6], it is shown that the problem iseasy for complements of
bipartite graphs.

A cactusis a connected simple graph where any two elementary cycles have at most
one node in common. By definition a cactus will have neither loops nor multiple edges.

Let G be the line graphL(H) of a simple graphH ; then anyk-hypocoloring of the
nodes ofG corresponds to an "edgek-hypocoloring" inH, i.e., a partition of the edge set
of H intok subsets which may be calledhypostable. There is a one-to-one correspondence
between hypostable sets of nodes inG and hypostable sets of edges inH. It is not difficult
to verify that a subsetE ′ of edges inH is hypostable set iff it consists of node disjoint
sets of stars (set of edges with exactly one common node) and triangles.

Before stating some results on the hypochromatic number of line graphs of cacti, let
us introduce an auxiliary graph which will be useful later.

We are given a cactusH ; its blocks (2-connected components) will by definition be
elementary cycles and edges not contained in any cycle (these are cut-edges). We associate
with each block ofH a nodeb ; then for each nodev of H which is in at least two blocks
we introduce a nodev. We link eachb to the nodesv corresponding to nodes ofG which
block b contains to obtain the auxiliary graphG(H). It is easy to verify that ifH is a
cactus thenG(H) is a tree.

In G(H) we can then choose an arbitrary nodeb (corresponding to a block) as a root
and orient all its edges (which become arcs) away fromb. We may next assign numbers
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n(b) to the nodesb (corresponding to blocks) in such a way that whenever there is a path
from bi to bj thenn(bi) < n(bj). This will define the coloring order to be used later.

A cactus isbipartite if it contains no (elementary) odd cycles.

Consider for instance the bipartite cactus given in Figure 1;

a b

cd
e

FIG. 1 – a bipartite cactusH with χh(L(H)) = 2

a bicoloring of the edges ofH (heavy edges, light edges) is shown. Since the edge set
of H is not a union of node disjoint stars and triangles, we haveχh(L(H)) = 2. Figure 2
represents a bipartite cactus obtained from the previous one by introducing a pendent edge
[e, f ] at nodee.

p o m n

q

a b

cd
e

ℓ

g

f

k j i
h

FIG. 2 – a bipartite cactusH with χh(L(H)) > 2

Let us try to color its edges with two colors ; clearly in the cycle on nodesa, b, c, d we
must have two heavy and two light edges. Assume w.l.o.g. that[a, b] and[a, d] are heavy,
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so that[b, c] and[c, d] are light ; then[d, g] cannot be colored (heavy or light). So, we may
assume w.l.o.g. that[a, b], [c, d] are light and[b, c], [a, d] are heavy.

– case1 : [c, e] is heavy. Then[e, f ], [e, h] are light, [h, i] is heavy,[c, i] is light.
Hence,[d, g] and[d, j] are heavy. So,[a, q] is light. And now[b, l] cannot be light
(since[a, q] and [a, b] are light) and it cannot be heavy (since[c, e] and [b, c] are
heavy).

– case2 : [c, e] is light. Then[e, f ], [e, h] are heavy,[h, i] is light, and[c, i] is heavy.
Hence,[d, j] is heavy. It follows that[a, o] and[b, m] must be light (otherwise, we
could have three consecutive heavy edges). So, now[a, o], [a, b], [b, m] are three
consecutive light edges, which is not allowed.

All cases have been examined, soχh(L(H)) > 2.

The construction given in the proof of proposition 3.1 will show that for bipartite
cactus of Fig. 2, we haveχh(L(H)) = 3. It will be based on the auxiliary graphG(H).

Proposition 3.1 If G is the line graphL(H) of a cactus, thenχh(L(H)) ≤ 3

Proof : We shall color consecutively the edges in each two-connected component ofH in
the ordern(b1), n(b2), . . . defined by means of the auxiliary graphG(H).

We start from the componentb1 and color its edges by using alternately colorsa, b, c
(if b1 is just one edge, we use just colora). So, we have colored the componentb1 which
corresponds to the root of the oriented tree inG(H).

At each node ofb1, at most two colors appear on adjacent edges. We consider now
every cut-nodev of b1 and color all (uncolored yet) adjacent edges with one of the colors
a, b, c which does not occur aroundv. This is always possible.

Now, we consider all componentsbi containing these edges and color their remaining
edges alternately with the two colors not used yet inbi (if bi is a single edge, we do
nothing).

At this stage, in each suchbi all nodes (except possibly the cut-node betweenb1 andbi)
have one color at least which does not occur on adjacent edges. So, we can continue
coloring the componentbi, one after the other in any order which follows the partial order
defined by the oriented tree. At each cut-nodev, it will be possible to find an unused
color among{a, b, c} to color the edges of the "adjacent" componentbi (such that(v, bi)
is an arc inG(H)). This will finally give an edge3-coloring ofH where each color class
contains no three consecutive edges, and hence it will correspond to a3-hypocoloring
in L(H). 2

It would be interesting to characterize the graphsH for which χh(L(H)) ≤ 2. The
example of bipartite cactus given above may suggest that such a characterization is not
immediate. In this direction, we can state a property ofblock graphs; these are graphs
where each block (two-connected component) is a clique.
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Proposition 3.2 If G is a connected block graph, thenχh(G) ≤ 2. In particular, if G =
L(T ) is the line graph of a tree, thenχh(L(T )) ≤ 2

Proof : A graph is the line graphL(T ) of a tree if and only if it is a block graph where
each node is contained in at most two blocks. So, the result for L(T ) follows from the
general case of block graphs.

Let G be a block graph, we may associate with it an auxiliary graphG′ as follows :

each blockb (maximal clique) ofG is associated with a node ofG′ ; each cut-nodev
(i.e., each node belonging to at least two blocks) becomes a nodev of G′.

We link eachb to the nodev corresponding to nodev of G which are in the blockb.

It is again easy to verify that such a graphG′ is a tree. We can choose a nodeb
(corresponding to a block ofG) as root and orient all edges from the root.

Then as before we will color the node of each block in any orderrespecting the orien-
tations of the arcs ofG′. All nodes of the cliqueb1 corresponding to the root are colored
with colorα. Then we consider consecutively all cut-nodes inb1. We color the remaining
nodes of all blocks having a node in common withb1 with colorβ these are the blocks at
distance2 from b1 in G′). More generally having colored some blocks by following paths
from b1 in G′, we consider the cut-nodes in these blocks. We color the remaining nodes
of these blocks with the color not used for these cut-nodes.

We continue in this way until all nodes are colored withα or β. The construction
will always be possible since any two blocks have at most one node in common. Each
color class will consist of cliques ofG which are node disjoint and furthermore there is
no edge ofG between two different cliques of the same color. So, we have obtained a
2-hypocoloring ofG. If G is simply a clique, thenχh(G) = 1. 2

4 Complexity of hypocoloring

Before presenting some complexity results for the hypocoloring problem, we will state
a simple observation. It is a direct consequence of the fact that for any hypocoloringS
and for any cliqueK of a graphG, K̂(C) ≥ w(K).

Property 4.1 Let G be a completek-partite weighted graph on setsL1, . . . , Lk ; then
an optimum hypocoloring isS = (L1, . . . , Lk) ; Furthermore it satisfies :K̂(S) =
max{w(K) : K is a clique ofG}.

More generally assume that a graphG has ak-coloringS = (S1, . . . , Sk) and letvi ∈ Si

be a node of maximum weight inSi (i = 1, . . . , k).
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Then if{v1, . . . , vk} forms a clique inG, S is an optimum hypocoloring and̂K(S) =
max{w(K) : K is a clique ofG} = w(v1) + . . . + w(vk).

We will now show that the hypocoloring problem is close to thecoloring problem
in some cases ; more precisely, we prove that the hypocoloring problem isNP-hard for
a classΨ of graphs as soon as the coloring problem is difficult enough in this class of
graphs. On the other hand, this problem is alsoNP-hard for bipartite graphs even though
the coloring problem is polynomial for these graphs.

Proposition 4.2 Let Ψ be a class of graphs. If the restriction of the coloring problem is
NP-hard for theΨ-graphs, then the hypocoloring problem is stronglyNP-hard for the
graphs ofΨ.

Proof :Let Ψ be a class of graphs and assume that the coloring problem isNP-hard for
the restriction toΨ-graphs. LetG ∈ Ψ, and consider the instanceI = (G, w0) where the
cost of each node is equal to one (i.e.,w0(v) = 1, ∀v ∈ V ). letS∗ = (S1, . . . , Sk) be an
optimum hypocoloring ofG ; we will show thatχ(G) = K̂(S∗).

We haveK̂(S∗) ≤ χ(G) since any coloring ofG is also a hypocoloring ofI with
the same cost. Conversely, for eachi ≤ k, Si consists of node disjoint cliquesK1,. . .,Kji

and by choice ofw0, we havew(Si) = max1≤p≤ji
|Kp|. So, the hypostable setSi can be

partitioned in at mostmax1≤p≤ji
|Kp| stable setsS ′

j , just picking one node in each clique
Ki. We apply the same procedure for each hypostable and we obtain a coloring ofG with
K̂(S∗) colors and the result follows. 2

It follows that the hypocoloring problem isNP-hard for the graphs with maximum
degree at mostB for any B ≥ 4, even if these graphs do not contain any triangle, for
the planar graphs, etc. Moreover, when the maximum degree isat most3 and the values
of w are all one then, the previous proof and Brooks theorem [7] show that this case is
polynomial. We will show in section (9.2), that the hypocoloring problem is polynomial
when the maximum degree is at most2. On the other hand, we now prove that whenG is
a triangle-free graph with maximum degree3 andw can take only two different values,
then the hypocoloring problem is stronglyNP-hard.

We start with1 − IN 3SAT proved to beNP-completein Schaefer ([18]) ; this pro-
blem is defined as follows : Given a collectionC of m clauses over the setX of n Boolean
variables such that each clause has exactly three literals,is there a truth assignmentf
satisfyingC such that each clause inC has exactly one true literal ?

Theorem 4.3 The hypocoloring problem is stronglyNP-hard for triangle-free graphs
with maximum degree3.

Proof : We shall reduce1 − IN 3SAT to our problem. LetC = (C1, . . . , Cm) be a
collection ofm clauses with variable setX = {x1, . . . , xn} such that every clauseCj of
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C contains exactly three literals,Cj = x ∨ y ∨ z where each literalx or y or z is eitherxk

or xk for some suitablek.

From instanceI = (C, X) of 1 − IN 3SAT , we construct an instanceI ′ = (G, w) of
hypocoloring such that the answer ofI is yes if and only if there exists a hypocoloringS
of I ′ with costK̂(S) ≤ 3.

We use two gadgets : gadget clause and gadget variable. From the clauseCi = x∨y∨z,
we build the graphFi described in Figure 3.

v1(Fi) v2(Fi)

v3(Fi)

v4(Fi)

v5(Fi)

x(Fi)

y(Fi)

z(Fi)

x(Fi)

y(Fi)

z(Fi)

FIG. 3 – a gadget clauseFi

This graph has11 nodesv1(Fi), . . . , v5(Fi) and x(Fi), y(Fi), z(Fi), x(Fi), y(Fi),
z(Fi) and12 edges[v1(Fi), v2(Fi)], [v1(Fi), v3(Fi)], [v2(Fi), v4(Fi)], [v3(Fi), v5(Fi)], [v4(Fi), x(Fi)],
[v4(Fi), z(Fi)], [v5(Fi), y(Fi)] and the edges[x(Fi), x(Fi)], [y(Fi), y(Fi)], [z(Fi), z(Fi)],
[x(Fi), y(Fi)], [y(Fi), z(Fi)]. Moreover, the weights of nodes are one except forv1(Fi)
which is two (i.e.,w(v1(Fi)) = 2 and∀v ∈ V (Fi) \ {v1(Fi)}, w(v) = 1).

Associated with variablexj , we build the graphHj of Figure 4. It has 4m nodes :
x1(Hj), . . . , xm(Hj), x1(Hj), . . . , xm(Hj), v1(Hj), . . . , v2m(Hj), and5m edges : for any
k ≤ m, we have a box on nodesv2k−1(Hj), v2k(Hj), xk(Hj), xk(Hj) described by
the edges[v2k−1(Hj), v2k(Hj)], [v2k(Hj), xk(Hj)], [xk(Hj), xk(Hj)], [xk(Hj), v2k−1(Hj).
Moreover, there is a cycle of size2m between the nodes{v1(Hj), . . . , v2m(Hj)} described
by the sequence{[v1(Hj), v2(Hj)], . . . , [v2m−1(Hj), v2m(Hj)], [v2m(Hj), v1(Hj)]}. Finally,
the weights of nodes are one (i.e.,w(z) = 1, ∀z ∈ V (Hj)). In addition, we link these dif-
ferent graphs in the following way. If the variablex is in the clauseCi then : ifx = xj then
we add the edge :[xi(Hj), x(Fi)], else (x = xj) and then we add the edge[xi(Hj), x(Fi)].
This graphG has maximum degree equal to3 and the instanceI ′ = (G, w) is computable
in polynomial time with respect to bothn andm.
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x1(H(x)) x1(H(x))

x2(H(x))

x2(H(x))

xm(H(x))xm(H(x))

v1(H(x))

v2(H(x))

v3(H(x))

v4(H(x))

v2m−1(H(x))

v2m(H(x))

FIG. 4 – a gadget variableHj

Let f be a truth assignment ofI = (C, X) (i.e.,f(xi) = 1 if xi = true andf(xi) = 0
if xi = true) The hypostable setsS1 andS2 of the hypocoloringS = (S1, S2) of I ′

verifying K̂(S) ≤ 3 are given by :

S1 = ∪m
i=1[ {v1(Fi), v4(Fi), v5(Fi)} ∪ {x(Fi) : f(x) = 1} ∪ {x(Fi) : f(x) = 0} ]

∪n
j=1 ∪

m
k=1 {xk(Hj), v2k(Hj) : f(x) = 0}

∪n
j=1 ∪

m
k=1 {xk(Hj), v2k−1(Hj) : f(x) = 1}

S2 = V (G) \ S1

It is easy to verify thatS = (S1, S2) is a hypocoloring andw(S1) = 2 andw(S2) = 1 ;
thusK̂(S) = w(S1) + w(S2) = 3.

Conversely, letS be a hypocoloring ofI ′ verifying K̂(S) ≤ 3 ; moreover, assume that
w(S1) ≥ w(Si) for any hypostable setSi of S . We exhibit a truth assignmentf of I by
taking f(x) = 1 if and only if x ∈ S1 (i.e., if x = xk is in the clauseCi, then we get
f(x) = 1 else it isxk which is in the clauseCi and we getf(x) = 1).

In order to prove this, we shall establish properties of hypocoloringS :
(i) S = (S1, S2) and2 = w(S1) ≥ w(S2).
(ii) w(S2) = 1 andS2 is a stable set.
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(iii) ∀i ≤ m, |S1 ∩ {x(Fi), y(Fi), z(Fi)}| = 1.
(iv) ∀j ≤ n, Hj ∩ S1 andHj ∩ S2 are stable sets.
(v) ∀e = [xi(Hj), x(Fi)] ∈ E(G′), xi(Hj) andx(Fi) have two distinct colors.
(vi) ∀e = [xi(Hj), x(Fi)] ∈ E(G′), xi(Hj) andx(Fi) have two distinct colors.

Proof of (i) : Assume thatw(S1) ≥ w(Si) for any hypostableSi of S ; sincew(S1) ≥
w(v1(F1)) = 2 and the graphG contains an inducedP3, then we necessarily havew(S1) =

2 (otherwiseK̂(S) > 3. Moreover, sincew(Si) ≥ 1, we haveSi = ∅ for i ≥ 3.

Proof of (ii) : Sincew(S2) ≥ 1 andK̂(S) ≤ 3, we havew(S2) = 1. If S2 contains
at least one edgee = [x, y], we havew(S2) ≥ w(x) + w(y) ≥ 2, contradiction with the
previous statement.

Proof of (iii) : From (i), we know that for anyi ≤ m, we havev1(Fi) ∈ S1

and{v2(Fi), v3(Fi)} ⊂ S2 ; then,{v4(Fi), v5(Fi)} ⊂ S1. Finally, at most one node of
x(Fi), z(Fi) belongs toS1 since otherwise we would have an inducedP3. If we have
y(Fi) ∈ S1, then{x(Fi), z(Fi)} ∩ S1 = ∅ since otherwiseS2 contains an edge which is a
contradiction with claim (ii). We conclude this claim by affirming thatx(Fi), y(Fi), z(Fi)
can not be simultaneously inS2 since otherwisex(Fi), y(Fi), z(Fi) will be in S1.

Proof of (iv) : This claim affirm that the gadgetsHj for every j ≤ n are always
hypocolored as an simple2-coloring ; by claim (ii), we can observe that the box induce
by the nodes{v2k−1(Hj), v2k(Hj), xk(Hj), xk(Hj)} is necessarily colored in a simple2-
coloring (otherwiseS2 contains an edge which is a contradiction with(ii)). Now, assume
that an edgee = [v2k(Hj), v2k+1(Hj)] is in S1 ; since any box is colored with a2-coloring
and thatv1(Hj), . . . , v2m(Hj) is an even cycle, we necessarily have an edge of this cycle
in S2, which is still impossible.

Proof of(v) : If x(Fi) ∈ S2, then by(ii) we havexi(Hj) ∈ S1 since we have supposed
thate = [xi(Hj), x(Fi)] is an edge inG. Now, if x(Fi) ∈ S1, then by the proof of(iii), we
know that the nodesv4(Fi), v5(Fi) are inS1 too and, then inFi, there is an edge adjacent
to x(Fi) and belongs toS1. Thus, since we have supposed thate = [xi(Hj), x(Fi)] is an
edge inG, we havexi(Hj) ∈ S2.

Proof of(vi) : Similar to the previous claim.

Finally, from (iii), we know that we have exactly one litteral true in each clause.
Moreover,the(iii), (iv) and(v) indicate that the functionf is a truth assignment. 2

We now prove that, even if the graphG is triangle free and planar with a maximum
degree equal to3, the hypocoloring problem is stillNP-hard.

Theorem 4.4 The hypocoloring problem is stronglyNP-hard for the triangle free and
planar graphs with maximum degree3.

Proof : In the previous theorem, all gadgetsFi andHj are planar and then only the edges
[xl(Fi), xp(Hj)] may create some problems since they may cross each other. In this case,
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we apply thecrossovertechnique (see Garey and Johnson [13]) which consist in replacing
each edge crossing by a planar gadget. Since they are only a polynomial number of edge
crossings, we obtain a polynomial reduction.

First, we embed the graphG′ of theorem 4.3 in the plane in such a way that every edge
is a straight line and the crossing edge occurs only between two edges[xl(Fi), xp(Hj)].
This can be done in polynomial-time.

Second, we replace each crossing edge by the gadget(L, w) described in Figure 5 and
we obtain a new graphG′′ which is planar, without triangle and with a maximum degree
equal to3.

Finally, we prove that there exists a hypocoloringS of G′ satisfyingK̂(S) ≤ 3 if and
only if there exist a hypocoloringS ′ of G′′ satisfyingK̂(S ′) ≤ 3.

x’1

x2

x1

y2y1

y ’1 x’2

y ’2

FIG. 5 – the planar gadget(L, w).
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For sake of simplicity, we have not explicitly described thevertex set and the edge
set of the graphF . However,F contains8 particular verticesx1, x

′
1, y1, y

′
1, x2, x

′
2, y2, y

′
2

and the weight of any vertex is one exceptedx′
1, y

′
1, x

′
2, y

′
2 for which is two (i.e.,w(x′

1) =
w(y′

1) = w(x′
2) = w(y′

2) = 2).

Let S be an bypocoloring ofG′ (or G′′) satisfyingK̂(S) ≤ 3 ; sinceG′ (or G′′)
contains the previous gadgets, we know thatS = (S1, S2) with w(S1) = 2 andw(S2) = 1.
Moreover, we have the following properties :

For any hypocoloringS = (S1, S2) satisfyingK̂(S) ≤ 3, we have :
(i) x1 andx2 have not the same color.
(ii) y1 andy2 have not the same color.
(iii) {x′

1, x
′
2, y

′
1, y

′
2} ⊆ S1

(iv) For anyx = x1, x2, y1, y2, the neighbors outside of the gadget(L, w) have not
the same color asx.

These properties are not proved, but they can be easily shownby checking the four cases
(x1, y1 ∈ S1 or x1 ∈ S1 andy1 ∈ S2 or x1 ∈ S2 andy1 ∈ S1 or x1, y1 ∈ S2).

Finally, from these properties, we deduce that there existsa hypocoloringS of G′ satis-
fying K̂(S) ≤ 3 if and only if there exists a hypocoloringS ′ of G′′ satisfyingK̂(S ′) ≤ 3.
2

Now, we deal with the case where the graph is bipartite and themaximum degree
bounded above by39.

Theorem 4.5 The hypocoloring problem is stronglyNP-hard for bipartite graphs with
maximum degree at most39.

Proof : We polynomially transform the pre-extension coloring problem1− PrExt (pro-
ved to beNP-completein Bodlaender et al. [4]) into the hypocoloring problem in bipartite
graphs ;1−PrExt can be described as follows : given a bipartite graphG = (V, E) with
|V | ≥ 3 and maximum degree equal to12 and three nodesv1, v2, v3, does there exist a
3-coloring(S1, S2, S3) of the nodes ofG such thatvi ∈ Si for i = 1, 2, 3 ?

Let G = (L, R; E) be a bipartite graph whereL (resp.R) is the "left set" (resp. "right
set") of nodes and each edge has one endpoint inL and the other inR and letv1, v2, v3 be
three specific nodes (w.l.o.g. we may assume{v1, v2, v3} ⊆ L).

We polynomially construct a new bipartite graphG′ such that there exists a hypocolo-
ring S of G′ with K̂(S) ≤ 7 if and only if there exists a3-coloring(S1, S2, S3) of G with
vi ∈ Si, i = 1, 2, 3. In order to do that, we use the two following gadgets :

• The bipartite graphH0 = (L0, R0; E0) whereL0 = {l1, l
′
1, l2, l

′
2, l3} and R0 =

{r1, r
′
1, r2, r

′
2, r3} and the edges are for any1 ≤ i ≤ 3, [li, y], [l′i, y] for y ∈ R0 \ {ri, r

′
i}.

Finally, we getw(li) = w(l′i) = w(ri) = w(r′i) = 23−i for i = 1, 2, 3. This graph is
described in Figure 6.
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44

44

22

2 2

1 1

l1
r1

l′1

l′2

r′1

l2
r2

r′2

l3
r3

FIG. 6 – the gadgetH0.

• The complete bipartite graphK3,2 where one nodex of the left set and one node of
the right sety are specified. The weights arew(x) = w(y) = 1 andw(v) = 2 otherwise.

Now, the instanceI = (G′, w) of hypocoloring is built in the following way : Starting
from G, we add a copy ofH0 and we identify nodesv1, v2, v3 of G with nodesl1, l2, l3 of
H0. Moreover, for each edgee = [l, r] of G, we introduce a copy ofK3,2 and we identify
nodesl, r with nodesxe, ye respectively .We call this graphHe whereLe andRe denote
respectively, the left and right sets. This gadget is described in Figure 7.

2

22

1

1

e

FIG. 7 – the gadgetHe.
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Note thatG′ is still bipartite and its maximum degree is bounded above by39 (∆(G′) ≤
3∆(G) + 3 = 39.

Let (S1, S2, S3) be a3-coloring ofG with with vi ∈ Si, i = 1, 2, 3 ; then we get a
hypocoloringS ′ of the nodes ofG′ by applying the following process :

We start withS ′
i = (Si \ {vi}) ∪ {li, l

′
i} for i = 1, 2, 3 and for each edgee = [l, r] of

G with l ∈ L andr‘ ∈ R , we do :
• If l ∈ Sj with j = 1, 2 then we takeS ′

j = S ′
j ∪ (Le \ {xe})

• If r ∈ Sj with j = 1, 2 then we takeS ′
j = S ′

j ∪ (Re \ {ye})
• If l ∈ S3 andr ∈ Sj with j = 1, 2 then we takeS ′

3−j = S ′
3−j ∪ (Le \ {xe})

• If r ∈ S3 andl ∈ Sj with j = 1, 2 then we takeS ′
3−j = S ′

3−j ∪ (Re \ {ye})

S ′ is a coloring ofG′ (thus a hypocoloring) and verifieŝK(S ′) = w(S ′
1) + w(S ′

2) +
w(S ′

3) = 7.

Conversely assumeG′ has ak-hypocoloringS ′ = (S ′
1, . . . , S

′
k) verifying K̂(S ′) ≤ 7.

Moreover, suppose that we have ordered the hypostable sets in such way thatw(S ′
1) ≥

. . . ≥ w(S ′
k) ; we deduce the following properties :

(i) {l1, l
′
1, r1, r

′
1} ⊆ S ′

1 and{l1, l′1, r1, r
′
1} is a stable set ofS ′

1 (i.e., in the subgraph
induced byS ′

1, they are isolated nodes).
(ii) {l2, l

′
2, r2, r

′
2} ⊆ S ′

2 and{l2, l′2, r2, r
′
2} is a stable set ofS ′

2 (i.e., in the subgraph
induced byS ′

2, they are isolated nodes).
(iii) k = 3 andw(S ′

1) = 4, w(S ′
2) = 2, w(S ′

3) = 1.
(iv) {l3, r3} ⊆ S ′

3 andS ′
3 is a stable set ofG′.

Proof of(i) : By construction,w(S ′
1) ≥ 4 and we have{l1, l′1, r1, r

′
1} ⊆ S ′

1 since otherwise
K̂(S ′) ≥ w(S ′

1) + 4 ≥ 8. Assume that there existsx ∈ S ′
1 andy ∈ {l1, l

′
1, r1, r

′
1} such

that[x, y] ∈ E. By symmetry ofH0, we can supposey = l1 ; sinceG′ contains no triangle
and the edge[x, l′1] ∈ E, we conclude thatl′1 /∈ S ′

1, which gives a contradiction.

Proof of(ii) : From the definition of hypostable and for (i), we deduce{l2, l
′
2, r2, r

′
2}∩

S ′
1 = ∅. So,w(S ′

2) ≥ 2 ; if {l2, l′2, r2, r
′
2} * S ′

2, thenK̂(S ′) ≥ w(S ′
1) + w(S ′

2) + 2 ≥ 8
which is impossible. Next, as for(i), we can prove that these nodes form a stable set in
the subgraph induced byS ′

2 and then,l3 /∈ S ′
1 ∪ S ′

2 andr3 /∈ S ′
1 ∪ S ′

2 ; we deduce that
S ′

3 6= ∅.

Proof of (iii) : From the previous remark, we havew(S ′
3) ≥ 1 and if S ′

4 6= ∅ or
w(S ′

1) 6= 4 or w(S ′
2) 6= 2 or w(S ′

1) 6= 1, then we havêK(S ′) ≥ 8 which is impossible.

Proof of(iv) : We necessarily have{l3, r3} ⊆ S ′
3 ; moreover,S ′

3 contains only nodes
of weight one. Now, assume thatS ′

3 is not a stable set, we will havew(S ′
2) ≥ 2 and it is

in contradiction with(iii).

We want to prove that(S1, S2, S3) = (S ′
1 ∩ V, S ′

2 ∩ V, S ′
3 ∩ V ) is a 3-coloring of

G with li ∈ Si ; let us suppose the contrary, there will exist an edgee = [r, l] ∈ E with
{l, r} ⊆ S ′

j andj = 1 or 2 (sinceS ′
3 is an stable set, see (iv)) ; Since the subgraph induced
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by Le ∪ Re is hypocolored with at most three colors, we have by construction of He,
S ′

j ∩ (Le \ {l}) = ∅ andS ′
j ∩ (Re \ {r}) = ∅. Then, since(Le ∪ Re) \ {l, r} must be

hypocolored with at least two colors and the cost of these nodes are two, we deduce that
S ′

3 contains a node of weight two, which is impossible. Finally,(i), (ii) and (iv) indicate
thatli ∈ Si which concludes the proof. 2

5 Additional properties of optimal hypocolorings

We will derive here some properties which are based on the fact that hypocolorings
are in some sense extensions of node colorings ; the following is a simple extension of the
observation that the number of colors used in an optimal weighted coloration of a simple
graph does not exceed∆(G) + 1 (see Demange et al. [9]).

Lemma 5.1 In a weighted graphI = (G, w) such that∀v ∈ V, w(v) > 0, any k-
hypocoloringS with minimum cost̂K(S) satisfiesk ≤ ∆(G) + 1

Proof : We shall show that anyl-hypocoloringS ′ = (S ′
1, . . . , S

′
l) with l > ∆(G) + 1

can be transformed into ak-hypocoloringS with k ≤ ∆(G) + 1 andK̂(S) < K̂(S ′).
Moreover, this construction is done in polynomial time. As usual we assumew(S ′

1) ≥
w(S ′

2) ≥ . . . ≥ w(S ′
l) ; assumeS ′

l 6= ∅, so there is a nodex ∈ S ′
l . It has at most∆(G)

neighbors. Since,l > ∆(G) + 1, there is at least one color says, which satisfiess ≤
∆(G) + 1 < l and which does not occur in the neighborhoodN(x). So, we can recolorx
with colors and settingS∗

s = S ′
s ∪ {x}, we havew(S∗

s ) = w(S ′
s) sincew(x) ≤ w(S ′

l) ≤
w(S ′

s) and alsow(S ′
s \{x}) ≤ w(S ′

s). SettingS∗
i = S ′

i, (i 6= s, l) we get al-hypocoloring
S∗ with |S∗

l | < |S ′
l| andK̂(S∗) ≤ K̂(S ′). We repeat this until all nodes inS∗

l have been
recolored with a smaller color, then we continue until thereare no more nodes with colors
s > ∆(G)+1. At the end, the cost of the resulting hypocoloring verifiesK̂(S∗) < K̂(S ′)
since we have assumed∀v ∈ V, w(v) > 0. 2

This bound is not the best possible ; by analogy with the the theorem of Brooks ([7]),
we could try to get a bound of∆(G) instead of∆(G)+1. The bound∆(G)+1 is attained
whenG is a clique but in this case, we also have an optimal solution with exactlyi colors
for any1 ≤ i ≤ ∆(G) + 1. This motivates the next improvement of the bound.

We now state some results which hold for general graphsG with maximum degree
∆(G)

Proposition 5.2 If I = (G, w) is a weighted graph with maximum degree∆(G) then
there exists ak-hypocoloringS = (S1, . . . , Sk) with minimum cost̂K(S) satisfying the
following :

(i) k ≤ ∆(G)
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(ii) ∀i ≤ k, ∀v ∈ Si, dGi
(v) ≥ i − 1 whereGi is the subgraph ofG induced by

S1 ∪ . . . ∪ Si

(iii) ∀i ≤ k, Si contains noK∆(G)+3−i

Proof : Let us consider an optimumk-hypocoloringS.

For (i) : From lemma (5.1), we havek ≤ ∆(G) + 1. If k ≤ ∆(G), we are done.
So, assumek = ∆(G) + 1 and we have ak-hypocoloring with a minimum number of
nodes with colork, i.e., |Sk| is minimum. Letv be a node inSk. If there is some color
s ≤ ∆(G) missing in the neighborhoodN(v) then we can recolorv with s and we obtain
ak-hypocoloringS ′ with K̂(S ′) ≤ K̂(S) and|S ′

k| < |Sk|, a contradiction.

So, we can assume that all colors1, . . . , ∆(G) occur inN(v). Let u be a neighbor of
v in S∆(G) (i.e.,u ∈ N(v) ∩ S∆(G)) ; u has some colorc ≤ ∆(G) missing inN(u) since
v ∈ S∆(G)+1 is in N(u).

If c < ∆(G), then we can recoloru with c and thenv can be recolored with∆(G) ; we
still have ak-hypocoloring and the cost has not increased. Again|S ′

k| < |Sk|, a contradic-
tion.

So we must have colorc = ∆(G) missing inN(u). We recolorv with colorc = ∆(G)
and we get a newk-hypocoloring (edge[v, u] is now inS ′

∆(G)).

Repeat this as long as there are nodes with colork = ∆(G) + 1, we will finally have
a ∆(G)-hypocoloringS ′ = (S ′

1, . . . , S
′
∆(G)) with K̂(S ′) ≤ K̂(S) becausew(S ′

∆(G)) ≤

w(S∆(G)) + w(S∆(G)+1). This is a contradiction again. Since we have examined all cases,
(i) is proven.

For(ii) : The proof is exactly the same as previously. IfdGi
(v) < i−1 for somev ∈ Si

then, we can recolorv with some color missing in{1, . . . , i − 1} without increasing the
cost of the hypocoloring. We repeat this as long as possible and the result follows.

For (iii) : Assume thatSi contains aK∆(G)+3−i and letv be a node of this clique.
SincedG(v) ≤ ∆(G), we deduce thatdGi

(v) ≤ dG(v) − (∆(G) + 2 − i) ≤ i − 2 which
gives a contradiction with(ii). 2

Remark 5.3 We observe that it is always possible to find in polynomial time, a hypoco-
loring which verifies proposition (5.2). In other words, we can polynomially transform a
hypocoloringS satisfying lemma (5.1) into a hypocoloringS ′ satisfying proposition (5.2)
and verifyingK̂(S ′) ≤ K̂(S).

Remark 5.4 The bound (i) is best possible : for every integerp, there exists a treeG with
∆(G) = p and weightsw(v) for the nodes ofG such that all optimalk-hypocolorings
havek = p colors.



Annales du LAMSADE n˚1

G is constructed as follows : start from the treeT2 for p = 2 ; it consists of a
chain a, b, c where nodes have labelsl(a) = l(c) = 2, l(b) = 1 and w(a) = w(c) =
101, w(b) = 100.

Generally having obtained treeTi−1 (where nodes have labels in1, 2, . . . , i − 1 and
weights at most10i−2) we constructTi by introducing at each nodev of Ti−1 a chain of
two additional nodesv′, v′′ where these new nodes have labeli and weights(1/2)10i−1.
Now inTi we take one of these new chainsv′, v′′ such that the node adjacent inTi−1 has a
cost10i−2 and we condense the edge[v′, v′′] into the nodevi (the weight of the new node
is w(vi) = w(v′) + w(v′′) = 10i−1).

One can verify that the graphTi is a tree with maximum degreei ; one also observes
that the labels define ap-hypocoloringS = (S1, . . . , Sp) whereSi = {v| l(v) = p+1−i}.
Furthermore one can verify thatS is the unique optimum hypocoloring.

For bipartite graphs, we can obtain a bound of the number of different colors used in any
optimal coloringS∗ using the size of the weight functionw (i.e., the number of distincts
values of the weightsw). We will denote by|w| the size ofw :

Proposition 5.5 If I = BP (L, R, w) is a weighted bipartite graph such thatw(v) > 0

for eachv ∈ V , then any hypocoloringS∗ = (S1, . . . , Sk) with minimum costK̂(S)
satisfies :k = |S∗| ≤ |w| + 1

Proof : Let BP (L, R, w) be a weighted bipartite graph andS∗ = (S1, . . . , Sl) be an
optimal hypocoloring ofBP with w(S1) ≥ . . . ≥ w(Sl). We show thatl = |S∗| ≤ |w|+1
by an inductive proof on|w| :

If |w| = 1 then from proposition (4.2), we know that the hypocoloring problem is
equivalent to the coloring problem. Hence, we have :wmax|S

∗| = K̂(S∗) = wmaxχ(G) =
2wmax = wmax(|w| + 1) and the result follows.

Now, assume that the result is true when|w| ≤ k and prove the result when|w| =
k + 1.

If {v : w(v) = wmax} is not a stable set, then from property (4.1),S = (L, R) is also
an optimal hypocoloring with two colors and any optimal hypocoloring has at most two
colors.

Now, assume thatVmax = {v : w(v) = wmax} is a stable set. IfVmax * S1, thenS∗

has two colors and the result is true. Otherwise,Vmax ⊆ S1 and deleteS1 from G. This
new graphBP ′ satisfies the inductive hypothesis and then, any optimal hypocoloringS∗′

of G′ verifies :|S∗′| ≤ k. Finally, since(S2, . . . , Sl) is an optimal hypocoloring ofG′, we
have the expected result. 2
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6 Approximability of some cases of hypocoloring.

We shall present here approximation algorithms for hypocolorings in some special
classes of graphs. More specifically, we are interested in a class of graphs for which the
coloring problem is easy and the chromatic number is small ; formally, we denote byΨk

a class of graphs verifying :(i) ∀G ∈ Ψk, χ(G) ≤ k and(ii) the coloring problem on
Ψk-graphs is polynomial.

For instance, aΨ2-class is the case whereG is a tree.

LetΨk be a class of graphs described above such that the hypocoloring problem isNP-
hard (in particular, we havek ≥ 2). I = (G, w) will be an instance of hypocoloring where
G ∈ Ψk and the nodes are sorted by non-increasing weights ; so,w(v1) ≥ . . . ≥ w(vn).
Moreover, we can always suppose thatw(v) > 0, ∀v ∈ V (delete the nodesv with
w(v) = 0).

We also denote byGi the subgraph induced by the node set{v1, . . . , vi} = Vi and
by j0 the smallest indexi such thatGi contains an inducedP3. WhenGn = G does not
contain an inducedP3, we setj0 = n+1. Finally, we denote byC(V ′) an optimal coloring
of the subgraph ofG induced byV ′.

7 Standard approximation.

A trivial bound of the standard approximability onΨk-graphs isk and consists of
computingC(V ) in a whole graph (in other words, we just compute an optimal colo-
ring). We now propose a polynomial time approximation algorithm achieving a better
constant standard approximation ratio for this class of graphs. This algorithm, denoted by
Ψk_HYPOCOLOR works as follows :

1. Sort the nodes ofG in non-increasing weight order ;

2. Computej0 = min{i : Gi contains an inducedP3} andVj0 = {v1, . . . , vj0} ;

3. Fori = 1 to j0 do

(a) Si
1 = Vj0 \ {vi, . . . , vj0} ;

(b) ComputeC(V \Si
1) (i.e. an optimal coloring on the unweighted graph induced

by V \ Si
1) ;

(c) Define hypocoloringSi = (Si
1, C(V \ Si

1)) ;

4. ComputeS = argmin{K̂(Si) : i = 1, . . . , j0} ;

We can easily observe that each hypocoloringSi is feasible and that its number of colors
is at mostk + 1. So, the algorithmΨk_HYPOCOLOR is correct and its time-complexity is
similar to the one of computing an optimal coloring onΨk-graphs timen.
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Theorem 7.1 AlgorithmΨk_HYPOCOLORpolynomially solves hypocoloring inΨk-graphs
within standard approximation ratio bounded above byk2

2k−1
.

Proof : Let G = (V, E) be a weightedΨk-graph andS∗ = (S∗
1 , . . . , S

∗
l ) be an optimal

hypocoloring ofI = (G, w) with w(S∗
1) ≥ . . . ≥ w(S∗

l ). If l = 1, thenj0 = n + 1 and
the solutionS computed byΨk_WHYPOCOLOR verifiesK̂(S) ≤ K̂(Sj0) = K̂(S∗). So,
assume thatj0 ≤ n ; denote bySi the setS∗

1 ∩ Vi for anyi ≤ j0.

If S1 = ∅ then K̂(S∗) ≥ 2wmax and K̂(S) ≤ K̂(S1) ≤ k wmax. Thus, we have
K̂(S) ≤ k

2
K̂(S∗).

If S1 6= ∅ then we obtainS1 = V1 ; on the other hand, we also haveSj0 6= Vj0

sinceVj0 is not a hypostable set. Thus, the indexi0 = max{i : Si = Vi} exists and
verifiesi0 < j0 ≤ n. Now, we are interested in the solutionSi0 = (Si0

1 , . . . , Si0
k+1) ; by

construction, we have :w(Si0
1 ) ≥ . . . ≥ w(Si0

k+1).

Forr ≥ 3,

w(Si0
r ) ≤

1

2
(w(Si0

1 ) + w(Si0
2 )) ≤

k − 1

2k − 1
(w(Si0

1 ) + w(Si0
2 ))

So

w(Si0
3 ) + . . . + w(Si0

k+1) ≤
(k − 1)2

2k − 1
(w(Si0

1 ) + w(Si0
2 ))

Hence

K̂(Si0) ≤ (
(k − 1)2

2k − 1
+ 1)(w(Si0

1 ) + w(Si0
2 )) ≤

k2

2k − 1
(w(Si0

1 ) + w(Si0
2 )) (2)

SinceK̂(S∗) ≥ w(Si0
1 ) + w(Si0

2 ) from the choice ofi0 and from the fact thatSi0
2 is a

stable set (w(Si0
2 ) is the maximum weight of the nodes inV \ Si0

1 ) the result follows. 2

Corollary 7.2 – There exists a16
7

-standard approximation for the hypocoloring pro-
blem in graphs with maximum degree at most3.

– There exists a9
5
-standard approximation for the hypocoloring problem inK4-free

graphs with maximum degree at most3.

Proof : we know thatγ(G) ≤ 4 whenG has maximum degree bounded above by3 and
γ(G) ≤ 3 whenG is alsoK4-free (by Brooks theorem). Moreover we can compute in
polynomial-time an optimal coloring, when the graphs have amaximum degree bounded
above by3. Thus, in the first case, these graphs are aΨ4-class whereas in in the second
case, these graphs are aΨ3-class. In any case, we can apply the theorem 7.1. 2

Corollary 7.3 There exists a9
5
-standard approximation for the hypocoloring problem in

triangle free planar graphs.
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Proof : From Grotzsch theorem [14], we know that the coloring problem is easy for
triangle free planar graphs. Thus, sinceγ(G) ≤ 3 whenG is triangle free planar, we
deduce that triangle free planar graphs is aΨ3-class, and then we can apply theorem 7.1.
2

The bipartite graphs are also a special case ofΨ2-class and then, we have :

Corollary 7.4 There exists a4
3
-standard approximation for the hypocoloring problem in

bipartite graphs.

On the other hand, we can also establish a bound on the standard approximability of these
two types of graphs.

Examine first the proof of theorem 4.4, consider a triangle-free planar graphG. Re-
member that̂K(S∗) ≤ 3 iff the answer for1 − IN 3SAT is yes. Assume now that there
exists a polynomial time approximation algorithmA achieving, for someǫ0 > 0, an ap-
proximation ratio(4/3) − ǫ0.

– If K̂(S∗) ≤ 3 (the answer for1− IN 3SAT in I = (C, X) is yes), thenvalA(G) =
4 − 3ǫ0 and, since val has to be integer,valA(G) = 3 ;

– on the other hand, if̂K(S∗) ≥ 4, i.e., the answer for1 − IN 3SAT in I = (C, X)

is no, thenvalA(G) ≥ K̂(S∗) ≥ 4.
Consequently, with the hypothesis that a polynomial time approximation algorithmA
achieves, for someǫ0 > 0, approximation ratio(4/3) − ǫ0 for hypocoloring, one can
in polynomial time decide on the right answer for1 − IN 3SAT by simply reading the
value of the solution computed byA. The following proposition summarizes the above
discussion.

Proposition 7.5 UnlessP = NP, for anyǫ > 0 no polynomial time algorithm achieves
an approximation ratio bounded above by(4/3) − ǫ for the hypocoloring problem in
triangle-free planar graphs with maximum degree bounded above by3.

By the same type of proof and from theorem 4.5, we can also show:

Proposition 7.6 UnlessP = NP, for anyǫ > 0 no polynomial time algorithm achieves an
approximation ratio bounded above by(7/8)−ǫ for the hypocoloring problem in bipartite
graphs with maximum degree bounded above by39.

8 Differential approximation.

We now show that in theΨk-graphs, there is a differential approximation scheme. As-
sume thatG = (V, E) ∈ Ψk and consider then the following algorithm, calledΨk-Hypo_SCHEME
in what follows and run it with parametersG and a fixed constantǫ > 0 :
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1. Sort the nodes ofG in non-increasing weight order ;

2. Setη = ⌈1/ǫ⌉ ;

3. Compute an optimal hypocoloring̃S of the graph induced byV2kη+k ;

4. Compute an optimal coloringC(V2kη+k) of the subgraph induced byV \ V2kη+k ;

5. ; SetS = (S̃, C(V2kη+k)) ;

Sinceη andk are fixed constants, the setS̃ of step 3 of algorithmΨk-Hypo_SCHEME
can be computed by an exhaustive search in constant time. Consequently, the whole com-
plexity of Ψk-Hypo_SCHEME is linear inn.

Theorem 8.1 For any fixedǫ > 0, the differential approximation ratio of algorithm
Ψk-Hypo_SCHEME when called with inputsG ∈ Ψk andǫ, is bounded below by1 − ǫ.

Proof : Let G = (V, E) be a weightedΨk-graph andS∗ = (S∗
1 , . . . , S

∗
l ) be an optimal

hypocoloring ofI = (G, w) with w(S∗
1) ≥ . . . ≥ w(S∗

l ). We first show that the number
of hypostable sets of̃S is not very large and that̂K(S∗) ≥ K̂(S̃).

claim (i) : |S̃| ≤ k(η + 1)

Proof of claim (i): We denote bỹV1 the node set formed by the union of hypostable
sets ofS̃ having their number of connected components equal to one ; so, the graphG̃1

induced byṼ1 is an union of disjoint cliques plus eventually some edges between these
cliques. We affirm thatG̃1 has at mostk nodes ; by construction, the weight of these
hypostable sets isw(Ṽ1) =

∑
v∈Ṽ1

w(v) and if |Ṽ1| > k, then an optimal coloring of
G̃1 gives a better value (sincẽG1 ∈ Ψk) which is impossible ; thus, we have :|S̃| ≤
(|V2kη+k \ Ṽ1|)/2 + |Ṽ1| = (2kη)/2 + k.

claim (ii) : K̂(S∗) ≥ K̂(S̃)

Proof of claim (ii) : We take the hypocoloringS ′ of the subgraph induced byV2kη+k

which is the restriction of the hypocoloringS∗ (i.e.,S ′ = (S∗
1 ∩V2kη+k, . . . , S

∗
l ∩V2kη+k)).

Since the criterion is maximum, we have :K̂(S∗) ≥ K̂(S ′) ; on the other hand, since
the property of hypocoloring is hereditary, we also haveK̂(S̃) ≤ K̂(S ′) and the result
follows.

Now, sinceWOR(G2kη+k) =
∑

v∈V2kη+k
w(v) and by inequality of claim(i) and the

fact that the nodes ofG are sorted in non-increasing weight order, we have :WOR(G2kη+k)−

K̂(S̃) ≤ (kη)w(v2kη+k). Moreover, sinceη ≥ 1/ǫ, we obtain :

ǫ
(
WOR(G2kη+k) − K̂(S̃)

)
≥ kw(v2kη+k) (3)

Finally, by claim (ii) and sinceWOR(G2kη+k) ≤ WOR(G), the solutionS produced by
the algorithmΨk-Hypo_SCHEME verifiesw(C(V4η+k)) ≤ kw(v4η+k) (χ(G) ≤ k since
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G ∈ Ψk) and by inequality (3), we have :

K̂(S) = K̂(S̃) + w(C(V4η+k)) ≤ (1 − ǫ)K̂(S̃) + ǫWOR(G2kη+k)

≤ (1 − ǫ)K̂(S∗) + ǫWOR(G)

2

We note finally that with exactly the same arguments as for theproofs of Proposi-
tion 7.6 and Proposition 7.5 and taking into account thatWOR(G) − K̂(S∗) ≤ P (n)
for some polynomialP , one can conclude that, unlessP = NP, no polynomial time
algorithm can achieve a differential approximation ratio greater than1 − 1

P (n)
, and the

following holds.

Proposition 8.2 UnlessP = NP, if the hypocoloring problem is stronglyNP-hard on
a Ψk-class, then the hypocoloring problem cannot be solved in aΨk-class by a fully
polynomial time differential approximation scheme.

This is the case for the triangle-free graphs with maximum degree equal to3 and for the
bipartite graphs.

9 Polynomial cases

In this section, we consider two polynomial cases of the weighted hypocoloring pro-
blem : when the input is a collection of disjoint trees with maximum degree at most∆ and
when the input is a collection of disjoint cycles. The first case is equivalent to solve hy-
pocoloring in trees with degree at most∆ whereas the second case is equivalent to solve
hypocoloring in graphs with degree at most2, as we will be shown later. Thus, since a tree
is a particular bipartite graph, we have a frontier for the hardness of the hypocoloring pro-
blem between trees with maximum degree at most39 and bipartite graphs with maximum
degree at most39 ; the first case will be shown to be polynomial in the next subsection
whereas the bipartite case has been shown to be stronglyNP-hard (see proposition 4.5).
Finally, we will see that there is also another hardness gap for general graphs between
graphs with maximum degree at least3 and graphs with maximum degree at most2.

Before establishing these results, we shall give some results on hypocolorings in(r +
1)-clique free graphs. For a hypostable setS, thecharacteristic valuewill be the integer
numberq such thatq = w(S). Since we are in(r + 1)-clique free graphs, there are at
mostO(nr) possible characteristic values of the different hypostable sets. More generally,
for a hypocoloringS = (S1, . . . , Sk) with w(S1) ≥ . . . ≥ w(Sk) we call vector of
characteristic values, the vector(q1, . . . , qk) such that for anyi ≤ k, qi = w(Si). In
(r + 1)-clique free graphs, given a vector(q1, . . . , qk) with q1 ≥ . . . ≥ qk, the problem of
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deciding if there is a hypocoloringS ′ whose vector of characteristic values(q′1, . . . , q
′
k)

verifies for anyi, q′i ≤ qi can be polynomially reduced to thelist-hypocoloringr problem
as will be shown below. This latter problem is formally described as follows :

list-hypocoloringr :
Instance : a graphG = (V, E), a setC of colors and, for every cliqueK with size at
mostr, CK ⊆ C is a set of colors such that each one of them may occur on some nodes
of the cliqueK but not on all nodes at a time.
Question : doesG admit a hypocoloring such that for any cliqueK, not all the nodes
of K have the same colori with i ∈ CK ?

Remark 9.1 Clearly, we must haveCK contained inCK ′ whenK ⊆ K ′. Moreover,
the problem list-hypocoloringr polynomially reduces to the problem list-hypocoloringr′

whenr ≤ r′.

Remark 9.2 Note that when list-hypocoloringr is polynomial for a classΨ of (r + 1)-
clique free graphs then, the related problem of constructing such a hypocoloring is po-
lynomial. LetI = (G, (CK) be an instance of list-hypocoloringr. In order to do that, we
find a r-cliqueK of G such thatCK 6= C. Let i /∈ CK and denote byG′ the subgraph
of G induced byV \ V (K) ; we colorK with color i and for each nodev of G′ which is
adjacent to a node ofK, we setCv = Cv∪{i} and more generally for each cliqueK ofG′

containingv, we set (see remark 9.1)CK = CK ∪ {i}. Let I ′ be the resulting instance.
If the answer of list-hypocoloringr on instanceI ′ is yes, we apply again this procedure
on I ′ else we setCK = CK ∪ {i} and we apply again this procedure onI. Finally, when
CK = C for everyr-cliqueK of G, we apply the same procedure with(r−1)-cliques and
so on.

For every cliqueK of G, we setw(K) =
∑

v∈K w(v). Let (q1, . . . , qk) with q1 ≥ . . . ≥ qk

be a vector. SinceG is (r+1)-clique free, each hypostable set is a union of disjoint cliques
with size at mostr, we can polynomially construct an instance of list-hypocoloringr in
the following way : the graphG is the same,C = {1, . . . , k} and for any cliqueK of G,
CK = {i ∈ C : qi < w(K)}. Assume that the answer of the list-hypocoloringr instance
is yes and letS ′ = (S ′

1, . . . , S
′
k) with w(S ′

1) ≥ . . . , w(S ′
k) (someS ′

i can be empty) be
such a hypocoloring. LetK be a clique ofS ′

i ; by constructionw(K) ≤ qi sincei /∈ CK

and then,q′i = w(S ′
i) ≤ qi. Conversely, if such a hypocoloring exists then, the answerof

the list-hypocoloringr instance is yes. So, we have proved the result claimed.

In the graphs with maximum degree∆ (which is a subclass of(∆ + 2)-clique free
graphs), we now prove that hypocoloring polynomially reduces to list-hypocoloring∆+1.

Proposition 9.3 The hypocoloring problem polynomially reduces to the list-hypocolor-
ing∆+1 problem for graphs of degree bounded above by∆.
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Proof : Let (G, w) be a weighted graph with maximum degree∆, a minimum hypocolo-
ring can be computed by the following algorithm :

1. For every vector(q1, . . . , q∆) with q1 ≥ . . . ≥ q∆ and such thatqi = w(Ki) for
some cliqueKi of G do :

(a) Solve the related list-hypocoloring∆+1 instance ;

(b) If the answer is yes, construct such a hypocoloring ;

2. Select a minimum weight hypocoloring among feasible hypocolorings computed
during an execution of step (1b) ;

The complexity of this algorithm isO(n∆2

) times of the complexity of solving the list-
hypocoloring∆+1 problem. SinceG admits a minimum hypocoloring with at most∆ co-
lors (see proposition 5.2), letS∗ = (S∗

1 , . . . , S
∗
∆) with w(S∗

1) ≥ . . . , w(S∗
∆) be an optimal

hypocoloring (with possibly someS∗
i = ∅) and denote by(q∗1 , . . . , q

∗
∆) its vector of cha-

racteristic values. Let us examine the step of algorithm with the vector(q∗1, . . . , q
∗
∆). By

construction, the answer of the list-hypocoloring∆+1 instance is yes and the algorithm
finds a hypocoloringS ′ = (S ′

1, . . . , S
′
∆) verifying w(S ′

i) ≤ q∗i and then,w(S ′
i) = q∗i

since(q∗1, . . . , q
∗
∆) is a vector of characteristic values of an optimal hypocoloring. 2

Corollary 9.4 Let us consider a classΨ of graphs of degree bounded above by∆ such
that list-hypocoloring∆+1 is polynomial onΨ. Then, the minimum hypocoloring problem
is also polynomial onΨ.

Since we have proved in theorem 4.4 and theorem 4.5 that the hypocoloring problem
is NP-hard in bipartite graphs with maximum degree39 and planar triangle-free graphs
with maximum degree3 respectively, we deduce the two following corollaries :

Corollary 9.5 For anyr ≥ 40, list-hypocoloringr in bipartite graphs of degree39 is NP-
complete.

Corollary 9.6 For anyr ≥ 4, list-hypocoloringr in planar triangle-free graphs of degree
3 is NP-complete.

9.1 Trees with maximum degree∆

In trees, there are at most2n−1 characteristic values for the different hypostable sets.
Thus, the algorithm of proposition 9.3 is in this case inO(n∆) times the complexity-time
of the list-hypocoloring∆+1. We now show that we can solve the list-hypocoloring∆+1

problem in trees by using dynamic programming.

Let C = {1, . . . , ∆} be the set of colors and consider(T = (V, E); (CK)K∈V ∪E) an
instance of list-hypocoloring∆+1 whereT is a tree. Given a nodev, we respectively denote
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by Hv(T ) andH ′
v(T ) the sets of colors defined by :h ∈ Hv(T ) (resp.H ′

v(T )) if and only
if there is a feasible hypocoloring for whichv is colored byh and no (resp. exactly one)
neighbor ofv is colored byh. We denote byv1, . . . , vd the neighbors ofv. The deletion
of v induces a forest withd connected components ; letTi, i = 1, . . . , d denote the subtree
containingvi. The following lemma can then be easily shown :

Lemma 9.7 For h ∈ C, we have :

h ∈ Hv(T ) ⇔

{
h /∈ Cv,
∀j, (Hvj

(Tj) ∪ H ′
vj

(Tj)) \ [(Hvj
(Tj) ∪ H ′

vj
(Tj)) ∩ {h}] 6= ∅

h ∈ H ′
v(T ) ⇔






h /∈ Cv,
∃j ∈ {1, . . . d}, h ∈ Hvj

(Tj) andh /∈ C[v,vj ],

∀j′ 6= j, (Hvj′
(Tj′) ∪ Hvj′

(Tj′)) \ [(Hvj′
(Tj′) ∪ H ′

vj′
(Tj′)) ∩ {h}] 6= ∅

Proposition 9.8 For anyt ≥ 2, List-hypocoloringt in trees is polynomial.

Proof : Let us consider the following polynomial-time algorithm :

1. Choose a rootr ∈ V and orient the tree fromr to leaves (Tv denotes the subtree
induced byv and its descendants ;

2. Compute, for every nodev and from leaves to the root, setsHv(Tv) andH ′
v(Tv) (by

using lemma 9.7) ;

3. For every color inHr(T )∪H ′
r(T ) compute a feasible hypocoloring by using lemma 9.7

(from the root to leaves) ;

The related complexity isO(n∆2). 2

Corollary 9.9 The hypocoloring problem is polynomial in trees with bounded degree.
The related complexity isO(∆2n∆+1).

Remark 9.10 We can polynomially transform a forest(T1, . . . , Tp) with maximum degree
∆ into a treeT with maximum degree∆ such that an optimal hypocoloring of the tree is
an optimal hypocoloring of the forest. In order to do that, weiteratively take two subtrees
of the forest that we link by the leaves with an additional node with cost0.

When the number of different weights ofw is constant, we are able to give a polynomial
algorithm on the tree. Indeed, by proposition 5.5, we know that the size of any opti-
mal hypocoloring is bounded by|w| + 1, and then, the previous algorithm also works in
polynomial-time :

Corollary 9.11 The hypocoloring problem is polynomial in trees when the number |w| of
different weights is bounded. The related complexity isO(n|w|+2).
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9.2 Graphs with maximum degree two

We shall examine here the special situation where the graphG has maximum degree
∆ = 2 (the case∆ = 1 is trivial : G consists of isolated edges and nodes, soχh(G) = 1).
We prove by a similar technique of previously that the case ofmaximum degree two is
also polynomial. However, the method presented here is slightly more involved than the
previous one.

In our situation, the connected components ofG are chains and cycles and all hy-
postable sets will consist of nodes and of edges (cliques of size 2). From proposition
(5.2), there exists an optimal hypocoloringS = (S1, S2) of G with w(S1) ≥ w(S2) since
∆(G) = 2. The caseS2 = ∅ is trivial and can be solved in linear-time. Thus, we will
supposeSi 6= ∅ for i = 1, 2 and more generally thatχh(G) ≥ 2.

Lemma 9.12 LetG consist of a collection of node disjoint chainsC1, . . . , Cp where each
nodev has weightw(v) ≥ 0 and χh(G) ≥ 2 ; there exists a graphG′ consisting of a
single cycleC such that for any non negative integerr, G′ has a2-hypocoloringS ′ with
K̂(S ′) ≤ r if and only ifG has a2-hypocoloringS with K̂(S) ≤ r

Proof : Let ai, bi be the end nodes of chainCi in G for i = 1, . . . , p. We introduce intoG
new nodesci, di with weightw(ci) = w(di) = 0 and new edges[ci, di], [di, ai], [ai, ci+1]
for i = 1, . . . , p (the indices are taken modulop, which implies that[bp, cp+1] is [bp, c1]).
Let G′ be the graph obtained in this way. Clearly anyk-hypocoloring (k ≥ 2 since
χh(G) ≥ 2 if G′ is not a triangle)S of G can be extended to ak-hypocoloringS ′ of
G′ with K̂(S) = K̂(S ′) : consider w.l.o.g. nodesci, di ; if bi−1 ∈ Sc andai ∈ Sd (c 6= d)
then introduceci into Sd anddi into Sc. If {bi−1, ai} ⊆ Sc then introduce[ci, di] into
Sd. Conversely, the restriction of a2-hypocoloringS ′ of G′ to the nodes ofG gives a
2-hypocoloringS ′ of G′ with K̂(S) = K̂(S ′). 2

As a consequence, we may restrict our attention to graphsG = (V, E) whose connec-
ted components are cycles and letn = |V | = |E|. We will define the weightw(e) of an
edgee = [x, y] as the sumw(x) + w(y). Then, we notice that there are at mostn + t
possible values forw(S1) wheret is the number of triangle ofG and2n possible values
for w(S2). It is important to notice that we cannot solve separately the problem in each
connected component as we can done in the unweighted version: an optimum hypocolo-
ring is not necessarily formed by optimum hypocoloring on each connected components
(see for instance the instance given by two chains of length two (x1, x2, x3) and(y1, y2, y3)
with w(x1) = 8, w(y1) = w(y2) = 5, w(x2) = 3, w(x3) = w(y3) = 1). From(iii) of
proposition (5.2), we know thatS2 does not contain anyK3. Thus, if there is a triangle in
a hypostable set, it must be inS1.

Property 9.13 Maxv∈V w(v) ≤ w(S1) ≤ max{Maxe∈Ew(e); maxK3
w(K3)}
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For given valuesp, q (p ≥ q) we shall determine whether a2-hypocoloringS = (S1, S2)
of G exists such thatw(S1) = p andw(S2) = q. If such a hypocoloring can be found,
we store the current solutionS = (S1, S2) with K̂(S) = p + q if it is better than the best
solution found so far.

We shall use inA(p, q) the following properties :

Property 9.14 If w(v) > q, thenv ∈ S1 ; if x, y, z are three consecutive nodes on an
inducedP3 with x, y ∈ Si thenz ∈ S3−i for i = 1, 2.

Property 9.15 If for some edgee = [x, y], we havew(e) > p, thenx, y are neither both
in S1 neither both inS2 ; if w(e) > q, thenx, y are neither both inS2. In such situations,
we shall simply say that the colori is not feasible for edgee = [x, y].

Starting fromG with given valuesp, q we will apply the above properties as long as
possible to derive consequences on the colors to be assignedto the nodes and to the edges
of G. For instance, ife = [x, y] verifiesw(x) > q andw(y) > p − q, thenx ∈ S1 and
y ∈ S2.

We will then arrive to a situation where no solution exists (this may occur for instance
if 3 consecutive nodes must get the same color or if there exists an odd cycle where color
1, 2 are forbidden for all edges) or where some nodes have obtained some fixed color
and we are left with a collection of chains whose end nodes have some fixed color (but no
intermediate node is colored) and with some cycles which have no fixed color ; in addition
some edges may have forbidden colors. Observe in particularthat a2-hypocoloring may
exist even if colors1 and2 are forbidden for some edgee = [x, y] ; this simply means that
x andy must have different colors.

In the remaining cycles without fixed colors, we have two possible situations : ifCi

has even length, then we alternate colors1 and2 (in other words, we produce a coloring).
If Ci has odd length, then by the previous remark, we know that there exists an edgee for
which color1 is feasible. So, we introduce this edge intoS1 and we alternate colors1 and
2 for the remaining nodes.

Now, each remaining cycleCi has at least one node with a fixed color. We can describe
Ci by the sequence(F1, D1, F2 , . . . ., Fk, Dk) whereFi andDi are chains. Moreover for
anyi, all nodes ofFi have a fixed color and eachDi has two endpoints with a fixed color
and all intermediate nodes are uncolored. Note that someFi may be empty (in this case,
i.e.,Fi = ∅ , we identify the terminal endpoint ofDi−1 with the initial endpoint ofDi) and
eachDi has at least3 nodes. Thus for instance, if in a cycleC, property (9.14) determines
the color of exactly one node, saya, then the sequence consists of chainD1 and its two
endpoints are the same nodea.

Let a1, . . . , as be the nodes of the chainDi wherea1 and as have fixed colors. If
a1 ∈ S1, then fore = [a1, a2] color 1 cannot be forbidden because this would force
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a2 ∈ S2. If a1 ∈ S2, then similarly fore = [a1, a2] color 1 cannot be forbidden. So, we
havew(a1) + w(a2) ≤ p for a1 ∈ S1 or w(a1) + w(a2) ≤ q for a1 ∈ S2 ; in addition for
each intermediate nodeai, we havew(ai) ≤ q. Foras we have the same relations as for
a1.

Property 9.16 Let Di with nodesa1, . . . , as be a chain such thata1, as ∈ Sj with s odd
or such thata1 ∈ Sj , as ∈ S3−j with s even for somej = 1, 2. Then there exists a
2-hypocoloringS = (S1, S2) where the colors1 and2 alternate inDi.

Proof : This follows immediately from the observation that for all intermediate nodesai,
we havew(ai) ≤ q. 2

Property 9.17 LetDi with nodesa1, . . . , as be a chain such thata1, as ∈ Sj with s even
or such thata1 ∈ Si, as ∈ S3−j with s odd for somej = 1, 2. Then there exists a
2-hypocoloringS = (S1, S2) such that[a1, a2] gets one of its feasible colors.

Proof : Assumea1 ∈ S1 ; we have observed that we have in this casew(a1)+w(a2) ≤ p,
so we can introducea2 into S1 and we are back to the case of property (9.16).

Similarly if a1 ∈ S2, we havew(a1) + w(a2) ≤ q, so we introducea2 into S2 and we
are in a similar situation. The result follows from property(9.16). 2

Finally, for each chainDi, we apply properties (9.16) and (9.17) and we color properly
the remaining cycles. Now, when a value ofp is fixed, we observe that the consequence
of properties (9.14) and (9.15) can be obtained inO(n2) steps and gives a feasible value
of q (if there exists). Then again inO(n) steps, we can apply properties (9.16) and (9.17)
to determine a2-hypocoloring. It should be observed that cases where no solution can be
found occur only when consequence of properties (9.14) and (9.15) are drawn.

The whole procedure will be the following :

Starting with the smallest possible value ofp and the smallest possible value ofq ≤ p,
we applyA(p, q) to get the smallestq for which a solution(S1, S2) exists ; Whenever such
a solution has been found, we increasep to the next possible value and we start again with
the minimumq.

An optimal hypocoloring(S1, S2) will be given by the solution stored.

Proposition 9.18 There exists a polynomial time algorithm inO(n3) time to determine
an optimum hypocoloring in a graphG with ∆(G) ≤ 2.

Proof : Let S∗ = (S∗
1 , S

∗
2) be an optimal hypocoloring ofG with w(S∗

1) ≥ w(S∗
2). Let

study the situation wherep is equals tow(S∗
1) : by construction, the consequence of pro-

perties (9.14) and (9.15) give a partial feasible solution.Then, the procedureA(p, q) finds
a valueq such that the consequences of properties (9.16) and (9.17) also yield a complete
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feasible solutionS = (S1, S2) of G with p = w(S1) > q ≥ w(S2). We necessarily have
w(S∗

2) ≥ q sinceq is a minimum value such that the partial solution exists ; ifw(S∗
2) 6= q,

then we obtain a contradiction sincêK(S∗) > p + q ≥ K̂(S) ; thus, we havew(S∗
2) = q

and the proposition follows. 2

10 An (exponential) algorithm for triangle-free graphs

We shall now consider graphs containing no induced triangles ; these are precisely the
graphsG for which the largest sizeω(G) of a clique is two. In such graphs, hypostable sets
consist of nodes and of edges (cliques of size2). Such graphs can have arbitrarily large
chromatic numbers ; it follows that they can also have arbitrarily large hypochromatic
number : indeed a triangle-free graphG with χ(G) ≥ 2k hasχh(G) ≥ k. If we had
χh(G) < k, then we could take a minimum hypocoloringS = (S1, . . . , Sr) of G with
r < k. EachSi could be decomposed into two stable setsS ′

i, S
′′
i (since it consists of nodes

and of edges) and we would get a2r-coloring (S ′ = (S ′
1, . . . , S

′
r, S

′′
1 , . . . , S ′′

r ) of G with
2r < 2k, which is a contradiction. So, triangle-free graphs are farfrom being trivial with
respect to "hypochromaticity".

We shall now show that, based on the separation principle (link two nodes or merge
them) described for instance in Berge, chap.15 [3] for usual colorings of graphs, we
can develop a "light version" procedure for determining a hypocoloringS with minimum
costK̂(S) in a weighted triangle-free graph. This procedure will in addition exhibit in a
striking way the symmetry between usual colorings and hypocolorings.

For usual colorings, one separates the possible colorings of a graphG into two classes
by repeatedly choosing a pair of non adjacent nodesx, y. There is a one-to-one corres-
pondence between the colorings ofG wherex andy have te same color and the colorings
of the graphG1 obtained fromG by merging nodesx, y into a single nodex′ (linked to
all neighbors ofx and to all those ofy in G).

In the same way there is a one-to-one correspondence betweenthe colorings ofG
wherex andy have different colors and the colorings of the graphG2 obtained fromG
by introducing an edge[x, y].

So,G can be replaced byG1 andG2. We repeat this operation for each one ofG1

andG2 as long as possible, i.e., until we obtain graphs containingno more pair of non
adjacent nodes, i.e., graphs which are cliques. The size of the smallest clique obtained in
this way is the chromatic number ofG. This idea can be extended to weighted colorings
of G : whenever we merge nodesx, y into xy, we setw(xy) = max{w(x), w(y)}. The
above algorithm can be applied as before. The clique with minimum weight will give the
optimal cost of a weighted coloring.

Our purpose is to give an (exponential) algorithm for findinga hypocoloringS with
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minimum costK̂(S) in a weighted triangle-free graphs by using an additional separation
principle. Since, we are handling hypostable sets (i.e., sets of nodes and edges), we will
have to introduce some blocking mechanism which will prevent us from introducing some
edges into hypostable sets : ife is in someSi, then no adjacent edge can be introduced into
the same hypostable setSi. The algorithm will be based on a "Contract or Connect" prin-
ciple ; we will call it theCOntract or Connect Algorithmor shortly COCA. It is described
in table 10.

Clearly such a procedure may be exponential. It enumerates in an implicit way all
hypocolorings ofG and finds the minimum value of the costK̂(S) of such hypocolorings
S.

Edges which are no longer allowed to be introduced into a hypostable set areblocked.
While II(H) separates the usual colorings ofH as described above, procedureII(H)
separates the hypocolorings into two classes : the hypocolorings wherex andy (linked)
are in the same hypostable set and the hypocolorings wherex andy are in different sets.

At the final stage, a graphH will be a clique with all edges blocked ; the corresponding
colorings can be reconstructed by looking at the name of eachnode which is obtained by
concatenation of the names of the nodes which have been sequentially merged. The "light"
version of the COCA algorithm is just the enumeration algorithm for usual (unweighted)
colorings. Notice that even ifG contains no triangles by assumption, the auxiliary graphs
constructed by the separation procedureI andII may contain triangles.

Data : Weighted triangle free graphG
Output : A hypocoloringS with minimum costK̂(S)

1. Initialisation : All edges are free ; L=list of graphs to examine ;s(G)=best solution
so far ;w∗ = +∞

2. WhileL 6= ∅ do

(a) Choose a graphH in L ;

(b) If H has at least one free edge then apply procedureI(H), else (all edges are
blocked)

i. If H is not a clique then apply procedureII(H), else (H is a clique with
all edges blocked)

A. w =
∑

v∈V (H) w(v) ;

B. If w < w∗ thens(G) = H andw∗ = w ;

3. RemoveH from L and introduce the graphsH1, H2 (produced by separation pro-
cedure) if they exist intoL ;

Table 1. The COCA Algorithm
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We now describe the two separation procedures :

separation procedureI(H)

1. Choose a free edge[x, y] in H ;

2. Let H1 be obtained fromH by condensing[x, y] into a nodexy with w(xy) =
w(x) + w(y) ; all edges adjacent toxy are blocked ;

3. LetH2 be obtained fromH by blocking[x, y] ;

separation procedureII(H)

1. Choose two non adjacent nodesx, y in H ;

2. Let H1 be obtained fromH by condensingx, y into a nodexy with w(xy) =
max{w(x); w(y)} ; all edges adjacent toxy remain blocked ;

3. LetH2 be obtained fromH by introducing the edge[x, y] ; [x, y] is blocked ;

Remark 10.1 In the case where the hypostable sets are redefined as disjoint sets of
cliques of size at most two (i.e., non-adjacent nodes and edges) then the COCA algorithm
can be used to find optimal "hypocolorings" in arbitrary graphs.

An illustration of the COCA algorithm is given in Figure 8 fora small exemple.

Notice that the COCA algorithm could be extended to handle the case of hypostable
sets containing no clique of size greater than a givenr, but its formulation would not be
as elegant as the above one.

11 Some extensions and variations

In the above batch scheduling model described in section 2, we have required that
each connected component of the subgraph induced by a hypostable setS be a clique
(of size one or more). This may be too strong. Each connected component of the sub-
graph induced byS is a collection of operations assigned to the same processor; they
will hence be processed consecutively. But they need not be all pairwise incompatible.
Such operations could simply be required to form a connectedcomponent of the sub-
graph induced byS or, in other contexts, a subgraph verifying a hereditary propertyP ;
we will call such coloringsconditional subcolorings (orP -subcolorings). These notions
are linked (in their unweighted versions) to the concept ofconditional coloringsof G with
respect to a graph theoretical propertyP ; the conditional chromatic numberχ(G, P ) is
the minimum integerk such that there is a partition of the nodes intok sets such that the
subgraph induced by each set has the propertyP (see Albertson et al. [1], Dillon [11] or
Harary [15]). An important application of conditional coloring is the circuit manufactu-
ring problem and is defined byP (V ′) = true iff the subgraph induced byV ′ is planar ;
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FIG. 8 – an illustration of the COCA algorithm

the numberχ(G, P lanar) is also known as thenode thicknessof a graph (see Beineke
and White [2] and Mutzel et al. [16] for a survey).

So, we could consider more general hypostable sets and definetheir weights in an
appropriate way. If for instanceS is an arbitrary subset of nodes in a weighted graphG
such that each connected componentC of S verifies propertyP , letC(S) be the collection
of connected componentsC in the subgraph induced byS. Let f be a function giving the
cost of connected componentC (f takes into account the cost of operations inC) ; so
we can havef(C) =

∑
v∈V (C) w(v) or f(C) = maxv∈V (C)w(v) for each connected

componentC ∈ C(S) whereV (C) is the node set ofC. In any case, we suppose that the
functionf onP(V ) verifies :

∀v ∈ V, f({v}) = w(v) (4)
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Then, as before,w(S) = max{f(C)| C ∈ C(S)}. Hence, aP -generalized hypocoloring
of the weighted graphG = (V, E) with respect tof will be a partitionS of the node set
V into k (disjoint) such subsetsS1, . . . , Sk ; the costK̂(S) will be defined as :

K̂(S) =

k∑

i=1

w(Si)

where for eachi, w(Si) = max{f(C)| C ∈ C(Si)}.
– In this paper, we mainly refer to the casef(C) =

∑
v∈V (C) w(v) and P is the

property to be a clique. As in the previous sections, an optimum value will be indif-
ferently denoted bŷK(S) or Π(G, Clique, sum).

– In the more general situation corresponding to the case without constraints, we have
f(C) =

∑
v∈V (C) w(v) andP is the trivial property (always equals to true). Note

that if all weights are equal to one, thenw(C) = |V (C)| andw(C) is the number
of nodes in the largest connected component of the subgraph induced byS. If each
C is constrained to be a single node, then we have the classicalnodek-coloring
concept.

– Whenf(C) = maxv∈V (C)w(v) andP is the property to be a clique (i.e., we want
study the quantityΠ(G, Clique, max)), we obtain another generalization of the
coloring problem which has been studied under the name ofsubcoloring(see Brown
and Corneil [8], Albertson et al. [1]). Thesubchromatic numberof G is the smallest
k for which there exists a partition of the node set intok hypostable sets (called
substable sets). Basic complexity results related to subcolorings are given in Fiala et
al. [12], namely proving that, if a graphG has subchromatic number equal tok, the
associated problem is NP-complete in the graphs with maximum degree bounded
above byk2 for anyk ≥ 2.

Observe finally thatP -generalized hypocolorings of a weighted graphG with respect to
f exist for any hereditary propertyP . So the following quantity can be computed :

Π(G, P, f) = min{K̂(S)| S is aP -hypocoloring ofG with respect tof} (5)

In this case, clearly we haveΠ(G, P, f) ≤ Π(G, max) where inΠ(G, max), the predicate
is defined by :∀V ′ ⊆ V, P (V ′) = true iff |V ′| = 1 (the quantityΠ(G, max) has been
studied in de Werra et al. [10]) sinceP is a hereditary property andf verifies property
(4). We also derive an upper bound on these quantities :

Proposition 11.1 Let G = (V, E, w) be a weighted graph andS = (S1, . . . , Sk) a par-
tition of node setV of G. If V (C) denotes the node set of a connected subgraphC in G
andwmax(V

′) = maxv∈V ′w(v) for anyV ′ ⊆ V , we have for any hereditary propertyP
and functionf verifying (4) :

Π(G, P, f) ≤
k∑

i=1

wmax(Si) max{|V (C)| : C ∈ C(Si)} (6)
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Proof : Assume a partitionS = (S1, . . . , Sk) of the node set ofG, a hereditary propertyP
and a functionf verifying (4) such that :

∑k

i=1 wmax(Si) max{|V (C)| : C ∈ C(Si)} <
Π(G, P, f) ≤ Π(G, max) ; then eachSi can be partitioned into at mostmax{|V (C)| : C ∈
C(Si)} stable sets ; since the value of each such stable set inSi is at mostwmax(Si), this
would give a weighted coloring ofG with a value strictly smaller thanΠ(G, max), which
is impossible. 2

In fact, we could define the weighted chromatic number of a weighted graphG by :

Π(G, max) = min
S=(S1,...,Sp) partition ofV

p∑

i=1

wmax(Si) max{|V (C)| : C ∈ C(Si)}

IndeedΠ(G, max) never exceeds the right hand side. Consider an optimal weighted co-
loring S∗ = (S∗

1 , . . . , S
∗
k) (i.e., with Π(G, max) =

∑k

i=1 w(S∗
i )) ; for the corresponding

partition we have|V (C)| = 1 for every connected component of everyS∗
i ; hence, we

have equality for this specific partition. Thus, when all weights are one, we get an alterna-
tive definition of the chromatic number ; if we are given an arbitrary partition of the node
set, it may also provide an upper bound onχ(G).

On the other hand when we restrict to the graphs without(k + 1)-clique, we have for
our problem the following inequality :

Lemma 11.2 If G is (k + 1)-clique free then we have :

Π(G, clique, sum) ≤ Π(G, max) ≤ Hk Π(G, clique, sum) (7)

whereHk is thek-th harmonic number (i.e.,Hk =
∑k

i=1 1/i).

Proof : The first inequality has been proved. LetS∗ = (S∗
1 , . . . , S

∗
r ) be an optimum

hypocoloring ofG. We denote byCi for i = 1, . . . , r1 the connected components ofS∗
1 .

We split the hypostable setS∗
1 into S∗

1,1, . . . , S
∗
1,k stable sets by the following procedure :

v ∈ S∗
1,1 if and only if there existj ≤ r1 such thatv ∈ Cj andw(v) = maxx∈Cj

w(x).
In other words,S∗

1,1 consists of the set of elements of each connected component which
have the largest weight. Then, we deleteS∗

1,1 from S∗
1 and we repeat the procedure until

S∗
1 is empty. Then, we repeat the procedure onS∗

2 until we obtain a complete coloring.
We know by construction that there exists at mostk such stable sets fromS∗

i sinceG is
(k + 1)-clique free (we can also haveS∗

i,k = ∅ for somei ≤ r). We show that we have for
i = 1, . . . , r and forj = 1, . . . , k :

w(S∗
i,j) ≤

w(S∗
i )

j
(8)

We only prove the result fori = 1 since it suffices to deleteS∗
1 from G to obtain the result

for i = 2 and so on. Ifj = 1, the result is trivial. Letj ≤ k be an integer such that
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w(S∗
1,j) 6= 0 (otherwise, the result is again trivial) ; denote byvj a node ofS∗

1,j verifying
w(vj) = w(S∗

1,j). By construction, there exists in the hypostable setS∗
1 aj-cliqueKj such

that vj ∈ Kj and for any other nodev of Kj we havew(v) ≥ w(vj). Thus, we obtain
j w(vj) ≤

∑
v∈Kj

w(v) ≤ w(S∗
1).

Finally, we sum the inequality (8) over alli, j and we obtain the expected result.2

Remark 11.3 This bound is best possible. ConsiderG = ∪k
i=1Ki whereKi is a com-

plete graph oni nodes and for any nodev of Ki, we setw(v) = k!/i. We have exactly
Π(G, max) = Hk Π(G, clique, sum).

We conclude this subsection with an inequality on the size ofany optimalP -hypocoloring
S∗ of G with respect to criterionmax (i.e., K̂(S∗) = Π(G, P, max)) ; thus, in this case
the cost of aP -hypostable setS is w(S) = maxx∈Sw(x). We will need some additional
notations : we denote byq = χP (G) the quantityΠ(G, P, max) when all weights ofG are
equal to one. We also respectively denote by|S∗| and|w| the size of the solutionS∗ and
the size of the weight functionw (i.e., the number of different values take byw). Then,
we have :

Proposition 11.4 Let G = (V, E, w) be a weighted graph withw(v) > 0 for any node
v ; every optimalP -hypocoloringS∗ = (S1, . . . , Sk) of G with respect to criterionmax
such thatw(S1) ≥ . . . ≥ w(Sk) satisfies :w(Si) > w(Si+q−1), for anyi 6 k − q. Thus,
we have :

|S∗| ≤ 1 + |w|(χP (G) − 1) (9)

Proof : Let S∗(S1, . . . , Sk) be an optimalP -hypocoloring ofG with respect to criterion
max. Assume now thatq = χP (G) > 2 ; choose the smallesti such thatw(Si) = . . . =
w(Si+q−1) > w(Sk). We havei 6 k − q by assumption. NowSi ∪ Si+1 ∪ . . . ∪ Sk

generates a subgraphG′ of G ; we have thereforeχP (G′) 6 χP (G) = q since the property
is hereditary, so there exists aP -coloring (S ′

i, . . . , S
′
i+q−1) of G′ (with i + q − 1 < k).

Assumingw(S ′
i) > w(S ′

i+1) > . . . > w(S ′
i+q−1) we havew(S ′

i) = w(Si) andw(S ′
i+s) 6

w(S ′
i) = w(Si+s) for s = 1, . . . , q − 1 since the criterion ismax. SettingS ′

j = Sj for
j = 1, . . . , i − 1 we get an(i + q − 1) P -coloringS ′ = (S ′

1, . . . , S
′
i+q−1) of G with

K̂(S ′) < Π(G, P, max) which is a contradiction. 2

Most of the results established in previous sections can be transposed toΠ(G, P, sum)
and sometimes toΠ(G, P, max). Namely the approximation results and the properties of
the size (or the value) of optimal solutions.
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12 Conclusion

Further research will be needed in several directions to explore the field of hypocolo-
rings. Batch scheduling is a motivation for this purpose, there are also several theoretical
aspects which are of interest. For instance, finding in a bipartite graph a2-hypocoloring
with minimum cost (among those which use at most two colors) is an open problem to our
knowledge (an optimum hypocoloring in such a graph may have more than two colors) or
establishing complexity results for trees without restriction on the maximum degree.

In addition, heuristics for general graphs should be designed and tested. We hope that
the initial results derived in this paper will be a first step along this line of development.
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