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Abstract

Gale and Shapley introduced a matching problem between two sets of agents where each
agent on one side has an exogenous preference ordering over the agents on the other side.
They defined a matching as stable if no unmatched pair can both improve their utility by
forming a new pair. They proved, algorithmically, the existence of a stable matching. Shapley
and Shubik, Demange and Gale, and many others extended the model by allowing monetary
transfers. We offer a further extension by assuming that matched couples obtain their payoff
endogenously as the outcome of a strategic game they have to play in a usual non-cooperative
sense (without commitment) or in a semi-cooperative way (with commitment, as the outcome of
a bilateral binding contract in which each player is responsible for his/her part of the contract).
Depending on whether the players can commit or not, we define in each case a solution concept
that combines Gale-Shapley pairwise stability with a (generalized) Nash equilibrium stability.
In each case, we give the necessary and sufficient conditions for the set of stable allocations to be
non-empty, we study its geometry (full/semi-lattice), and provide an algorithm that converges to
its maximal element. Finally, we prove that our second model –with commitment– encompasses
and refines most of the literature (matching with monetary transfers as well as matching with
contracts).

Keywords. Stable Matching · Generalized Nash Equilibrium · Zero-sum Games · Potential Games · Infinitely

repeated Games · Matching with Contract · Matching with Transfer

1 Introduction

The Gale and Shapley [15] two-sided market matching problem consists in finding a “stable” pairing
between two different sets of agents M and W given that each agent on one side has an exogenous
preference ordering over the agents on the other side.

The marriage problem focuses on a coupling µ that associates to each agent on one side, to
at most one agent on the other side. The coupling µ is stable if no uncoupled pair of agents
(m,w) ∈M ×W , both prefer to be paired together rather than with their partners in µ. Gale and
Shapley [15] used a “propose-dispose”, also called “deferred-acceptance”, algorithm to prove the
existence of a stable matching for every instance. Knuth [23] proved a lattice structure over the set
of stable matchings (mentioned in Gale and Shapley [15]). Gale and Sotomayor [16] showed that
the algorithm in which men are proposing outputs the best stable matching for men.

Shapley and Shubik [35] extended the model by allowing monetary transfers. Demange and
Gale [11] considered more general utility functions for money (non-quasi-linear), allowed monetary
transfers on both sides (from buyer to seller and vice-versa) and proved that the set of stable
allocations has a lattice structure (non-emptiness of this set has been proved in [10, 32]). Hatfield
and Milgrom [20], extended the Demange-Gale model to a one-to-many setting by allowing couples
to sign a “binding contract”. Under monotonicity assumptions allowing the use of Tarski’s fixed
point theorem, they proved that the set of stable allocations is a non-empty lattice.1. Chiappori and

1A pioneering article in the extension of Gale-Shapley’s model to a many-to-many was made by Blair [6], studying
the case in which workers and firms must form partnerships (workers can work in several firms at the same time). It
studied the lattice structure of the set of stable allocations with salaries, extending [22] and [23]
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Reny [9] studied a model where men and women must form couples and, simultaneously, determine
a sharing rule for splitting their total income.

In real life bilateral markets, to be attractive, an agent can take actions that cannot be modeled
by monetary transfers. When a firm hires a worker, it can combine the monetary transfer with
employee perks: medical insurance, gym, extra time-off, flexible schedule, childcare assistance.
The worker can promise to be flexible, work hard, learn new technologies, and be respectful of
the company code of conduct. When a university hires a professor, it can reduce or increase its
teaching duties, requires a minimum number of top publications, ask for some responsibilities in
the department, etc. The professor can promise or not to publish in top journals, be an excellent
teacher, apply to/win grants, accept some responsibilities, organize a seminar, and supervise Ph.D.
students. All those actions are individual decisions that can be put explicitly or implicitly in a
contract but each agent is responsible regarding her own part of the contract. Each agent will do
what is needed to be accepted by the other party and will refuse to engage if he/she judges the
partner’s proposition is insufficient.

To model this, we extend the above matching models by supposing that individual members of
a couple (i, j) ∈M ×W , obtain their payoffs as the output of a strategic game Gi,j = (Xi, Yj , Ui,j ,
Vi,j), that they have to play, where Xi is i’s action/strategy set, Yj is j’s action/strategy set, and
Ui,j, Vi,j : Xi×Yj → R are the utility functions of i and j, respectively. Hence, if i and j are married,
i chooses to play xi and j chooses to play yj, i’s and j’s final utilities are Ui,j(xi, yj) and Vi,j(xi, yj),
respectively. An outcome/allocation of the matching game, called a matching profile, is a triple
(µ, x, y) with µ a matching between M and W , x = (xi)i∈M ∈

∏

i∈M Xi a strategy profile for all
agents in M , and y = (yj)j∈W ∈

∏

j∈W Yj a strategy profile for all agents in W . For example, a
matching problem with linear transfers can be represented by a family of constant-sum games where
the set of strategies are Xi = Yj = R

+, and the payoff functions are Ui,j(xi, yj) = −xi + yj + ai,j
and Vi,j(xi, yj) = xi − yj + bi,j, with ai,j and bi,j representing the utility of being with the partner
when there is no transfer.

Suppose that some centralized or decentralized process leads to a matching profile where agents
(men/women or workers/firms) are matched in pairs and each matched player is intended to play
some action. We want to formulate the necessary conditions for that matching profile to be sustain-
able. We will consider two static stability notions which depend on the players’ level of commitment
before they play their game. This is in line with the literature on matching which does not describe
the precise process but rather defines a static notion of stability and proves, using for example
a “propose-dispose” algorithm, the existence of such a stable allocation. Each algorithm can be
interpreted as a process that converges to some particular stable matching. For example, in the
Gale-Shapley model, their propose-dispose process converges to the best stable matching for the
proposer side.

The first studied case is when a matched couple (i, j) cannot commit, i.e. they cannot sign
a binding contract before they play their game. In this case, for the players not to deviate
from the intended actions, these last must constitute a Nash equilibrium of Gi,j . Thus, a matching
profile (µ, x, y) will be called Nash stable if (a) all matched couples play a Nash equilibrium of their
game (i.e. the matching profile is internally Nash stable (Definition 3.1)) and (b) no pair of agents
(i′, j′), that are not already a couple, can jointly deviate to some Nash strategy profile (x′i′ , y

′
j′)

in their game Gi′,j′ that Pareto improve their payoffs (i.e. the matching profile is externally Nash
stable (Definition 3.2)). This last condition is a natural extension of the Gale-Shapley pairwise
stability condition. Using a propose-dispose algorithm, it is proved that whenever all games Gi,j

admit a non-empty compact set of Nash equilibria, a Nash stable matching profile exists. In
addition, a semi-lattice structure holds: the maximum between two Nash stable matching profiles
with respect to men’s preferences (resp. women’s preferences) is Nash stable. Of course, when all
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games Gi,j have a unique Nash equilibrium payoff (as in strictly competitive games), the model
becomes a classical Gale-Shapley problem and so, the usual lattice structure is recovered.

It is important to remark that games with linear transfers, like the ones described above, are
constant-sum games where the unique Nash equilibrium is (x∗i , y

∗
j ) = (0, 0), as the null transfer is

a strictly dominant strategy. For positive transfers to occur, players must be able to commit. This
is implicitly assumed in the literature of matching with transfers.

The second studied case corresponds to the one in which players can commit (e.g. by sign-
ing binding contracts or because the game is infinitely repeated and so any deviation
from the agreed stationary strategy profile at some stage is immediately punished the
next stage by a break of the relation). A matching profile (µ, x, y) is called externally stable
(Definition 4.1) if no pair of agents (i, j) /∈ µ can jointly deviate to some strategy profile (x′i, y

′
j) in

their game Gi,j that Pareto improves their payoffs. A similar propose-dispose algorithm to the one
without commitment allows us to prove that, if all the strategic games Gi,j have compact strategy
spaces and continuous payoff functions, the matching game admits an externally stable matching
profile. As above, a semi-lattice structure holds as well: the maximum between two externally
stable matching profiles with respect to men’s preferences (resp. women’s preferences) is externally
stable. Even more, when all games Gi,j are constant-sum games (or more generally, are strictly
competitive games) a lattice structure holds. This extends Shapley-Shubik’s and Demange-Gale’s
models as they are particular instances where the games Gi,j are strictly competitive.

As the players must be choosing their actions optimally, a constrained Nash equilibrium
condition must naturally hold. An externally stable matching profile (µ, x, y) is internally stable
(Definition 5.1) if any profitable deviation of a player in its game decreases the partner’s payoff
below his/her market outside option. Said differently, fixing yj, xi maximizes i’s payoff under
the constraint of participation by j, and vice-versa. Putting all together, our solution concept
combines a cooperative notion (Gale-Shapley pairwise stability) with a non-cooperative notion (a
generalized Nash equilibrium). A similar solution concept is used in network formation games:
fixing the network each player’ action must maximize its payoff, and for each link in the network,
both players must agree to from that link (see Jackson and Wolinsky [21], Bich and Morhaim [5]).
Our model can be seen as a particular network game model where only bi-party graphs are possible
and a link is formed if a man and a woman agree to match.

We define a class of strategic games (called feasible games (Definition 5.6)) which admit con-
strained Nash equilibria (Definition 5.5) for any pair of outside options and prove that: (a) when
all games Gi,j are feasible, a new algorithm, if it converges, reaches an externally and internally
stable matching profile and (b) this new algorithm converges when all games are constant-sum,
strictly competitive, potential or infinitely repeated, as well as a combination of those games. As
strictly competitive games are feasible, Shapley-Shubik’s and Demange-Gale’s results are recovered
and refined.

There are different ways of associating a strategic game to a Shapley-Shubik’s [35], a Demange-
Gale’s [11] or a Hatfield-Milgrom’s [20] model. Our external stability notion always coincides with
their pairwise stability, but each strategic game modeling induces, thanks to internal stability, a
different selection among the pairwise stable outcomes. For example, suppose that in Shapley-
Shubik’s model, there is only one seller and one buyer, the seller has cost c for the house and the
buyer has a value v for it. If v < c, there is no possibility of trading. Otherwise, the surplus
v − c is positive and any price p between c and v corresponds to an externally stable matching
profile. If the strategic interaction between the buyer and the seller is an ultimatum bargaining
game [1] where the seller is the first proposer (resp. the seller is the first proposer), the externally
and internally stable selected outcome is p = v (resp. p = c). On the other hand, if the strategic
interaction is modeled by the Rubinstein alternating offers bargaining game [30] with equally patient
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players, the externally and internally stable outcome is the Nash bargaining solution p = (v− c)/2.
Therefore, different bargaining games between buyers and sellers induce, due to internal stability,
different sharing of the surplus. This is not modeled in the standard literature with transfers and
is, probably, the main contribution of our paper. The paper is structured as it follows: Section 2
introduces the model of matching games and its allocations. Section 3 continues with the stability
model without commitment while Sections 4 and 5 study the stability model with commitment. In
both models the existence and computation of stable allocations is presented, as well as a study
of the (full/semi) lattice structure of the set of solutions. Feasible games and constrained Nash
equilibria, probably the main technical and conceptual contribution of this article, are presented in
Section 5. Section 6 explains a possible application of our model to the electricity market. Section
7 concludes the article by discussing some further extensions. Finally, the appendix contains the
missing proofs and many additional results.

2 Model and definition of a matching profile

Along with the paper, we consider two finite sets of agents M and W that we refer to as men
and women. But, as in the Gale-Shapley, we expect our model to be useful in many applications
(doctors/hospitals, buyers/sellers, firms/workers, etc). The cardinals of M and W are denoted |M |
and |W | respectively, and typical elements are denoted i ∈M and j ∈W .

Definition 2.1. A matching µ is a mapping between M and W where each agent on one side is
matched to at most one agent on the other side. If i ∈ M and j ∈ W are matched in µ, we will
denote indistinctly j = µi or i = µj.

When a couple (i, j) ∈ M ×W forms, they get their payoffs as the output of a strategic game
Gi,j := (Xi, Yj , Ui,j , Vi,j), where Xi, Yj are the strategy sets of man i and woman j, respectively,
and Ui,j, Vi,j : Xi×Yj → R are their payoff functions. Denote by X :=

∏

i∈M Xi and Y :=
∏

i∈W Yi
the spaces of strategy profiles. Further assumptions (such as compactness and continuity) over the
strategy sets and payoff functions will be specified later.

Definition 2.2. A men action profile (resp. women action profile) is a vector x = (x1, ..., x|M |)
∈ X (resp. y = (y1, ..., y|W |) ∈ Y ). A matching profile is a triple π = (µ, x, y) in which µ is a
matching, x is a men action profile and y is a women action profile.

Given a matching profile π = (µ, x, y), the players utilities are defined by ui(π) := Ui,µi
(xi, yµi

),
∀i ∈M , vj(π) := Vµj ,j(xµj

, yj), ∀j ∈W , as basically, the payoff obtained in the game played against
the partners. As M and W may have different sizes, some agents may remain single. It is natural
to suppose that each agent has a utility of being single, and that this utility is also his/her indi-
vidually rational payoff (IRP): he/she accepts a partner only if the payoff of their game is at
least his/her IRP. Formally, each man i ∈M (resp. j ∈W ) will be attributed a value ui ∈ R (resp.
vj ∈ R), which constitutes the utility of being single. As usual, we extend the agent sets M and
W by adding to each of them the so called empty players i0, j0 who, in the algorithms, follow
the following rules: (1) empty players can be matched with as many agents as needed, but never
between them and (2) any player matched with an empty player receives his/her IRP as payoff.
We denote M0 =M ∪ {i0} and W0 =W ∪ {j0}.

Definition 2.3. A tuple Γ = (M0,W0, (Gi,j)i,j∈M×W , u, v) will be called a matching game.

To illustrate our model, we consider the three following leading examples.
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Example 1. Consider a matching game with only one man i and one woman j, both having strictly
positive IRPs ui = vj = δ > 0. Suppose that if they agree to match, they play a constant-sum game
Gi,j = (R+,R+, Ui,j , Vi,j) with Ui,j(xi, yj) = 10δ− xi + yj, Vi,j(xi, yj) = xi− yj, for xi, yj ≥ 0. The
utility function of the man represents his a basic utility of 10δ from being married with j minus the
money xi he pays plus the money yj he receives. The utility of the women is the money transfer
she gets xi minus the money transfer she pays yj (her basic utility to is zero). Hence without
transfers, i is 10 times happier if he is matched with j compared to being single, while j is worse
off. Pareto-optimal outcomes are: i offers a money transfer xi ∈ [δ, 9δ] to j and she accepts being
married with him.

Example 2. Consider a matching game with only one man i and one woman j, both having
strictly positive IRPs ui = vj = δ > 0. Suppose that if they agree to match, they play the following
prisoners’ dilemma Gi,j ,

C B

C 2δ, 2δ 0, 3δ

B 3δ, 0 -δ,−δ

The Nash equilibrium of G cannot be a stable outcome as agents’ IRPs are higher than the payoff
they receive when both betray. On the other hand, if agents agree to match and to cooperate, both
end up being better off than remaining single.

Example 3. Consider a matching game with only one man i and one woman j, both having strictly
positive IRPs ui = vj = δ > 0. Suppose that if they agree to match, they play a coordination game:

A B

A 4δ, δ/2 0, 0

B 0, 0 δ/2, 4δ

None of the pure Nash equilibria of Gi,j can be stable, as one of the players is worst off than being
single.

In the sequel, we will obtain various predictions for the stable allocations of each example,
depending on the solution concept used to solve it. As in Gale-Shapley, we are interested in
matching profiles that satisfy a certain stability condition. In our model, the meaningful notion
depends on the players’ ability to commit. Hence, we consider two solution concepts, one without
binding contracts and a second with binding contracts. In the first solution concept, players cannot
be forced to respect the agreed actions, in the second, players can enforce the agreement by signing
a binding contract.

3 Model without commitment: Nash stability

Suppose i and j agree to match and intend to play respectively the actions xi and yj. If no specific
reason forces them to respect that agreement (no binding contracts, no possibility of future punish-
ment in repeated interaction) then, for (xi, yj) to be stable, it must constitute a Nash equilibrium
of Gi,j.

Definition 3.1. A matching profile π = (µ, x, y) is internally Nash stable if for any matched
couple (i, j) ∈ µ, (xi, yj) is a Nash equilibrium of Gi,j, that is (xi, yj) ∈ N.E(Gi,j).

Since each player can remain single or be coupled with a better partner, a pairwise stability
condition à la Gale-Shapley must also be satisfied for a matching profile to be stable.

5



Definition 3.2. A matching profile π = (µ, x, y) is externally Nash stable if,

(a) For any i ∈M and j ∈W , ui(π) ≥ ui and vj(π) ≥ vj ,

(b) There is no (i, j) ∈M ×W , not matched between them by µ, and no Nash equilibrium (x′i, y
′
j) ∈

N.E(Gi,j) such that Ui,j(x
′
i, y

′
j) > ui(π) and Vi,j(x

′
i, y

′
j) > vj(π).

Condition (a) above says that no matched agent wants to break his/her couple and remain single.
Condition (b) says that π does not admit Nash-blocking pairs, i.e. there is no pair (i, j) ∈M ×W ,
not matched by µ, that can be paired and play a Nash equilibrium in their game that strictly
improves their payoffs in π. A matching profile that is externally and internally Nash stable will
be called Nash stable.

3.1 Existence and computation of Nash stable allocations

The next theorem proves that, under the usual Nash equilibrium existence conditions, a Nash stable
matching exists and can be computed algorithmically.

Theorem 3.1. If for any couple (i, j) the set of Nash equilibria of the game Gi,j is non-empty and
compact,2 and the payoff functions are continuous, then the set of Nash stable matching profiles is
also non-empty and compact.

Instead of proving directly Theorem 3.1, we prove a more general result. Suppose that each
potential couple (i, j) is restricted to choose their contracts from Ci,j ⊆ Xi×Yj. A matching profile
will be externally stable with respect to the sets Ci,j if no pair of agents (m,w) can match together,
play a contract in their set Cm,w, and increase strictly their payoff with respect to the ones in the
matching profile.

Theorem 3.2. If all sets (Ci,j : (i, j) ∈ M × W ) are non-empty and compact, and the payoff
functions are continuous, then there exists an externally stable matching profile with respect to the
sets Ci,j.

Theorem 3.1 is a corollary of Theorem 3.2 when considering Ci,j = N.E(Gi,j),∀(i, j). Indeed,
external Nash stability is guaranteed by the theorem, while internal Nash stability holds as all
couples are restricted to play only Nash equilibria. Theorem 3.2 is proved in two steps:

1. An algorithm is designed for computing an ε-approximation of an externally stable allocation.

2. As all the sets Ci,j are compact and the payoff functions are continuous, accumulation points as
ε→ 0 exist and any accumulation point is an externally stable matching profile.

The pseudo-code of the algorithm used in step 1 (Algorithm 1) is analogous to the first of the
two algorithms proposed by Demange, Gale, and Sotomayor [12]. Our propose-dispose algorithm
takes one of the sides (the men for the rest of the article) and asks its agents to propose, one
by one, a contract from the set C to the agents at the other side. A proposed agent, if already
matched, decides between keeping the current partner or replacing it by the proposer. Therefore,
each iteration of Algorithm 1 has two phases: a proposal and a competition. For a numerical
example, check Appendix J.

2Observe that if in all games Gi,j , the strategy sets are convex and compacts and the utility functions are own-
quasi concave and continuous or are discontinuous but better-reply-secure [33], then the set of Nash equilibria is
non-empty and compact.
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Algorithm 1: ε-Externally stable matching profile computation

1 Input: Γ = (M0,W0, (Gi,j : (i, j) ∈M ×W ), u, v) a matching game, ε> 0
2 Set M ′ ←M as the set of single men, and vj(π)← vj,∀j ∈W

3 while M ′ 6= ∅ do
4 Let i ∈M ′. Compute his optimal proposal

(j, x, y) ∈ argmax{Ui,j(x, y) : Vi,j(x, y) ≥ vj(π) + ε, j ∈W0, (x, y) ∈ Ci,j}

5 if j is single then
6 i is automatically accepted. Come back to step 3

7 else
8 i and µj compete for j as in a second-price auction. The winner passes to be the

new partner of j and the loser is included in M ′. Come back to step 3

• Proposal phase. Let i ∈M ′ be a proposer man. Given the current matching profile π (initially
empty), the one generates a women’s payoff vector v(π) = (vj(π))j∈W , i computes his optimal
proposal as,

(j, x, y) ∈ argmax {Ui,j(x, y) : Vi,j(x, y) ≥ vj + ε, j ∈W0, (x, y) ∈ Ci,j} (1)

Problem (1) is always feasible as i can always propose to j0. If j is single, i is automatically
accepted and the algorithm picks a new proposer in M ′.

• Competition phase. If the proposed woman j is matched, namely with a man i′, a competition
between i and i′ starts. In the stable marriage problem, the competition is the simple comparison
between the places that i and i′ occupy in j’s ranking. In our case, as agents have strategies, a
competition is analogous to a second-price auction. Let βi, βi′ be the lowest payoff that i and i′

are willing to accept for being with j (their reservation prices). i’s bid λi (and analogously the
one of i′) is computed by,

λi := max {Vi,j(x, y) : Ui,j(x, y) ≥ βi, (x, y) ∈ Ci,j} (2)

Then, the winner is the one with the highest bid. For ending the competition, the winner, namely
i, decreases his bid until matching the one of the loser. Formally, i solves,

max {Ui,j(x, y) : Vi,j(x, y) ≥ λi′ , (x, y) ∈ Ci,j} (3)

The loser is included in M ′ and a new proposer is chosen.

Remark 3.1. A defeated man i cannot propose right away to the same woman. This is crucial for
the convergence of the propose-dispose algorithm.

Remark 3.2. The output of the algorithm corresponds to an ε-approximation. This is in line with
the matching literature with transfer [12, 20, 22]. The problem of computing a 0-stable allocation
remains open, in our case as well as in the literature with transfers.

We focus in proving that Algorithm 1 ends in finite time and its output corresponds to a
matching profile ε-externally stable (Definition 3.3). Appendix C contains some required technical
results.
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Theorem 3.3. Algorithm 1 ends in finite time.

Proof. Since the strategy sets are compact and the payoff functions are continuous, they are
bounded. Proposition B.1 implies that the algorithm ends in a finite number of iterations.

Definition 3.3. Let π = (µ, x, y) be a matching profile. A pair (i, j) /∈ µ is an ε-blocking pair

if there exits a strategy profile (x′i, y
′
j) ∈ Ci,j such that Ui,j(x

′
i, y

′
j) > ui(π) + ε and Vi,j(x

′
i, y

′
j) >

vj(π) + ε. A matching profile is ε-externally stable if it does not have any ε-blocking pair.

Theorem 3.4. The matching profile π, output of Algorithm 1, is ε-externally stable.

Proof. Let (i, j) be an ε-blocking pair of the matching profile π := (µ, x, y). Let T be the last iter-
ation at which i proposed. In particular, i proposed to µi and not j, and for any posterior proposal
to µi, i won the competition. Since µi won all the posterior competitions, in particular ui(π) ≥
max{Ui,j′(x̄, ȳ) : Vi,j′(x̄, ȳ) ≥ vj′(π) + ε, j′ ∈ W0, (x̄, ȳ) ∈ Ci,j′} (Proposition B.2 and Proposition
B.3). Since (i, j) is an ε-blocking pair, there exists (x̄, ȳ) ∈ Ci,j such that Ui,j(x̄, ȳ)>ui(π) + ε and
Vi,j(x̄, ȳ)>vj(π) + ε. Then ui(π)<max{Ui,j′(x̄, ȳ) : Vi,j′(x̄, ȳ) ≥ vj′(π) + ε, j′ ∈W0, (x̄, ȳ) ∈ Ci,j′},
and we obtain a contradiction.

From the existence of ε-externally stable matching profiles, we are finally able to prove Theorem
3.2, passing through the compactness of the contract sets, continuity of payoff functions, and the
finiteness of players.

Proof. Theorem 3.2. Consider ε> 0. Let πε := (µε, xε, yε) be the output of Algorithm 1. By
Theorem 3.4, πε is a ε-externally stable matching profile. Consider a sequence of these profiles
(πε)ε with ε going to 0, and a subsequence (πεk)k such that (xεk , yεk)k converges to a fixed contract
(x, y), which exists as the sets (Ci,j : (i, j) ∈M ×W ) are compact.

Since there is a finite number of possible matchings, consider a subsubsequence (πεkl )l such that
µεkl = µ,∀l ∈ N, with µ a fixed matching. Since (xkl , ykl)→ (x, y) when l →∞, the sequence πkl
converges to π := (µ, x, y), with µ a complete matching and (x, y) a strategy profile. Moreover, as
εkl goes to 0, as for each l the matching profile πkl is εkl-externally stable, as the payoff functions
are continuous, and as, the definition of external stability only includes inequalities, π is externally
stable.

3.2 Lattice structure

In Gale-Shapley’s model, whenever each player’s preferences are strict, the set of pairwise stable
matching is a lattice. In our model, a semi-lattice structure is satisfied whenever Nash equilib-
rium payoffs are different across games, i.e. if w and w′ are two Nash equilibrium payoffs of
any player with some two different partners, then w 6= w′. This is satisfied when all games Gi,j are
generic bimatrix games.

Theorem 3.5. Let Γ be a matching game where all Nash equilibrium payoffs are different across
games. Then, the set of Nash stable allocations Π is a semi-lattice. Moreover, if all the games have
a unique Nash equilibrium payoff, then Π is a full lattice.

Proof. Let π = (µ, x, y), π′ = (µ′, x′, y′) ∈ Π be two Nash stable matching profiles. Consider the
new triple π∨ := (µ∨, x∨, y∨) defined by

µ∨i = argmax
{

Ui,µi
(xi, yµi

) ; Ui,µ′

i
(x′i, y

′
µ′

i
)
}

,∀i ∈M,

with the corresponding Nash equilibrium (x∨i , y
∨
µ∨

i
). As Nash equilibrium payoffs are different,
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partner and Nash equilibrium are uniquely defined when considering the maximum, so µ∨ is a
proposer matching profile. Even more, it is internally Nash stable as all couples play a Nash
equilibrium of their game. Regarding external Nash stability, suppose that an agent k ∈ M ∪W
gets less than his/her IRP in π∨. Then, in the respective matching π or π′, k also gets less than
his/her IRP, what is a contradiction. Let (i, j) /∈ µ∨ be a Nash-blocking pair of π∨, so there exists a
Nash equilibrium (x̄, ȳ) ∈ N.E(Gi,j) such that Ui,j(x̄, ȳ)>ui(π

∨) and Vi,j(x̄, ȳ)>vj(π
∨). From the

first inequality, it holds that Ui,j(x̄, ȳ)>ui(π), therefore Vi,j(x̄, ȳ) ≤ vj(π), as π is externally Nash
stable. Remark that vj(π

∨) is either equal to vj(π) or vj(π
′). Since Vi,j(x̄, ȳ)>vj(π

∨), it must be
that vj(π

∨) = vj(π
′). Then, as π′ is externally Nash stable, Ui,j(x̄, ȳ) ≤ ui(π

′), but this contradicts
that Ui,j(x̄, ȳ)>max{ui(π), ui(π

′)}.
Finally, suppose that all games have a unique Nash equilibrium. In this case, finding a Nash

stable matching profile is equivalent to finding a stable marriage problem using the Nash equilibrium
payoffs to determine the preferences of the agents, hence a full lattice holds.

Observe that constant-sum, and more generally strictly competitive games, whenever they have
a Nash equilibrium, the equilibrium payoff is unique.

As in Gale-Shapley’s model, we can show that the algorithm in which men propose and women
dispose converges to the best Nash stable matching for men.

Theorem 3.6. If all Nash equilibrium payoffs are different across games and ε is small enough,
the output of Algorithm 1, when Ci,j = N.E(Gi,j),∀(i, j) ∈ M ×W , is the highest element (with
respect to the proposer side) of the semi-lattice.

Proof. It follows from Theorem 4.3 as the identification property holds when Nash equilibrium
payoffs are all different.

Exchanging the roles of men and women when computing the maximum between two Nash
stable matching profiles, also outputs a Nash stable allocation. Even more, when all games have
a unique Nash equilibrium, the minimum between two elements in Π can be computed and the
result, (µ∧, x∧, y∧) for men and (ν∧, x∧, y∧) for women, also belongs to Π. In addition, as in Gale-
Shapley’s model, the duality property (µ∨, x∨, y∨) = (ν∧, x∧, y∧) and (µ∧, x∧, y∧) = (ν∨, x∨, y∨)
holds. Let us end this section by examining the prediction of Nash stability in our examples.

Example 1. Let π be a matching profile in Example 1. The only Nash equilibrium of the constant-
sum game Gi,j is xi = yj = 0, as any transfer xi > 0 (resp. yj > 0) is a strictly dominated strategy
for i (resp. for j). Thus, if π is internally Nash stable and players i and j are matched, their
payoffs are ui(π) = 10δ and vj(π) = 0, and then j prefers to be single and get δ > 0. Therefore, π
is (externally and internally) Nash stable if and only if the players remain single.

Example 2. The only Nash equilibrium of the prisoners’ dilemma is to play (B,B). Then, as both
players are better off being single than playing the equilibrium, the only Nash stable allocation is
the one in which players do not match.

Example 3. The coordination game Gi,j has three Nash equilibrium: two pure ones (A,A), (B,B),
and one mixed ((8/9, 1/9), (1/9, 8/9)), with (δ/9, δ/9) as payoff profile. As for the three Nash
equilibria at least one agent is worst off than being the single, once again, the only Nash stable
matching profile is the one in which players remain single.

The predictions found in the three examples are not Pareto-optimal. Indeed, for Example 1, i
can propose xi ≥ δ to j which she accepts. For Example 2, players can match and cooperate. In
Example 3, agents can match and play each strategy with equal probability. These three predictions
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are possible only if both agents believe that the other one will honor his/her promise, which is
implicit in the matching with transfer and matching with contract literature. The next section
studies the model where players can commit (for example by signing binding contracts).

4 Model with commitment: external stability

4.1 External stability and its existence

Suppose that partners within a couple can commit to playing a specific action profile before playing
their game. This allows them to enlarge their set of feasible contracts well beyond their set of Nash
equilibria. This leads naturally to the following stability notion.

Definition 4.1. A matching profile π = (µ, x, y) is externally stable if,

(a) For any i ∈M and j ∈W , ui(π) ≥ ui and vj(π) ≥ vj ,

(b) There is no (i, j) ∈M ×W , not matched by µ, and no (x′i, y
′
j) ∈ Xi×Yj such that Ui,j(x

′
i, y

′
j) >

ui(π) and Vi,j(x
′
i, y

′
j) > vj(π).

Compared to the external Nash stability defined in Section 3, the new condition (b) allows the
players to choose any feasible strategy profile without being restricted to a Nash equilibrium (or to
a non-dominated strategy). Let us see the impact of such a change in our leading example.

Example 1. Recall that in our Example 1 being single was the unique Nash stable matching profile.
That outcome is not externally stable (in the sense of Definition 4.1) because being married and
playing, for example, xi = 4δ, yj = 2δ, increases strictly the payoff of both agents. In fact, the
set of externally stable matching profiles corresponds to Pareto-optimal allocations in which i and
j match and it holds δ ≤ xi − yj ≤ 9δ. This is exactly the prediction of Shapley-Shubik’s and
Demange-Gale’s models.

Example 2. Similarly for Example 2, being single is not externally stable as matching and co-
operating improves strictly the payoff of both agents. For simplicity of the computations, assume
that both agents cooperate with probability x and betray with probability (1 − x). Then, the set of
(symmetric) externally stable allocations corresponds to all the matching profiles in which players
are matched and x ≥ 1/2.

Example 3. As for the previous two examples, being single is externally unstable. Once again
for simplifying the computations, assume that both agents play their most preferred option with
probability x. Then, the set of (symmetric) externally stable allocations corresponds to all the
matching profiles in which players are matched and x ∈ [1/3, 2/3].

As for Nash stable allocations, Algorithm 1 can be used for computing ε-approximations, when
considering Ci,j = Xi × Yj , for any (i, j) ∈M ×W . For a numerical example, check Appendix J.

Theorem 4.1. For any matching game with compact strategy sets and continuous payoff function,
there always exists an externally stable matching profile.

Proof. Corollary of Theorem 3.2 when considering Ci,j = Xi × Yj for any (i, j) ∈M ×W .
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4.2 On the semi-lattice structure

As for Nash stable allocations, a partial lattice structure is also satisfied by the set of externally
stable allocations. However, to be able to define a proper order between matching profiles, an
identification property is needed.

Definition 4.2. Let π = (µ, x, y) and π′ = (µ′, x′, y′) be two externally stable matching profiles. We
say that π and π′ satisfy the identification property if whenever a man/woman has the same util-
ity in both matching, he/she has the same woman/man in both. That is, ∀i ∈M, if Ui,µi

(xi, yµi
) =

Ui,µ′

i
(x′i, y

′
µ′

i
), then µi = µ′i, and analogously for women.

The identification property is satisfied by Gale-Shapley’s discrete model with strict preferences.
It is also satisfied “generically” speaking, in the sense that if we discretize the strategy spaces and
perturb the payoff functions, then Definition 4.2 holds for any pair of matchings profiles and so, for
any pair of externally stable matchings profiles. In particular, it is satisfied by the model without
binding contracts when all games have different Nash equilibrium payoffs.

The identification property is also satisfied by Demange-Gale’s [11] model with transfers and is
crucial in their lattice structure proof. Indeed, given two matching profiles π1, π2, consider the sets
of agents that prefer matching 1, matching 2, or are indifferent, respectively by,

P 1 := {i ∈M : ui(π
1)>ui(π

2)}, Q1 := {j ∈W : vj(π
1)>vj(π

2)}

P 2 := {i ∈M : ui(π
2)>ui(π

1)}, Q2 := {j ∈W : vj(π
2)>vj(π

1)}

P 0 := {i ∈M : ui(π
1) = ui(π

2)}, Q0 := {j ∈W : vj(π
1) = vj(π

2)}

(4)

Demange and Gale proved that agents in P 1 are assigned with agents in Q2, and those in P 2 with
the ones in Q1. This works in their model because every time an agent increases its payoff, its
partner’s payoff decreases (see Sections 4.3 and 4.4 below).

Consider the new triple π∨ := (µ∨, x∨, y∨) defined by

µ∨i = argmax
{

Ui,µi
(xi, yµi

) ; Ui,µ′

i
(x′i, y

′
µ′

i
)
}

,∀i ∈M,

with the corresponding strategy profile (x∨i , y
∨
µ∨

i
) (which is uniquely defined when a man is not

married to the same woman, and can be chosen arbitrarily otherwise).

Theorem 4.2. Under the identification property, (µ∨, x∨, y∨) is a matching profile and is externally
stable.

Proof. The proof has two steps. We first prove that µ∨ is a matching and then, that the triple
(µ∨, x∨, y∨) is externally stable. For the first part, let i, k ∈M be two men such that µ∨i = µ∨k = j,
with j 6= j0. Suppose j = µi = µ′k. It follows,

j = argmax
{

Ui,j(xi, yj) ; Ui,µ′

i
(x′i, y

′
µ′

i
)
}

= argmax
{

Uk,µk
(xk, yµk

) ; Uk,j(x
′
k, y

′
j)
}

Then j 6= µk, and so Uk,µk
(xk, yµk

) < Uk,j(x
′
k, y

′
j) by the identification property. Since π′ is

externally stable, it must hold that Vk,j(x
′
k, y

′
j) > Vi,j(xi, yj), otherwise (i, j) would block π′ using

(xi, yj) (observe that Vk,j(x
′
k, y

′
j) 6= Vi,j(xi, yj) by the identification property). Consequently, as π

is externally stable, it must hold that Uk,j(x
′
k, y

′
j) <Uk,µk

(xk, yµk
), otherwise (k, j) blocks π using

(x′k, y
′
j). This contradicts that j = argmax{Uk,µk

(xk, yµk
);Uk,j(x

′
k, y

′
j)}. Thus µ

∨ is a matching.
Regarding external stability, suppose (i, j) is a blocking pair for (µ∨, x∨, y∨), using the strategy

profile (s, t). In particular it holds Ui,j(s, t)>max{Ui,µi
(xi, yµi

);Ui,µ′

i
(x′i, y

′
µ′

i
)}. Let us call this last

11



inequality (MI). Suppose j = j0. If µi 6= j0 (resp. if µ′i 6= j0) then µ (resp. µ′) is not externally
stable because i prefers being single to his partner in µ (resp. in µ′): a contradiction with the
external stability of µ (resp. µ′). Otherwise, µi = µ′i = j, which is also a contradiction with (MI).
Hence j 6= j0. Let i

′ be the partner of j in π∨. Then, (i′, j) are together in one of the matchings µ
or µ′, and (i, j) can block it using the strategy profile (s, t): a contradiction. Thus (µ∨, x∨, y∨) is
externally stable.

If µ∧ denotes the min operation matching in which each man is coupled with his worst woman
between π and π′, the output is not necessarily an externally stable matching. In that sense, we
only have a semi-lattice structure. The semi-lattice structure remains valid if we exchange the roles
of men and women: if ν∨ gives to each woman her best man between µ and µ′, the output is an
externally stable matching profile. Finally, note that the classical equality between the max for
men/min for women operations in the Gale-Shapley model does not hold in our model (µ∧ 6= ν∨).
Quite the opposite can be true. For example if all (Gi,j)i∈M,j∈W are common-interest games, the
max for men coincides with the max for women (ν∨ = µ∨). The next theorem proves that Algorithm
1, when Ci,j = Xi × Yj ,∀(i, j) ∈M ×W , converges to the “best” ε-externally stable matching for
men if ε is small enough.

Theorem 4.3. If the identification property holds and ε is small enough, then the output of Algo-
rithm 1, when Ci,j = Xi × Yj,∀(i, j) ∈M ×W , is men ε-optimal.

Proof. From Lemma C.2, along all iterations of Algorithm 1, given a man i ∈ M , his best stable
woman wi is always feasible for him. Therefore, i’s final payoff is bounded from below by the one he
can get with wi. Since this is also the maximum payoff that men can get in an ε-externally stable
matching profile, we conclude that all men obtain their highest possible payoff under ε-external
stability.

Let us end this section by observing that arguments similar to [13] allows us to show that, under
the identification property and for small enough values of ε, Algorithm 1 is strategy-proof on men’s
side: if men revealed their utility functions to a designer who runs the algorithm, men’s ε-dominant
strategy is to submit their true utility functions, that is, by lying they will not increase their payoff
by more than ε. Going to the limit implies the existence of a strategy-proof externally-stable
matching profile for men (and so also for women).

4.3 Constant-sum and strictly competitive games

Suppose in this subsection that all the family of games Gi,j ,∀i ∈ M, j ∈ W , are zero-sum games,
that is, for any couple (i, j) it holds that Ui,j(·, ·) = −Vi,j(·, ·) = gi,j(·, ·). This implies that
the identification property holds and moreover, we recover a full lattice structure over the set of
externally stable matching profiles Π. Indeed, let π, π′ ∈ Π and their minimum π∧ := (µ∧, x∧, y∧)
defined by,

µ∧i := argmin{Ui,µi
(xi, yµi

);Ui,µ′

i
(x′i, y

′
µ′

i
)},∀i ∈M

:= argmin{−Vi,µi
(xi, yµi

);−Vi,µ′

i
(x′i, y

′
µ′

i
)},∀i ∈M

:= argmax{Vi,µi
(xi, yµi

);Vi,µ′

i
(x′i, y

′
µ′

i
)} = ν∨i ,∀i ∈M

Notice that the computations made for µ∧ still hold if the payoff function gi,j is composed with
a strictly monotone function Ui,j = φi,j(gi,j) for player i and Vi,j = ψi,j(gi,j) for player j (see
Appendix C.2 for the details). This allows us to extend the lattice structure to strictly competitive
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games à la Aumann in which, whenever i’s payoff increases (resp. decreases), j’s payoff decreases
(resp. increases) and vice-versa.3

4.4 Shapley-Shubik, Demange-Gale and Hatfield-Milgrom models

Shapley-Shubik’s model [35] consists of a housing market with buyers and sellers, where each seller
has a house to sell and each buyer is interested in buying a house. A solution to this problem is
a pair (µ, p), with µ a matching between sellers and buyers, and p a vector of positive monetary
transfers from buyers to sellers. Each seller i ∈ S, has a cost of her house ci, and each buyer j ∈ B,
has a valuation hi,j for j’s house. If seller i sells her house to j at price pi ≥ 0, their payoffs are
Ui,j(pi) = pi − ci and Vi,j(pi) = hi,j − pi, respectively. Demange and Gale [11] generalized the
problem as follows: If two agents i, j are paired, their payoffs are given by some strictly increasing
and continuous payoff functions φi,j(t) for i, and ψi,j(−t) for j, with t ∈ R being the net transfer
from i to j (t ≥ 0 means that j pays t to i and t ≤ 0 means that i pays −t to j). Demange and
Gale also assumed each player is given an IRP.

Demange-Gale’s model can be mapped into a matching game in which all couples play strictly
competitive games in the class S3 as it follows. Let Gi,j = (Xi, Yj , Ui,j , Vi,j), with Xi = Yj = R+,
Ui,j(xi, yj) = φi,j(yj − xi) and Vi,j(xi, yj) = ψi,j(xi − yj), for any (i, j) ∈ M ×W . Notice that
payoffs are obtained as a monotone transformation of the zero-sum game in which player i gets
g(xi, yj) = yj − xi and player j gets −g(xi, yj) = xi − yj. Consequently, the results of the previous
section (see also Appendix C.2) apply to this problem to recover the existence of externally stable
matching and their lattice structure.4

Finally, Hatfield and Milgrom’s model [20] consists of two groups of players that should match
and sign a contract x from a set X. Appendix A shows that their model can be mapped into a
matching game model and vice-versa.

Remark 4.1. Observe that the unique Nash equilibrium of the underlying strictly competitive games
is x∗ = y∗ = 0: no monetary transfers in the Demange-Gale’s problem (or zero prices in the
Shapley-Shubik housing market). Hence, the internal Nash stability prediction is incompatible with
the matching models with transfer prediction. As will be seen in the next section, this is not the
case with our new notion of internal stability.

5 Model with commitment: external-internal stability

5.1 Internal stability

Now that we have defined and characterized the set of externally stable matching profiles, we can
introduce the main novelty of our paper.

Definition 5.1. An externally stable matching profile π = (µ, x, y) is internally stable if for
any couple (i, j) matched by µ and any (si, tj) ∈ Xi × Yj , it holds,

(a) If Ui,j(si, yj) > ui(π) then, (µ, ((xi′)i′ 6=i, si), y) is not externally stable,

(b) If Vi,j(xi, tj) > vj(π) then, (µ, x, ((yj′)j′ 6=j, tj)) is not externally stable.

3Aumann [3], who introduced monotone games, also defined the class S in which payoff functions are obtained via
monotone transformations of a zero-sum game. Although he conjectured that S must cover all strictly competitive
games, the proof is only known for finite games [2].

4Remark that, even if the strategy sets in the Demange-Gale matching game are not compact, as transfers are
naturally bounded by players’ valuation or by the individually rational payoffs, the problem can easily be compactified.
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When a matching profile is externally and internally stable, it will be called stable.

Condition (a) says that if a matched man i has a profitable deviation in his game, he cannot
switch to it otherwise his partner would not accept to sign the contract. Indeed, she would prefer
her outside option or another partner instead. The second condition is the dual property for the
woman. This can be written as a generalized Nash equilibrium condition subject to a participation
constraint: players must choose contracts that maximize their payoff under the constraint that the
partners still agree to sign the contract (Section 5.3).

An interesting family of strategic games in which the output of our previous algorithm is not
only externally stable but also internally stable is the class of csommon interest games, in which
Ui,j = Vi,j for any couple (i, j) ∈ M ×W , as when a man maximizes his payoff, he also does it
for the partner. In general, however, the constructed externally stable matching profile will not
be internally stable. We will see in the next sections how, under some assumptions on the family
of strategic games, one can, from any externally stable matching, construct an (externally and
internally) stable one. Let us see the impact on internal stability in some examples.

Example 1. Comeback again to our first leading example. External stability implies that players
match and δ ≤ xi − yj ≤ 9δ. If xi − yj > δ decreasing slightly xi increases i’s payoff and does not
violate the participation constraint of j. Thus, internal stability implies that xi− yj = δ. If yj > 0,
decreasing slightly yj increases j’s payoff without violating the participation constraint of i. Thus,
a matching profile is externally and internally stable if and only if i and j agree to match, xi = δ
and yj = 0. This “intuitive” solution refines the continuum set of predictions of Shapley-Shubik
and Demange-Gale.

Example 2. Consider again the prisoners’ dilemma matching game example. The only symmetric
externally and internally stable allocation is the one in which agents are matched and cooperate with
probability 1/2. Indeed, both receive exactly δ as a payoff and any profitable deviation decreases the
partner’s payoff below his/her IRP, breaking the couple.

Example 3. Consider again the cooperation matching game example. We find two symmetric
externally and internally allocations, both of them with the players matched. In the first one each
player plays the most preferred option with probability 2/3 while in the second one, each player
plays the least preferred option with probability 2/3. In both cases, both agents receive exactly δ as
a payoff and any profitable deviation decreases the partner’s payoff below his/her IRP, breaking the
couple.

Example 4. Consider a market with n buyers who can commit to a monetary transfer and one
seller of an indivisible good. Buyer i = 1, ..., n has a value vi for the good, and the seller the
reservation price c. If the seller accepts to contract with i at price pi, i’s utility is vi − pi and
the seller’s utility is pi − c. Suppose v1 > v2 ≥ ... ≥ vn. If c > v1 the unique stable allocation
is when all the players remain single (given a price and a buyer, or the seller refuses to sell and
the buyer refuses to buy). If v1 ≥ c, external stability implies that the good is sold to buyer 1 for
a price p1 ∈ [v1,max(c, v2)]. In this continuum, the unique internally stable allocation is when
p1 = max(c, v2), which corresponds to the outcome of the second price auction. Algorithm 1 is,
in this case, an ascending price auction that outputs the second price auction allocation (which is
strategy-proof on the buyers’ side).

As another example, Section 5.2 discusses the particular case of symmetric matching games,
in which all couples play the same game, i.e when strategy sets and payoff functions are couple
independent.
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5.2 Symmetric matching games

Along this section and to keep things simple, suppose that M and W have the same size and that
all agents have very low individually rational payoffs, so they prefer to be matched rather than
being single. The main conclusion is: in a large class of situations, stable matchings exist and are
such that all couples get the same Pareto-optimal payoff.

Formally, suppose that Ui,j = U , Vi,j = V , Xi = S, Yj = T , for any couple (i, j) ∈ M ×W ,
meaning that the game played in every couple is independent of the identities of the players.
Denote by G the two-player game with action sets S and T and payoff functions U and V . Suppose
in addition that S and T are convex sets and that U and V are continuous and own-payoff
q-concave (Definition 5.2).

Definition 5.2. A function f is q-concave if for any (s, s′, u), such that f(s) ≥ u and f(s′) > u,
then, f(s′′) > u, for any s′′ ∈]s, s′[.

Observe that if s 7→ U(s, t) is concave, linear, or strictly quasi-concave then, it is q-concave.
Thus, we cover the class of finite games in mixed strategies [25]. Also, q-concavity implies quasi-
concavity.

Definition 5.3. A game G satisfies the Pareto transfer property if for any pair of Pareto-
optimal payoffs (u1, v1), (u2, v2) such that u1<u2 and v2<v1, there exists a Pareto-optimal strategy
profile (s′, t′) satisfying, u1<U(s′, t′)<u2 and v2<V (s′, t′)<v1.

Expressed differently, a game satisfying the Pareto transfer property has a Pareto frontier that
allows to continuously transfer utility from one player to the other, which is the case in many
games. The following theorem characterizes the stable matching profile for symmetric matching
games.

Theorem 5.1. Let (s, t) be Pareto-optimal in G. Let µ be any matching and suppose that any
matched couple (i, j) in µ plays (xi, yj) = (s, t). Then, (µ, s, t) is (externally and internally) stable.
Conversely, if π = (µ, x, y) is (externally and internally) stable, then any matched couple, except at
most one, plays Pareto-optimally in its game. If moreover, the game satisfies the Pareto transfer
property, then all couples playing Pareto-optimally share the same payoff.

Proof. Let (s, t) be Pareto-optimal in G and suppose that any matched couple (i, j) in µ plays
(xi, yi) = (s, t). It is not possible to find a blocking pair since any deviation from (s, t) reduces the
payoff of one of the agents of the blocking pair. Therefore, the matching profile is externally stable.
Regarding internal stability, consider an arbitrary matched couple (i, j) and suppose that player
i has a profitable deviation s′ in G. In particular, j’s payoff strictly decreases when i deviates.
Because of continuity, there is α ∈ (0, 1) such that V (s′, t) < V (αs+(1−α)s′, t) < V (s, t). Because
of q-concavity, U(αs + (1 − α)s′, t) > U(s, t). Consequently, any i′ not married with j increases
his payoff as well as j’s payoff by forming a couple and playing (αs + (1 − α)s′, t). Thus, the
deviation of player i creates the blocking pair (i′, j), breaking external stability, meaning that the
matching profile is internally stable. Conversely, consider two matched couples (i1, j1) and (i2, j2)
with payoffs (u1, v1) and (u2, v2). Suppose that u1 ≤ u2. If (u2, v2) is Pareto-dominated, i1 can
replace i2 by proposing to j2 a Pareto-optimal improvement, so the pair (i1, j2) externally blocks
the matching profile. A contradiction, thus (u2, v2) is Pareto optimal. As a conclusion, all couples,
except perhaps one, are playing Pareto-optimal in their game. Suppose now the game satisfies
the Pareto transfer property and that couples 1 and 2 are playing Pareto optimally but their
payoffs differ. Without loss of generality, suppose that u1 = U(x1, y1) < U(x2, y2) = u2. Then,
v1 = V (x1, y1) > V (x2, y2) = v2. By the Pareto transfer property, there exists a Pareto-optimal
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strategy profile (s′, t′) such that u2 > U(s′, t′) > u1 and v1 > V (s′, t′) > v2. Thus, (i1, j2) is a
blocking pair of π, a contradiction. Consequently, all couples share the same payoff.

Theorem 5.1 shows that external-internal stability has the feature to induce cooperation (e.g.
Pareto optimality) but also some uniformity in behaviors (couples share the same payoffs), in the
case of symmetric matching games.

5.3 Constrained Nash Equilibrium

This section defines the new concept of constrained Nash equilibrium and expresses it as a general-
ized Nash equilibrium under a participation constraint. For this, let us endow agents with outside
options ((u0i , v

0
j ) ∈ R

2 : (i, j) ∈M ×W ), representing some minimum payoff that each agent would
like to have.

Definition 5.4. Let (i, j) ∈ M ×W be a couple and u0i , v
0
j be their outside options. A contract

(x, y) ∈ Xi × Yj is (u0i , v
0
j )-feasible for (i, j) if it holds Ui,j(x, y) ≥ u

0
i and Vi,j(x, y) ≥ v

0
j .

Definition 5.5. Consider a couple (i, j) ∈M×W . A (u0i , v
0
j )-feasible contract (x′, y′) is a (u0i , v

0
j )-

constrained Nash equilibrium (CNE) if it satisfies:

Ui,j(x
′, y′) = max{Ui,j(x, y

′) : Vi,j(x, y
′) ≥ v0j , x ∈ Xi}

Vi,j(x
′, y′) = max{Vi,j(x

′, y) : Ui,j(x
′, y) ≥ u0i , y ∈ Yj}

(5)

The set of (u0i , v
0
j )-constrained Nash equilibria is denoted CNE(u0i , v

0
j ).

Constrained Nash equilibria capture internal stability when players’ outside options are the
lowest payoff they are willing to accept for being matched with their partners. Indeed, if a strategy
profile satisfies (5), both players within the couple are best replying to the partner, subject to
give her/him an acceptable payoff. In other words, any profitable deviation from a constrained
Nash equilibria decreases the partner’s payoff below his/her reservation price and then, the partner
breaks the couple (a blocking pair is created).

Equation (5) can be written as a quasi-variational inequality (QVI) [14, 19, 29] with point-to-set
mappings that may fail to be lower semi-continuous. Due to this, the existence of constrained Nash
equilibria cannot be always guaranteed. A more detailed study of CNE seen as QVI solutions can
be found in Appendix F.

5.4 Feasible games

When outside options represent the highest payoff that a player can credibly get with another
partner (or the lowest payoff they are willing to obtain with the current partner), the notion of
constrained Nash equilibrium coincides with internal stability (Definition 5.1). This naturally leads
to the following class of games.

Definition 5.6. A two-person game Gi,j is feasible if for any pair of outside options (u0i , v
0
j ) ∈ R

2,

which admits at least one (u0i , v
0
j )-feasible contract, there exists a (u0i , v

0
j )-CNE.

Feasibility is a necessary condition for the existence of an externally and internally stable
matching profile. Imagine we have one single man i and one single woman j, who can play a
two-player game Gi,j or remain single and get their individually rational payoffs (ui, vj). If there
is at least one (uj , vj)-feasible contract, then being single is externally unstable. But if there is no
(ui, vj)-constrained Nash equilibrium in Gi,j , then there is no externally-internally stable match-
ing. Consequently, we suppose for the rest of the section that all two-player games
(Gi,j : (i, j) ∈M ×W ) are feasible.
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Example 1. In the leading example, any (xi, yj) satisfying xi − yj ∈ (δ, 9δ) is (ui = δ, vj = δ)-
feasible. The (ui, vj)-CNE of this game is our intuitive solution: xi = δ and yj = 0.

Although necessary, not all games satisfy the feasibility condition. For example5, consider the
following matrix game G.

L M R

T 2,1 -10,-10 3,0

M 3,0 2,1 -10,-10

B -10,-10 3,0 2,1

Game G has only one Nash equilibrium, which is completely mixed, with payoffs −5/3 and −3
for players 1 and 2 respectively. Considering null outside options, G does not have any constrained
Nash equilibrium, even though there are feasible contracts. In pure strategies it is clear, for mixed
strategies see Appendix G. The next theorem shows the richness of this class.

Theorem 5.2. The class of feasible games includes constant-sum games with a value, strictly
competitive games with an equilibrium, potential games, and infinitely repeated games.

The proof that a game is feasible relies on the characteristic of the game. In other words, the
proof is game-dependent. Therefore, we prove Theorem 5.2 in several subsections.

5.4.1 Potential games are feasible.

A two-person game Gi,j = (Xi, Yj , Ui,j, Vi,j) is a potential game if there exists a potential function
φ : Xi × Yj → R such that, ∀x, x′ ∈ Xi, y, y

′ ∈ Yj it satisfies,

φ(x′, y′)− φ(x, y′) = Ui,j(x
′, y′)− Ui,j(x

′, y) and φ(x′, y′)− φ(x′, y) = Vi,j(x
′, y′)− Vi,j(x

′, y)

Proof. Theorem 5.2 Potential games. Let Gi,j be a potential game with potential function φ.
Let (u0i , v

0
j ) be outside options and Z

0, be the set of all (u0i , v
0
j )-feasible contracts. Suppose Z0 6= ∅

and consider (x′, y′) ∈ argmax{φ(x, y) : (x, y) ∈ Z0}. Remark (x′, y′) always exists as Z0 is a non-
empty compact set and φ is continuous. It holds that (x′, y′) is (u0i , v

0
j )-feasible. Consider x ∈ Xi

such that Ui,j(x, y
′)>Ui,j(x

′, y′) and Vi,j(x, y
′) ≥ v0j . In particular, Ui,j(x, y

′)>Ui,j(x
′, y′) ≥ u0i ,

so (x, y′) ∈ Z0. Moreover, φ(x, y′)>φ(x′, y′) as Ui,j(x, y
′)>u(x′, y′). This contradicts that (x′, y′)

belongs to the argmax. Analogously, if player j has a profitable deviation, player i gets less than
his outside option. Thus, (x′, y′) is a (u0i , v

0
j )-CNE.

5.4.2 Zero-sum games with a value are feasible.

A two-person game G = (Xi, Yj , Ui,j, Vi,j) is a zero-sum game if players’ payoff functions satisfy
Ui,j(·, ·) = −Vi,j(·, ·) =: g(·, ·). Therefore, given (u0i , v

0
j ) player’s outside options, with u0i <v

0
j , a

contract (x, y) ∈ Xi × Yj is feasible if and only if it satisfies u0i ≤ g(x, y) ≤ v
0
j . Similarly, a feasible

contract (x′, y′) is a (u0i , v
0
j )-CNE if for any (x, y) ∈ Xi×Yj, it holds that, if g(x, y

′)>g(x′, y′) then,

g(x, y′)>v0j and, if g(x′, y)<g(x′, y′) then, g(x′, y)<u0i .

Proof. Theorem 5.2 Zero-sum games with a value. Let Gi,j = (Xi, Yj, g) be a zero-sum
game, with Xi, Yj compact convex subsets of topological vector spaces and g separately continuous.

5We want to thank Eilon Solan for having suggested this example.
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Suppose the game G has a value w and by continuity of g and compactness of Xi and Yj , players
have optimal strategies (x∗, y∗). Let (x′, y′) be a feasible contract (u0i ≤ g(x′, y′) ≤ v0j ). The
analysis is split in three cases.

Case 1. u0i ≤ w ≤ v0j . The optimal contract (x∗, y∗) is feasible. Since (x∗, y∗) is a Nash

equilibrium, it is a (u0i , v
0
j )-constrained Nash equilibrium.

Case 2. w<u0i <v
0
j . Consider the set A(u0i ) := {x ∈ Xi : ∃y ∈ Yj , g(x, y) ≥ u0i }. Since (x′, y′)

is a feasible contract, A(u0i ) is non-empty. Consider the optimization problem

sup
[

inf{g(x, y) : g(x, y) ≥ u0i , y ∈ Yj} : x ∈ A(u
0
i )
]

(P)

For a given x0 ∈ A(u
0
i ), the set {y ∈ Yj : g(x0, y) ≥ u

0
i } is bounded and so, there exists an infimum

y0(x0). Thus, as the set A(u
0
i ) is also bounded, there exists a supremum x0. Let (x0, y0(x0)) be the

pair supremum-infimum solution of (P). It holds g(x0, y0(x0)) ≥ u
0
i by construction. Suppose that

g(x0, y0(x0))>u
0
i . Since w<u0i , it holds w<u

0
i <g(x0, y0(x0)). Considering the optimal contract

(x∗, y∗) it holds g(x0, y
∗) ≤ g(x∗, y∗) = w<u0i <g(x0, y0(x0)). By continuity of the function g(x0, ·),

there exists λ ∈ (0, 1) such that g(x0, yλ) = u0i , with yλ = λy∗+(1−λ)y0(x0) ∈ Yj. This contradicts
the fact that (x0, y(x0)) is the solution to (P). Thus, g(x0, y(x0)) = u0i . If this contract is a
constrained Nash equilibrium, the study of the second case is done. If not, consider yt ∈ Yj as the
convex combination between y(x0) and y

∗ with t computed by,

t := sup{τ ∈ [0, 1] : yτ := (1− τ)y(x0) + τy∗ and ∃xτ ∈ Xi, g(xτ , yτ ) = u0i } (6)

t exists as for τ = 0, there exists x0 such that g(x0, y(x0)) = u0i . In addition, yt 6= y∗, since
the contract (x∗, y∗) is a saddle point, g(x∗, y∗) = w<u0i and any deviation of player i decreases
the payoff. Notice that any profitable deviation of player j decreases the payoff below u0i , as
g(xt, yt) = u0i . Suppose there exists x̂ ∈ Xi such that u0i = g(xt, yt)<g(x̂, yt)<v

0
j . As a summary, it

holds: g(x∗, y∗) = w<u0i = g(xt, yt)<g(x̂, yt) with yt ∈ (y(x0), y
∗). Once again, by the continuity

of g and the convexity of Xi × Yj, there exists an element z ∈ (yt, y
∗) and some xz ∈ Xi, such

that g(xz , z) = u0i , contradicting the definition of t in (6). Thus, (xt, yt) is a constrained Nash
equilibrium.

Case 3. u0i <v
0
j <w. Analogous to case 2.

Conclusion. If G has a value w, then it is feasible, and the constrained Nash equilibria (x, y)
satisfies g(x, y) = median(u0i , v

0
j , w).

5.4.3 Strictly competitive games with an equilibrium are feasible.

Consider a strictly competitive game Gi,j = (Xi, Yj, Ui,j , Vi,j), withXi, Yj compact sets and Ui,j, Vi,j
continuous payoff functions. Let ϕ, φ be increasing functions6 such that the game G′

i,j = (Xi, Yj, ϕ◦
Ui,j, φ◦Vi,j) is a zero-sum game. Nash equilibria of G and G′ coincide, and Nash equilibrium payoffs
are the image through the increasing functions from one game to another. In particular, if wi,j is
the value of G′

i,j, then (ϕ−1(wi,j), φ
−1(wi,j)) is a Nash equilibrium payoff of Gi,j. Let (u0, v0) be

outside options of players (i, j) in Gi,j , and let (x∗, y∗) be a (u0, v0)-constrained Nash equilibrium.
Consider the corresponding outside options in G′

i,j given by u′0 := ϕ(u0), v
′
0 := −φ(v0). Indeed, u

′
0

and v′0 are outside options for (i, j) in their zero-sum game since, for any (x, y) ∈ Xi×Yj such that
u0 ≤ Ui,j(x, y) and v0 ≤ Vi,j(x, y), it holds u

′
0 ≤ ϕ(u0) ≤ ϕ(Ui,j(x, y)) = −φ(Vi,j(x, y)) ≤ v′0. Also,

(x∗, y∗) is (u′0, v
′
0)-feasible in game G′

i,j, and it is direct that (x∗, y∗) is a (u′0, v
′
0)-constrained Nash

6For the model of matching with transfers it is enough to consider increasing transformations, so we limit the
study to this kind of monotone transformations. Nevertheless, the cases in which both transformations are decreasing
functions or one is increasing and the other decreasing, are analogues.
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equilibrium, as increasing functions preserve inequalities. From the proof of Theorem 5.2 for zero-
sum games, it holds ϕ(Ui,j(x

∗, y∗)) = −φ(Vi,j(x
∗, y∗)) = median(u′0, v

′
0, wi,j). Thus, Ui,j(x

∗, y∗) =
median(u0, ϕ

−1(v′0), ϕ
−1(wi,j)), Vi,j(x

∗, y∗) = median(φ−1(−u′0), v0, φ
−1(−wi,j)). We conclude the

following theorem.

Theorem 5.3. Let Gi,j = (Xi, Yj , Ui,j , Vi,j) be a strictly competitive game and ϕ, φ increasing func-
tions such that the game G′

i,j = (Xi, Yj, ϕ ◦Ui,j, φ ◦ Vi,j) is a zero-sum game with value wi,j . Then,
given u0, v0 outside options in Gi,j, which admits a feasible contract, there always exists a (u0, v0)-
CNE (x∗, y∗) of Gi,j . In addition, it holds Ui,j(x

∗, y∗) = median{u0, ϕ
−1(−φ(v0)), ϕ

−1(wi,j)},
Vi,j(x

∗, y∗) = median{φ−1(−ϕ(u0)), v0, φ
−1(−wi,j)}.

5.4.4 Infinitely repeated games are feasible.

The existence of a non-feasible finite static game (Appendix G) motivates us to study repeated
games. This may be also a more realistic setting: when we marry or are assigned to a job or a uni-
versity, it is usually for a long period of time. Consider a two-person finite game in mixed strategies,
G = (Xi, Yj , Ui,j , Vi,j), called the stage game, the one is played in discrete time k = {1, ...,K, ...}
after observing the past history of plays hk = ((x1, y1), ..., (xk−1, yk−1)). Given K ∈ N, consider

the K-stages game GK
i,j defined by the payoff functions Ui,j(K,σi, σj) :=

1
K
Eσ

[

∑K
k=1 Ui,j(xk, yk)

]

,

Vi,j(K,σi, σj) :=
1
K
Eσ

[

∑K
k=1 Vi,j(xk, yk)

]

, where σi :
⋃

(Xi×Yj)
∞
k=1 → Xi and σj :

⋃

(Xi×Yj)
∞
k=1 →

Yj are the players’ behavioral strategies. We define the uniform game G∞ as the game obtained
by taking K →∞ in GK

i,j .

Definition 5.7. Consider the set of feasible payoffs co(u, v) := Conv{(Ui,j(x, y), Vi,j(x, y)) ∈
R
2 : (x, y) ∈ Xi×Yj}, in which Conv stands for the convex envelope. Define the punishment level

of players i and j respectively by, α := miny∈Yj
maxx∈Xi

Ui,j(x, y), β := minx∈X maxy∈Y Vi,j(x, y).
Define the set of uniform equilibrium payoffs as Ei,j = {(ū, v̄) ∈ co(u, v) : ū ≥ α, v̄ ≥ β}.
Finally, consider u0, v0 ∈ R outside options for player i and player j respectively. The set of
acceptable payoffs is defined as Eu0,v0 := {(ū, v̄) ∈ co(u, v) : ū ≥ u0 and v̄ ≥ v0}.

Definition 5.8. A strategy profile σ = (σi, σj) is called a constrained uniform equilibrium of
G∞ if:

- ∀ε> 0, σ is a (u0, v0)-ε-constrained equilibrium of any long enough finitely repeated game, that
is: ∃K0,∀K ≥ K0,∀(τi, τj) :

(a) If γiK(τi, σj)>γ
i
K(σ) + ε then γjK(τi, σj) < v0,

(b) If γjK(σi, τj)>γ
j
K(σ) + ε then γiK(σi, τj) < u0, and

- [(γiK(σ), γjK(σ))]K has a limit γ(σ) in R
2 as K goes to infinity, with γi(σ) ≥ u0, γ

j(σ) ≥ v0.

The set of constrained uniform equilibrium payoffs is denoted as Ece
u0,v0

.

Definition 5.9. G∞ is feasible if whenever Eu0,v0 is non-empty, Ece
u0,v0

is non-empty as well.

By Folk theorem [4], the following proposition holds.

Proposition 5.1. Any payoff in E ∩Eu0,v0 can be achieved by a constrained uniform equilibrium.
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Proof. Theorem 5.2 Infinitely repeated games. Suppose Eu0,v0 is non-empty. We aim to
show that Ece

u0,v0
is non-empty as well. Recall the punishment levels α and β for players i and j

(Definition 5.7). The analysis is split in four cases.
Case 1. v0 ≥ β and u0 ≥ α. It holds that Eu0,v0 ⊆ E. Then, by Proposition 5.1, Ece

u0,v0
=

Eu0,v0 . Since Eu0,v0 is non-empty, Ece
u0,v0

is non-empty as well.
Case 2. v0<β and u0<α. It holds that E ⊂ Eu0,v0 . Thus, E

ce
u0,v0

contains E (by Proposition
5.1) and so, it is non-empty.

Case 3. v0<β and u0 ≥ α. If F := Eu0,v0 ∩ E is non-empty, by Proposition 5.1, all elements
on F belong to Ece

u0,v0
. Otherwise, consider (u′, v′) defined by v′ := max{v : ∃u s.t. (u, v) ∈ Eu0,v0},

u′ ∈ {u : (u, v′) ∈ Eu0,v0}. As Eu0,v0 is a non-empty closed set, (u′, v′) indeed exists and it belongs
to Eu0,v0 . Consider the strategy profile σ′ in which the players follow a pure plan which yields to
the payoff (u′, v′). If player i deviates, player j punishes him at the level α, and if player j deviates,
player i ignores the deviation and continues to follow the pure plan. Player i cannot gain more
than ε by deviating. Indeed, if he does, player j punishes him by reducing his payoff to α. Since
(u′, v′) ∈ Eu0,v0 , it holds that u′ ≥ u0 ≥ α and so this deviation is not profitable. For player j,
suppose there exists K ∈ N and ε> 0 such that she can obtain a payoff v′′>v′ + ε by deviating
at stage K. Let u′′ be the average payoff of player i obtained at stage K after the deviation of
player j. Since (u′′, v′′) is an average payoff of the K-stages game, it is feasible. It cannot hold that
u′′ ≥ u0, since it would contradict the definition of v′, as the payoff (u′′, v′′) would be acceptable.
Thus, u′′<u0. As a conclusion, σ′ is a constrained equilibrium and then, (u′, v′) ∈ Ece

u0,v0
.

Case 4. v0 ≥ β and u0<α. Analogously to case 3.

5.5 From external to internal stability

As mentioned before, constrained Nash equilibria capture internal stability when considering the
appropriated outside options (the players’ reservation prices). Given π = (µ, x, y) a matching
profile and (i, j) ∈ µ an arbitrary matched couple, their reservation prices (outside options) can be
computed by,

u0i := max{Ui,b(x, y) : b ∈W0 \ {j}, Vi,b(x, y)>vb(π), (x, y) ∈ Xi × Yb},

v0j := max{Va,j(x, y) : a ∈M0 \ {i}, Ua,j(x, y)>ua(π), (x, y) ∈ Xa × Yj},
(7)

that is, the best payoff that i and j can get outside of their couple by matching with a person who
may accept them.

If π is an externally stable matching profile, Theorem D.1 implies that the outside options
of all couples are never greater than their current payoffs. Therefore, if (i, j) ∈ µ, (xi, yj) is
always (u0i , v

0
j )-feasible and, because of feasibility, there always exists a (u0i , v

0
j )-constrained Nash

equilibrium (x̂i, ŷj). With this in mind a new algorithm is designed, the one will output an externally
and internally stable allocation for any externally stable allocation used as an input. Intuitively, it
will replace one by one the strategy profiles of the couples by a CNE, using at each iteration the
Equations (7) for computing the outside options.

If at any iteration a couple replaces (xi, yj) by a (u0i , v
0
j )-feasible Nash equilibrium, they will

keep playing it during all posterior iterations. If couples cannot replace their strategy profile with
a Nash equilibrium, the choice of a constrained Nash equilibrium is made by an oracle. Algorithm
2 corresponds to the pseudo-code of the dynamic just explained. For a numerical example, check
Appendix J.

The convergence of Algorithm 2 does not directly hold as the outside options change at each
iteration. Indeed, replacing a strategy profile with a constrained Nash equilibrium may decrease
the payoff of an agent. Therefore, his/her outside option may also change and the constrained
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Algorithm 2: Strategy profiles modification

input : π = (µ, x, y) externally stable matching profile
1 repeat
2 for (i, j) ∈ µ : i 6= i0 and j 6= j0 do
3 Compute the outside options (7). If (xi, yj) /∈ CNE(u0i , v

0
j ), replace it by

(x̂i, ŷj) ∈ CNE(u0i , v
0
j )

4 until convergence;

Nash equilibrium may not be an equilibrium anymore. Nevertheless, if after changing all strategy
profiles of π, the outside options remain invariant, the current matching profile is indeed internally
stable and the algorithm stops.

Theorem 5.4. If Algorithm 2 converges, its output is an externally stable and internally stable
matching profile. Even more, for a judicious selection of the oracle for each feasible game, Algorithm
2 is guaranteed to converge for potential games, zero-sum games with a value, strictly competitive
games with an equilibrium, and infinitely repeated games.

The proof of the convergence of Algorithm 2 is game-dependent as the choice of the oracle is
different for each class of games. First, we state the proof of the correctness of Algorithm 2. Then,
we state the proof that Algorithm 2 converges for each class of feasible games.

Proof. Algorithm 2 is correct. Let π = (µ, x, y) be the input of Algorithm 2. Note that by
construction, if the algorithm ends, the output is internally stable. Concerning external stability,
we aim to prove that if πt, the matching profile before iteration t, is externally stable then, πt+1

is externally stable as well. Let (i, µi) be the couple that changes of strategy profile at iteration
t. Let (xi, yµi

) be their strategy profile at iteration t and (x̂i, ŷµi
) at time t + 1. Suppose there

exists (a, b) /∈ µ a blocking pair of πt+1, so there exists a strategy profile (s, r) ∈ Xa × Yb such
that Ua,b(s, r)>Ua,µa(πt+1) and Va,b(s, r)>Uµb,b(πt+1). If a 6= i (and analogously if b 6= µi) then
Ua,µa(πt+1) = Ua,µa(πt). Thus, it cannot hold that a 6= i and b 6= µi, otherwise the pair (a, b) would
also be a blocking pair of πt. Without loss of generality, suppose that a = i. In particular, b 6= µi
because a and b are not a couple. It holds, Vi,b(s, r)>Vb,µb

(πt+1) = Vb,µb
(πt). Then, if u0i is i’s

outside option at iteration t (computed by (7)), it holds u0i ≥ Ui,b(s, r) = Ua,b(s, r)>Ua,µa(πt+1) =
Ui,j(x̂i, ŷµi

). This contradicts the fact that (x̂i, ŷµi
) is (u0i , v

0
j )-feasible.

Remark 5.1. The previous proof also holds when considering ε-externally stable allocations, the
ones can be computed by Algorithm 1. Since considering the general case with ε-blocking pairs
does not contribute to the proof but only makes it more technical, we have preferred to work the
case ε = 0. However, remark that Theorem D.1 works the general case with ε ≥ 0. As it is
proven next, Algorithm 2 converges for several possible games. Thus, we obtain the existence of
externally-internally stable matching profiles.

Proof. There exists an oracle for potential games such that Algorithm 2 converges.
Consider a couple (i, j) and (x̂ti, ŷ

t
j)t their sequence of constrained Nash equilibria along the itera-

tions. Since (x̂t−1
i , ŷt−1

j ) is always feasible for the following iteration (Theorem D.1), the sequence

φi,j(x̂
t
i, ŷ

t
j)t is non-decreasing over t. Then, as the potential functions are continuous and the

strategy sets are compact, the sequences (φi,j(x̂
t
i, ŷ

t
j))t are convergent for any couple (i, j). Thus,

Algorithm 2 converges.
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Proof. For any oracle, Algorithm 2 converges for zero-sum games with a value. At the
beginning of Algorithm 2, all couples (i, j) belong to one (not necessarily the same) of the following
cases: u0i ≤ wi,j ≤ v0j , wi,j ≤ u0i ≤ v0j or u0i ≤ v0j ≤ wi,j. In the first case, the couple plays a Nash

equilibrium and never changes it afterwards. In the second case, as u0i is non increasing for i (Lemma
D.1) and bounded from below by wi,j, his sequence of outside options converges. Analogously, the
sequences of outside options for j converges on the third case. Therefore, Algorithm 2 converges.

Proof. For any oracle, Algorithm 2 converges for strictly competitive games in S with
an equilibrium. Corollary of the convergence of Algorithm 2 for zero-sum games with a value.

Shapley-Shubik’s and Demange-Gale’s models can be mapped into a matching game in which
all strategic games Gi,j are included in the class S (see Section 4.4), we conclude that our results
apply directly to their works proving the existence of matchings that are not only externally stable
but also internally stable. The refinement induced by internal stability crucially depends on the
choice of the strategic games Gi,j as explained in the introduction (see Section 1). For example, if
we model the game between a buyer and a seller as an ultimatum game where the buyer is the first
proposer, she will get all the surplus, and vice-versa if the first proposer is the buyer. However, if
the game is an alternative offer bargaining game, the surplus is shared equally.

Proof. There exists an oracle for infinitely repeated games such that Algorithm 2 con-
verges. Let π be an externally stable matching profile, and (i, j) ∈ µ be the couple that modifies
their strategy profile at iteration t. Let (ut0, v

t
0) be their outside options at iteration t, and consider

Ft := E ∩ Eut
0
,vt

0

. If Ft is non-empty, there exists a (ut0, v
t
0)-feasible uniform equilibrium for (i, j),

so they keep playing this strategy profile forever. If Ft = ∅, without loss of generality, assume that
ut0 ≥ α and vt0<β. Consider the oracle used in the proof of Theorem 5.2 for infinitely repeated
games. Let (ut, vt) be the (ut0, v

t
0)-constrained Nash equilibrium chosen at iteration t by the oracle,

so vt := max{v : ∃u s.t. (u, v) ∈ Eut
0
,vt

0
}. If vt ≥ β, (ut, vt) ∈ E and then, Ft is non-empty, a

contradiction. Thus, vt<β. Let r > t be the next iteration in which (i, j) modifies their strategy
profile. Let (ur0, v

r
0) be their new outside options and Fr = E ∩ Eur

0
,vr

0
. If Fr is non-empty, they

play a uniform equilibrium. Otherwise, since vr0 ≤ vt<β (Theorem D.1), in particular it holds
that ur0 ≥ α and vr0 <β. Let (u

r, vr) be the new constrained Nash equilibrium found by the oracle.
Since external stability implies that (ut, vt) ∈ Eur

0
,vr

0
(Theorem D.1), vr ≥ vt. In addition, as Fr

is empty, vr <β. Thus, consider an infinite sequence of iterations in which couple (i, j) changes of
strategy profiles. In particular, at each iteration t, Ft = ∅ and therefore, j obtains a non-decreasing
sequence of payoffs (vt)t, bounded from above by β. Then, the sequence converges to a fixed payoff,
and therefore, Algorithm 2 converges.

6 A potential application of the matching game model

Several studies show the willingness to pay of consumers for green energy7. This induced the
creation of several electronic platforms to trade green energy around the world. For example
in the UK platform Piclo8, every 30mn, an algorithm generates a matching between producers
(i.e. generators) and consumers based on meter data, generator pricing policy, and consumers
preferences. Generators control and see who buys electricity from them, and consumers select

7See for example [7], [26], [34] for the US, [24] for Greece, [28] for Japan, and [36] for Korea
8https://www.openutility.com/piclo/
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and prioritize from which generators they want to buy electricity. Similar platforms have been
developed in France, Germany, US, the Netherlands, etc.9

The matching game framework can be used to model this problem, define a solution, and design
an algorithm that implements it. It is well documented that the consumer’s utility depends on who
produces the energy (she may prefer a local, close to her, producer), the type of green energy
used (sunlight, wind, water, etc), the guarantee that her demand will be satisfied and the price
or the type of contract offered. For example, a producer contract –or the platform itself– may
promise to a consumer that at least 40% of the energy received by the consumer is green or is
produced by some local producer she wants to support and that whatever happens, her demand
is satisfied. Each producer can decide to invest in one or several technologies, on a capacity of
production, and a pricing policy (or a menu of contracts from which the consumer can choose). We
need an algorithm that matches consumers and producers such that (1) consumers total demands
for a given producer are less than its production, (2) each consumer is allocated the best possible
price, contact, or technology for her from that producer, (3) no producer is better of by offering
another contract, price or investing in a cheaper technology while not losing consumers, and (4)
no unmatched producer-consumer can increase their utility by contracting. Conditions (2) and (3)
are our internal stability notions, (4) is our external stability condition.

This is not exactly the model we described above as we may have several consumers matched
with one producer, and potentially also, several producers matched with one consumer. Also, the
real allocation problem platform are faced with is dynamic because electricity production and con-
sumption are uncertain, and so the platforms must dynamically change and update the allocation.
Such extensions of our model (one-to-many, many-to-many, and a dynamic allocation) are delegated
to a future study.

7 Extensions and conclusion

This article proposes a new model that mixes Nash incentives with Gale-Shapley pairwise stability.
We proved that many existing models and results are particular cases that can be derived from our
external stability notion (Section 4.4). Our originality is the internal stability notion (Section 5).
We introduced the new class of feasible games, which is a necessary condition for the existence of
externally and internally stable matching, we proved that this class is rich enough to include zero-
sum, strictly competitive, potential, and infinitely repeated games and that our algorithm returns
an externally and internally stable matching profiles for any of those sub-classes. It remains open
whether the existence of externally and internally stable matching profiles holds for any feasible
compact continuous game.

Although the computation of constrained Nash equilibria (CNE) is out of the scope of this
article and it represents one of the main future research lines, it is important to remark that it
corresponds to a hard problem. Unlike Nash equilibria computation, known to be in the class of
PPAD-Complete problems [31], computation of CNE cannot belong to it. Indeed, the existence
of CNE is not guaranteed even for finite games. Although for certain games our algorithms are
efficient [17], in the general setting, it belongs to the class of NP-Complete problems, even for
finite games. That it belongs to the class of NP problems for bi-matrix games is not difficult, as
checking if a given strategy profile (x, y) is a (u0, v0)-CNE for some fixed outside options (u0, v0),
can be done by solving a linear programming problem. That computing a CNE is complete in NP
is plausible because the problem of computing a Nash equilibrium that gives both players at least
some fixed payoffs (u0, v0) is NP-complete [18].

9Germany: https://sonnenbatterie.de/en/sonnenCommunity Netherlands: https://vandebron.nl/, etc.
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More precisely, in a companion paper [17], we study deeply the complexity of the optimization
problems of our algorithms and prove their polynomiality in several classes: zero-sum matrix games,
strictly competitive bimatrix games, and infinitely repeated bimatrix games. Also, we propose an ε
modification of our second algorithm which is shown to converge in at most O(1

ε
) number of steps

implying that our two algorithms are EPTAS [8].
There are other interesting research directions that one may want to explore. It would be of

interest to have an algorithm that computes a 0-externally stable matching. Observe that all known
algorithms of matching with transfers in the literature (e.g. Kelso and Crawford [22] and Gale et
al. [12]) compute ε-stable matchings but never an exact stable matching since they discretize the
price space. This last question continues to be an open problem even in the classical matching with
transfer literature.
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[27] Nöldeke, G., and Samuelson, L. Investment and competitive matching. Econometrica
83, 3 (2015), 835–896.

[28] Nomura, N., and Akai, M. Willingness to pay for green electricity in Japan as estimated
through contingent valuation method. Applied Energy 78, 4 (2004), 453–463.

[29] Noor, M. A. Quasi variational inequalities. Applied Mathematics Letters 1, 4 (1988), 367–370.

[30] Osborne, M. J., and Rubinstein, A. Bargaining and markets. Academic Press, Inc., 2019.

[31] Papadimitriou, C. H. The complexity of finding Nash equilibria. Algorithmic game theory
2 (2007), 30.

[32] Quinzii, M. Core and competitive equilibria with indivisibilities. International Journal of
Game Theory 13, 1 (1984), 41–60.

25



[33] Reny, P. J. On the existence of pure and mixed strategy Nash equilibria in discontinuous
games. Econometrica 67, 5 (1999), 1029–1056.

[34] Roe, B., Teisl, M. F., Levy, A., and Russell, M. Us consumers’ willingness to pay for
green electricity. Energy policy 29, 11 (2001), 917–925.

[35] Shapley, L. S., and Shubik, M. The assignment game I: The core. International Journal
of game theory 1, 1 (1971), 111–130.

[36] Yoo, S.-H., and Kwak, S.-Y. Willingness to pay for green electricity in Korea: A contingent
valuation study. Energy policy 37, 12 (2009), 5408–5416.

A Matching with contracts seen as a matching game.

Hatfield and Milgrom [20] defined a one-to-many assignation problem between doctors and hospitals
in which, besides being paired, agents define a bilateral contract, from a finite set of contracts X.
In this section, we prove that a one-to-one matching with contracts setting can be mapped into a
matching game, and vice-versa.

For the sake of simplicity, we use the terminology of stable marriage to describe the model of
Hatfield and Milgrom. Consider two finite sets of agents M and W , men and women, and a finite
set of contracts X. Contracts are bilateral, i.e. each x ∈ X is related to one man xM ∈M and one
woman xW ∈ W , and they are the only ones that can trade it. Agents have preferences over the
set of contracts, so they will pick the contract they prefer the most. Besides, each agent has the
option of being unmatched, so a contract x is never accepted by an agent k ∈ M ∪W , if x<d ∅,
with ∅ the called empty contract.

Consider a matching with contracts model (M,W,X) as above. For every potential couple
(i, j) ∈M ×W , consider the strategic game G = (X,X,Ui,j , Vi,j), in which both players can choose
any contract from X, and their payoff functions are given by, Ui,j(x, y) = Vi,j(x, y) = αi,j > 0, if
x = y and xM = i, xW = j, and Ui,j(x, y) = Vi,j(x, y) = βi,j < 0, otherwise. Constants α are
chosen such that, for any agent k, if h>k h

′ then αk,h′ >αk,h′. It is not difficult to see that external
stability in the constructed matching game is equivalent to the stable allocations defined by Hatfield
and Milgrom. Conversely, given a matching game in which any potential couple (i, j) ∈ M ×W
is endowed with a finite strategic game Gi,j = (Xi, Yj , Ui,j, Vi,j), consider the set of contracts
Z :=

⋃

(i,j)∈M×W Zi,j , where Zi,j := Xi × Yj and associate the agent’s IRPs to the empty contract
∅. Then, the matching game is mapped into a matching with contracts setting, where the preference
orders are deduced from players’ payoff functions in the matching game. It is easy to check that
the notions of stable allocation and external stability coincide. Consequently, our algorithm for
external stability can be used to prove the existence of a stable allocation in Hatfield-Milgrom’s
model (or vice-versa).

Our notion of internal stability is however not present in Hatfield-Milgrom’s model. It induces
a refinement among their solutions which depends on how we model the strategic game between the
players. For example, each bargaining model between a buyer and a seller will induce a different
sharing of the surplus.
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B Model without commitment: Nash stability

Proposition B.1. The payoff of the proposed woman increases10 strictly by at least ε.

Proof. It holds by construction.

Proposition B.2. Let i be a man proposing to a woman j. Let λi := val(2) the highest payoff that
i is willing to offer to j. Let vj be the current payoff of j. Then, it holds that λ ≥ vj + ε.

Proof. Since i proposed to j, there exists a contract (x, y) such that the triple (x, y, j) is solution
to (1). Therefore, the triple (x, y, vj + ε) is a feasible solution to Problem (2), thus, λ ≥ vj + ε.

Proposition B.3. The winner of a competition always plays a final feasible contract (for him) and
his partner’s final payoff is never greater than the one he is willing to give her.

Proof. Let i (proposer) and i′ (current partner) be two men competing for j. Let (x∗, y∗) be
i’s optimal proposal. Without loss of generality, suppose i wins. Let (λi, x̂, ŷ) be the solution
of Problem (2) for player i. Then, the pair (x̂, ŷ) is a feasible solution of i’s Problem (3), as
Vi,j(x̂, ŷ) = λi>λi′ . Consider any contract (x′, y′) such that Vi,j(x

′, y′)>Vi,j(x̂, ŷ). If (x′, y′)
satisfies Ui,j(x

′, y′) ≥ βi, we obtain a contradiction as (λi, x̂, ŷ) is solution of Problem (2) for player
i. Therefore, the solution (x, y) of (3) satisfies Vi,j(x, y) ≤ Vi,j(x̂, ŷ) = λi.

C Model with commitment: external stability

C.1 On the lattice structure.

The set of externally stable matching profiles may be an infinite semi-lattice as there may be
infinitely many stable payoffs. The identification property handles this issue, although for only
small enough values of ε. Indeed, consider any ε ∈ (0, ε∗), where ε∗ is given by,

ε∗ = min
i∈M
{|Ui,µi

(xi, yµi
)− Ui,µ′

i
(x′i, y

′
µ′

i
)| : (µ, x, y), (µ′, x′, y′) ∈ Π} (8)

Then, if the identification property holds for any two ε-externally stable matching profile, Π can
be endowed with the partial order >M defined by: ∀(µ, x, y), (µ′, x′, y′) ∈ Π, (µ, x, y)>M (µ′, x′, y′)
if and only if ui(µ, x, y) ≥ ui(µ

′, x′, y′),∀i ∈M , and at least one man increases his payoff in at least
ε.

Whenever the identification property holds and ε ∈ (0, ε∗), all maximal elements of (Π, >M )
correspond to a unique matching profile, denoted πM . Although strategy profiles between two
maximal elements may differ, the difference between each man’s utilities is not greater than ε.
Hence, considering equivalent all matching profiles where men’s utilities do not differ by more than
ε, the best ε-externally stable matching payoff for men is well defined and it is (ε-)unique. As in
Gale-Shapley, we prove that Algorithm 1, in which men propose and women dispose, outputs a
maximal element πM of (Π, >M ). To prove this property, given a man i ∈ M , consider his best
stable woman wi ∈W0 defined by,

(wi, xi, yi) ∈ argmax{Ui,j(x
′
i, y

′
j) : ((i, j), x

′
i, y

′
j) ∈ (µ, x, y) ∈ Π}. (9)

From the uniqueness of the maximal matching in Π, we obtain the following lemma.

10Due to the monotonicity of women’s payoffs, once a man matches with j0, he exits the market and remains single
forever.
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Lemma C.1. If the identification property holds and ε ∈ (0, ε∗), the following two properties hold
as well:

(1) For any two different men i, k ∈M , it holds that wi 6= wk.

(2) Any matching profile π = (µ, x, y) in which at least for one man i it holds Ui(π)>Ui(πM ) + ε,
is not ε-externally stable.

Lemma C.2. Suppose the identification property holds in Π and ε ∈ (0, ε∗). Let t be an iteration
of Algorithm 1 and i ∈ M be the current proposer man. Let wi ∈ W be i’s stable woman (9).
Then, there always exists a strategy profile (x, y) ∈ Ci,wi

such that Vi,wi
(x, y) ≥ V t

wi
+ ε, with V t

wi

the payoff of wi at time t.

Proof. Suppose there exists an iteration t ≥ 1 such that for any (x, y) ∈ Ci,wi
, Vi,wi

(x, y)<V t
wi

+ ε,
for some proposer man i. In particular, wi must be matched with someone, as her current payoff
is not vwi

. Let k ∈ M be wi’s partner at time t. Since k is matched with wi, in particular he is
not matched with his best stable woman wk. Let r < t be the iteration when k proposed to wi.
Note that he did it either because he achieved a higher payoff than with wk, or because wk was
not a feasible solution. If the first case holds, there exists a contract (x′, y′) ∈ Xk × Ywi

such that
Uk,wi

(x′, y′)>Uk,wk
(πM ) + ε (by the identification property and as ε< ε∗). Thus, any proposition

made to wi between iterations r and t was won by k, meaning that wi continued being his best
option (in particular better than wk), and it increased the payoff of wi. We arrive to a contradiction.
Indeed, if (x′′, y′′) is the strategy profile played by k and wi at iteration t, then (k,wi) is a ε-blocking
pair of πM with respect to (x′′, y′′). Indeed, k gets a payoff ε higher than with wk by matching
with wi and playing (x′′, y′′), and for any (x, y) ∈ Ci,wi

, Vi,wi
(x, y)<Vk,wi

(x′′, y′′)+ ε. Therefore, it
must hold that k was a not feasible solution at time r, since she was matched with someone else,
and was getting a payoff too high. Inductively, we obtain a sequence of men {i1, ..., im} (ordered
chronologically) such that none of them was able to propose to his best stable woman, because they
had a payoff too high at the moment. Consider the first of them, i1, and let k be the partner of
wi1 when i1 proposed. Then, k proposed to wi1 and not to wk because he got a better payoff with
her than with wk, who was single at that time, as before i1 all men proposed to their best stable
woman. As before, this contradicts the ε-external stability of πM , as (k,wi1) would block it.

C.2 Strictly competitive games.

The minimum of two matching profiles is well defined for strictly competitive games in S. Indeed,
given two matching profiles π = (µ, x, y) and π = (µ, x′, y′), consider the minimum matching µ∧

defined by,

µ∧i := argmin{Ui,µi
(xi, yµi

);Ui,µ′

i
(x′i, y

′
µ′

i
)},∀i ∈M

= argmin{ϕ−1(gi,µi
(xi, yµi

));ϕ−1(gi,µ′

i
(x′i, y

′
µ′

i
))},∀i ∈M

= ϕ−1(argmin{gi,µi
(xi, yµi

)); (gi,µ′

i
(x′i, y

′
µ′

i
))}),∀i ∈M

= ϕ−1(argmin{−φ(Vi,µi
(xi, yµi

));−φ(Vi,µ′

i
(x′i, y

′
µ′

i
)})),∀i ∈M

= ϕ−1(argmax{φ(Vi,µi
(xi, yµi

));φ(Vi,µ′

i
(x′i, y

′
µ′

i
))}),∀i ∈M

= ϕ−1 ◦ φ(argmax{Vi,µi
(xi, yµi

);Vi,µ′

i
(x′i, y

′
µ′

i
)}),∀i ∈M

= argmax{Vi,µi
(xi, yµi

);Vi,µ′

i
(x′i, y

′
µ′

i
)},∀i ∈M

= ν∨i ,∀i ∈M
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As ν∨ is always well defined, µ∧ is indeed, a proper matching. Moreover, π∨ remains externally
stable and we recover the duality between ν∨ and µ∧.

D Model with commitment: external-internal stability

Theorem D.1. Let π = (µ, x, y) be a matching profile. Given ε> 0, consider the following outside
options, for any (i, j) ∈M ×W ,

uεi := max{Ui,j′(x
′, y′) : Vi,j′(x

′, y′)>vj′(π) + ε, j′ ∈W0 \ {µi}, x
′ ∈ Xi, y

′ ∈ Yj′},

vεj := max{Vi′,j(x
′, y′) : Ui′,j(x

′, y′)>ui′(π) + ε, i′ ∈M0 \ {µj}, x
′ ∈ Xi′ , y

′ ∈ Yj}
(10)

Then, π is ε-externally stable if and only if uεi ≤ ui(π)+ε and v
ε
j ≤ vj(π)+ε, for any (i, j) ∈M×W .

Proof. Suppose that π is ε-externally stable and let i ∈M be a man such that uεi >ui(π)+ε. Thus,
there exists j ∈W0\{µi} and (x′, y′) ∈ Xi×Yj such that Vi,j(x

′, y′)>vj(π)+ε and u
ε
i = Ui,j(x

′, y′).
It is clear that (i, j) is an ε-blocking pair of π, so we obtain a contradiction. The same conclusion
holds if for any j ∈W , vεj >vj(π) + ε.

Conversely, suppose that for any (i, j) ∈ M × W , uεi ≤ ui(π) + ε and vεj ≤ vj(π) + ε. Let
(i, j) ∈ M × W be an ε-blocking pair of π. Then, there exists (x′, y′) ∈ Xi × Yj such that
Ui,j(x

′, y′)>ui(π) + ε and Vi,j(x
′, y′)>vj(π) + ε. In particular, notice that uεi ≥ Ui,j(x

′, y′) and
vεj ≥ Vi,j(x

′, y′), as each of player can offer to the another one at least ε more than their current
payoffs. We obtain a contradiction.

Lemma D.1. Let Γ be a matching game where all strategic games are zero-sum games with a value.
Let π = (µ, x, y) be an externally stable matching and (i, j) be a matched couple. Let wi,j be the
value of their game. Consider the sequence of outside options of (i, j) denoted by (uti, v

t
j)t, with t

being the iterations of Algorithm 2. If there exists t∗ such that wi,j ≤ uti (resp. wi,j ≥ vtj ), then
the subsequence (uti)t≥t∗ (resp. (vtj)t≥t∗) is non increasing (resp. non decreasing).

Proof. Suppose that there exists an iteration t in which wi,j ≤ u
t
i ≤ v

t
j, so couple (i, j) switches its

payoff to uti. Let (x̂i, ŷj) be the constrained Nash equilibrium played by (i, j) at iteration t. Let
t′ be the next iteration in which (i, j) moves. Since (x̂i, ŷj) must be (ut

′

i , v
t′

j )-feasible, in particular

it holds ut
′

i ≤ gi,j(x̂i, ŷj) = uti. Therefore, the sequence of outside options starting from t is non
increasing.

E Q-Concave games and connected games.

We define the class of connected games, the one allows to mix between the different feasible games
discussed and keep the convergence of Algorithm 2. Consider a couple (i, j) and a two-person game
Gi,j = (Xi, Yj, Ui,j , Vi,j), with Xi, Yj compact and convex subsets of topological spaces and Ui,j, Vi,j
continuous own-payoff q-concave functions (Definition 5.2).

Proposition E.1. Let (x′, y′) be a (u0, v0)-constrained Nash equilibrium of the q-concave game
Gi,j , that is not a Nash equilibrium. Then, either Ui,j(x

′, y′) = u0 or Vi,j(x
′, y′) = v0.

Proof. Let (x′, y′) be a (u0, v0)-constrained Nash equilibrium that is not a Nash equilibrium. Then,
at least one of the two players has a profitable deviation. Without loss of generality, suppose player
i can deviate to x and increase his payoff. In particular, Vi,j(x, y

′)<v0. Let t ∈ [0, 1] and define
xt := tx′+(1− t)x. Since Ui,j(x, y

′)>Ui,j(x
′, y′), by the q-concavity of Ui,j, Ui,j(xt, y

′)>Ui,j(x
′, y′)
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for any 0<t< 1. Then, Vi,j(xt, y
′)<v0 for any 0<t< 1. As Vi,j(x

′, y′) ≥ v0, by continuity of Vi,j,
limt→1 Vi,j(xt, y

′) = v0 = Vi,j(x
′, y′). Therefore, player j obtains exactly her outside option when

playing (x′, y′). Analogously, if player j has a profitable deviation, then player i gets exactly u0.

Algorithm 2 converges for feasible q-concave games that are connected (Definition E.1).

Definition E.1. A two-person game Gi,j = (Xi, Yj , Ui,j , Vi,j) is a connected-game if there exists a
Nash equilibrium (x∗, y∗) such that for any pair of outside options (u0, v0) with NE∩CNE(u0, v0) =
∅, there exists a (u0, v0)-constrained Nash equilibrium (x0, y0), such that one of the following prop-
erties holds,

(a) Ui,j(x
∗, y∗)<u0 ≤ Ui,j(x0, y0), v0 ≤ Vi,j(x0, y0)<Vi,j(x

∗, y∗) and j has a profitable deviation,

(b) Vi,j(x
∗, y∗)<v0 ≤ Vi,j(x0, y0), u0 ≤ Ui,j(x0, y0)<Ui,j(x

∗, y∗) and i has a profitable deviation.

Theorem E.1. Consider a matching game in which all games (Gi,j : (i, j) ∈M ×W ), are feasible,
q-concave, and connected. Then, there exists an oracle under the which Algorithm 2 converges.

Proof. Let π := (µ, x, y) be an externally stable matching profile, (i, j) be a couple in µ and t an
iteration in which they change of strategy profile. Let (u0, v0) be their outside options and (xi, yj)
their current strategy profile. If NE ∩ CNE(u0, v0) is non-empty, i and j pick a (u0, v0)-feasible
Nash equilibrium and they keep playing it forever. If NE∩CNE(u0, v0) = ∅, as Gi,j is a connected
game, there exists a Nash equilibrium (x∗i , y

∗
j ) and a (u0, v0)-constrained Nash equilibrium (x0, y0)

such that either (a) or (b) holds.
Without loss of generality, suppose it holds (a). As Gi,j is q-concave and j has a profitable

deviation from (x0, y0), player i gets exactly her outside option (Proposition E.1), so u(x0, y0) = u0.
Let r be the next iteration at which i and j change of strategy profile. Let (u1, v1) be their new
outside options, and suppose that NE ∩ CNE(u1, v1) is empty. As π is externally stable, it holds
that u1 ≤ U(x0, y0) = u0 and v1 ≤ V (x0, y0) (Theorem D.1). Since Gi,j is connected, there exists a
(u1, v1)-constrained Nash equilibrium (with respect to the same Nash equilibrium (x∗i , y

∗
j )) (x1, y1),

such that either (a) or (b) holds. However, as v1 ≤ V (x0, y0)<V (x∗i , y
∗
j ), necessarily it must

hold (a). Therefore, the new constrained Nash equilibrium satisfies, U(x∗i , y
∗
j )<u1 = U(x1, y1)

and v1 ≤ V (x1, y1)<V (x∗i , y
∗
j ), where player i gets her outside option since Gi,j is q-concave. By

induction, consider a sequence of iterations in which players i and j change of strategy profile. In
particular, they never found a feasible Nash equilibrium as they kept changing of strategy profile
forever. Then, we obtain a sequence of outside options (ut, vt)t such that for each pair, there exists
a (ut, vt)-constrained Nash equilibrium (xt, yt), satisfying (1) U(x∗i , y

∗
j )<ut = U(xt, vt), ∀t ∈ N,

(2) vt ≤ V (xt, yt)<V (x∗i , y
∗
j ),∀t ∈ N, (3) (ut)t = (U(xt, yt))t is decreasing. Therefore, the sequence

(ut)t is convergent and, at the limit, the couple plays the Nash equilibrium (x∗i , y
∗
j ). As (i, j) is an

arbitrary couple, Algorithm 2 converges.

The class of connected games is rich enough to include zero-sum games and infinitely re-
peated games. Indeed, consider a zero-sum game G = (X,Y, g) with value w and (u0, v0) player’s
outside options (Section 5.4.2). If NE ∩ CNE(u0, v0) = ∅, the value of the game is (u0, v0)-
unfeasible, thus either u0<v0<w, or w<u0<v0. If the first case holds, there exists a constrained
Nash equilibrium (x0, y0) such that g(x0, y0) = v0. Moreover, player 1 has a profitable deviation
since she can always force to play the value of the game. As conclusion, game G satisfies Property
(b) of a connected game. Analogously, if it holds w<u0<v0, game G satisfies Property (a) of a
connected game.

For infinitely repeated games (Section 5.4.4), consider a two-person stage game G and player’s
outside options (u0, v0) such that E ∩Eu0,v0 = ∅. In particular, either α ≤ u0 and v0<β, or α>u0

30



and v0 ≥ β. If the first case holds, consider the payoff vector (u, v) defined by the oracle in the proof
of Theorem 5.2 for infinitely repeated games. Moreover, consider the respective strategy profile σ
in which both players follow a pure plan to the payoff (u, v), such that, if player 1 deviates, player
2 punishes her by reducing her payoff to α, and if player 2 deviates, player 1 omits it. Note that
σ is not a uniform equilibrium as (u, v) is not a uniform equilibrium payoff. It holds that σ is a
(u0, v0)-constrained Nash equilibrium and satisfies Property (a) of a connected game, with (α, β)
being the Nash equilibrium payoff. Moreover, as σ is not a uniform equilibrium, at least one of
the players must have a profitable deviation. As player 1 cannot deviate and increase her payoff,
player 2 must have a profitable deviation. Analogously, if it holds α>u0 and v0 ≥ β, G satisfies
Property (b) of connected games.

Unlike zero-sum games, infinitely repeated games are not necessarily q-concave as players do
not get exactly their outside option when their partners have a profitable deviation. Moreover,
comparing the proofs of Theorem 5.4 for infinitely repeated games and Theorem E.1, it is not
establish the same monotonicity over the outside options. In the first theorem, the outside option
of the player whose punishment level is too high is increased. In the second theorem, the outside
option of the player whose Nash equilibrium payoff is too low is decreased.

F Constrained Nash equilibria and Quasi-Varational Inequalities

Consider a two-person game G = (Xi, Yj, Ui,j , Vi,j) with Xi, Yj strategy sets and Ui,j , Vi,j payoff
functions. Given two outside options (u0i , v

0
j ), consider the point-to-set mappings,

Ki(y
′) := {x ∈ Xi : Vi,j(x, y

′) ≥ v0j }, Kj(x
′) := {y ∈ Yj : Ui,j(x

′, y) ≥ u0i } (11)

Then, a strategy profile (x′, y′) is a (u0i , v
0
j )-constrained Nash equilibrium (CNE) if it solves,

Ui,j(x
′, y′) = max

s∈Ki(y′)
Ui,j(s, y

′),

Vi,j(x
′, y′) = max

t∈Kj(x′)
Vi,j(x

′, t)
(12)

Remark F.1. Note that for a given strategy profile (x′, y′), the sets (11) are convex if the strategy
sets Xi, Yj are convex as well and the payoff functions are own-concave (or q-concave).

We aim to express condition (12) as a quasi-variational inequality.

Proposition F.1. Let Xi, Yj be closed convex subsets of Rn and R
m, respectively. In addition, sup-

pose that the payoff functions Ui,j, Vi,j are concave and differentiable on the player’s own-strategy.
Then, a strategy profile (x′, y′) satisfies condition (12) if and only if it satisfies,

∇xUi,j(x
′, y′)T · (x′ − s) ≥ 0,∀s ∈ Ki(y

′)

∇yVi,j(x
′, y′)T · (y′ − t) ≥ 0,∀t ∈ Kj(x

′)
(13)

Setting Ki,j(x
′, y′) = Ki(y

′) × Kj(x
′), Fi,j = [∇xUi,j,∇yVi,j], a strategy profile (x′, y′) satisfies

condition (12) if and only if it is solution to the QVI(Ki,j, Fi,j).

Proposition F.2. Consider a strategy profile (x′, y′), solution of QVI(Ki,j, Fi,j) as defined in
Proposition F.1. Then, (x′, y′) is a (u0i , v

0
j )-feasible contract and therefore, it is a (u0i , v

0
j )-constrained

Nash equilibrium.
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Proof. Let (x′, y′) be a solution of QVI(Ki,j , Fi,j). In particular it holds, u(x′, y′) ≥ u0i , as y
′ ∈

Kj(x
′), and v(x′, y′) ≥ v0j , as x

′ ∈ Ki(y
′). Therefore, (x′, y′) is (u0i , v

0
j )-feasible. As by construc-

tion, (x′, y′) also satisfies condition (12), we conclude that (x′, y′) is a (u0i , v
0
j )-constrained Nash

equilibrium.

From Proposition F.1 and Proposition F.2, the constrained Nash equilibrium problem is a
generalized Nash equilibrium problem in which the point-to-set mappings Ki and Kj give the
feasible deviations of each player.

Considering convex and compact strategy sets Xi, Yj , and continuously diffentiable concave
payoff functions Ui,j, Vi,j (standard assumptions on game theory), most of the conditions on ex-
istence of QVI solutions theorems are satisfied [14, 19, 29]. Even more, being Xi, Yj convex sets,
Ui,j, Vi,j continuous and own-payoff concave functions, the applications Ki and Kj are closed and
convex. By choosing outside options not too restrictive, we can easily obtain the non-emptyness
of the point-to-set mappings. The upper semicontinuity is a consequence of the payoff functions’
continuity and the fact that Ki and Kj , for some given strategy profile, are polytopes. Indeed,
consider (yn) ⊆ Yj, x ∈ Xi and xn ∈ Ki(yn),∀n ≥ 0. Consider in addition that yn → y and xn → x.
In particular, for any n ≥ 0, Vi,j(xn, yn) ≥ v0j , as xn ∈ Ki(yn). Then, taking n → ∞, as Vi,j is

a continuous function, v0j ≤ Vi,j(xn, yn) → Vi,j(x, y) and therefore, x ∈ Ki(y). The only missing
assumption is the lower semicontinuity of the point-to-set mappings, the one cannot be guaranteed.

G A non feasible game.

Consider the following matrix game G

L M R

T 2,1 -10,-10 3,0

M 3,0 2,1 -10,-10

B -10,-10 3,0 2,1

Game G has only one Nash equilibrium, in mixed strategies, in which agents play the three strategies
with the same probability, getting a payoff of −5/3 and −3 respectively. Consider outside options
u0, v0 equal to 0 and let Z1,2 be the set of feasible contracts for players 1 and 2. Note that Z1,2

is non-empty since (M,M) ∈ Z1,2. We claim that there are no constrained equilibria in Z1,2. To
prove this, consider an acceptable and feasible payoff (u′, v′). Let (x, y) = ((x1, x2, x3), (y1, y2, y3))
be a mixed strategy profile that achieves the payoff (u′, v′), in which each coordinate corresponds to
playing Top, Medium and Bottom respectively for player 1, and Left, Medium and Right for player
2. Note that if any of the players is playing a pure strategy, the other player can improve his/her
payoff by a unilateral deviation, respecting the outside option of the first player. For example, if
player 1 is playing x = (1, 0, 0), that is, he/she is playing Top, player 2 can deviate to play Left
with probability 1, increasing his/her payoff and still giving player 1 at least his/her outside option.
In the same way, if player 2 plays Left, player 1 can deviate to play Medium. So no pure strategy
is a constrained equilibrium. Going even further, if a player does not play the three actions with
positive probability, the other can always deviate and increase his/her payoff. For example, if player
1 plays (x1, x2, 0), player 2 can deviate and play Left with probability 1 if x1 is large enough, or
a mixed strategy mixing only Left and Medium, if x2 is large enough. In any of the two cases,
players converge to play pure strategies, deviating all the time and never reaching a constrained
Nash equilibrium.

Consider that both players play all strategies with a positive probability. Note that none of
them will play the three actions with equal probability, since the Nash equilibrium does not belong
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to Z1,2. Without loss of generality, let us assume that x1> 1/3 ≥ x2. Recalling that x3 = 1−x1−x2
and y3 = 1− y1 − y2, the expected payoff of player 2 is given by,

v′ = v(x, y) = y1(12x1 + 21x2 − 11) + y2(−9x1 + 12x2 − 1) + (1− x1 − 11x2)

It holds that x1, x2, y1, y2 are positive and x1 + x2< 1, y1 + y2< 1, since players have full support.
Then, −9x1 + 12x2 − 1< 0, so player 2 can deviate and increase his/her payoff by decreasing y2.
Consider now the payoff of player 1,

u′ = u(x, y) = y1(11x1 + 25x2 − 12) + y2(−14x1 + 11x2 + 1) + (x1 − 12x2 + 2)

It holds −14x1+11x2+1< 0, so player 1 increases his/her payoff if y2 decreases. Therefore, player
2 has a profitable deviation that still guarantees to player 1 his/her outside option. Intuitively,
since player 1 is more likely to play Top, it makes sense that both players improve their payoff if
player 2 decreases the probability of playing Medium, so they avoid getting −10 as a payoff. We
conclude that (u′, v′) is not the payoff of a constrained equilibrium payoff, and therefore, the game
G is not feasible.

H Extensive form games with perfect information.

Extensive form games with perfect information are also feasible games, as proved in this section.
Consider a finite set of players I and a set P of nodes of a tree. For each p ∈ P , we define its set of
successor nodes in the tree by S(p). For each i ∈ I we consider a set P i of nodes of the tree where
i has to play. A strategy σi for player i is an application on P i which associates to each position
p ∈ P i a successor node in S(p). The set of terminal nodes or results is denoted by R, and the
payoff of player i is given by ui(r) with r ∈ R.

Consider outside options ui0 ∈ R for all players i ∈ I. For player i we consider the set of
terminal nodes Ri

0 such that his/her payoff is at least his/her outside option. We call the game
G admissible if there exists at least one strategy σ such that F [σ], the final node reached by σ,
belongs to

⋂

i∈I R
i
0, so players can obtain at least their outside options. It is straightforward to

prove (by induction on the length) that the game is admissible if and only if
⋂

i∈I R
i
0 is non-empty.

Definition H.1. Let G be an admissible game and let σ = (σi)i∈I be a strategy profile such that
F [σ] ∈

⋂

i∈I R
i
0. σ is a constrained equilibrium if for any i ∈ I and for any strategy τ i of player

i, if ui(F [τ i, σ−i])>ui(F [σ]) then F [τ i, σ−i] /∈
⋂

i∈I R
i
0, that is, every time a player has a profitable

deviation from σ, there is another player for whom the terminal node is not feasible.

A strategy profile σ naturally induces a strategy in the subgames G[p], where p is a node of the
tree and G[p] the game starting from p. As with subgame-perfect equilibrium, we can define the
notion of constrained subgame-perfect equilibrium.

Definition H.2. A strategy profile σ is a constrained subgame-perfect equilibrium if for each
position p such that G[p] is admissible, the continuation strategy σ[p] induced by σ is a constrained
equilibrium of G[p].

Definition H.3. A finite perfect information game G is called feasible if any time that there
exists a strategy profile σ such that F [σ] ∈

⋂

i∈I R
i
0, then there exists τ a constrained subgame-

perfect equilibrium such that F [τ ] ∈
⋂

i∈I R
i
0.

Theorem H.1. Every finite perfect information game is feasible.
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Proof. We make the proof by forward induction over the length n of the game. Let i be the
player who plays at the first node r, the root of the tree. For n = 1, note that G corresponds to
a game where only i plays and then the outputs are announced. Player i will choose the action
that maximizes his/her payoff subject to choose an ending node in ∩i∈IR

i
0, obtaining a strategy

σ in which nobody can deviate without violating the constraint. Therefore, σ is a constrained
equilibrium that is subgame perfect because the game has no subgame.

Suppose that any perfect information game of length n is feasible, and let G be a game of length
n+ 1. Suppose G is admissible, so there exists a path from the root to a terminal node that gives
all players a payoff greater than or equal to their outside options. We aim to prove that G has a
constrained subgame-perfect equilibrium.

Let S(r) be the set of all possible nodes that i can choose when he/she plays for the first time,
that is, S(r) is the set of successors of the root of the tree. Since G is admissible, there is at least
one node p ∈ S(r) such that G[p] is also admissible. Let S′ ⊆ S(r) be the set of all nodes p in S(r)
such that G[p] is admissible. By induction, all subgames G[p] with p ∈ S′ are feasible, so for each
of them there exists σ′p a constrained subgame perfect equilibrium.

Consider the strategies σp := (p, σ′p) in which player i chooses a node p ∈ S′ in his/her first turn
and then, in the subgame G[p], players follow the constrained equilibrium σ′p. From all strategies
σp with p ∈ S′, consider the one that maximizes i’s payoff, called σp∗. We claim that σp∗ is a
constrained subgame-perfect equilibrium of game G. Indeed, for p∗ the induced strategy σp∗[p

∗]
coincides with σ′p∗ so it corresponds to a constrained subgame-perfect equilibrium. Moreover, since
i chose the best node p ∈ S′ for his/her, he/she has not incentive to deviate to any other node in
S′. Therefore, the strategy σp∗ is a constrained subgame-perfect equilibrium, since choosing any
other node in S(r) \ S′ yields to a non admissible subgame.

We also present an alternative proof by backward induction in which we construct a con-
strained subgame-perfect equilibrium or we prove that the tree is not admissible. Consider the
longest path from the root r to some terminal node t in R. Note that there is a unique path from
r to t since the tree is an acyclic graph. Let it be the last player to play in this path and consider
the set Rit of all the terminal nodes that it can choose. The set is non-empty since t ∈ Rit . Next,
consider the set of all nodes in Rit that belong to

⋂

i∈I R
i
0. If the intersection

⋂

i∈I R
i
0 ∩Rit is non-

empty, player it can choose a final node that gives all players at least their outside option. If this
is the case, it picks the one that maximizes his/her payoff. On the other hand, if the intersection
is empty, anyway player it picks a node maximizing his/her own payoff. Note that, in the first case
player it has no incentive to deviate to any other node in

⋂

i∈I R
i
0, so if he/she has a profitable

deviation, there will be a player who receives less than his/her outside option. In the second case,
player it is playing in a non-admissible game.

Once it has chosen her node, we erase all the nodes of Rit from the tree and replace the node
in which it had to play by the terminal node in which all players receive the payoff related to the
choice of it. Once this is done, we come back to the first step of finding the longest path from the
root to some terminal node. We iterate until reducing the tree to just the root r.

Since each time a player has to decide the final node to reach in the tree, either he/she chooses
a constrained equilibrium or a non-admissible game, the final result of this procedure leads to
either finding a constrained subgame-perfect equilibrium of the game G, or proving that G is a
non-admissible game, so we conclude that G is feasible.

I Other notions of external stability.

Definition I.1. A matching profile π = (µ, x, y) is unilateral externally stable if,
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(a) For any i ∈M and j ∈W , ui(π) ≥ ui and vj(π) ≥ vj .

(b) There is no (i, j) ∈ M × W , not matched by µ, and no (si, tj) ∈ Xi × Yj such that either
Ui,j(si, yi) > ui(π) and Vi,j(si, yi) > vj(π) or Ui,j(xi, ti) > ui(π) and Vi,j(xi, ti) > vj(π).

Being unilateral externally stable is indeed weaker than being externally stable, as any unilateral
externally blocking pair is an externally blocking pair as well. The last notion, weaker than the one
already defined, assumes that players cannot change actions if they want to move from one partner
to another.

Definition I.2. A matching profile π = (µ, x, y) is weakly externally stable if,

(a) For any i ∈M and j ∈W , ui(π) ≥ ui and vj(π) ≥ vj ,

(b) There is no (i, j) ∈M ×W , not matched by µ s.t. Ui,j(xi, yi) > ui(π) and Vi,j(xi, yi) > vj(π).

Remark I.1. A matching profile is weakly externally stable if after fixing the chosen actions,
the matching is pairwise stable in Gale-Shapley’s sense. Therefore, if actions are interpreted as
investments decided before players are matched, as in Nöldeke-Samuelson’s setting [27], our unilat-
eral/weak external stability notions and their stability notion are related.

Consider that all couples play the same fixed game G = (X,Y,U, V ).

Theorem I.1. Consider a matching profile π = (µ, x, y) in which all couples play the same Nash
equilibrium (x, y). Then, π is unilateral externally stable and internally Nash stable.

The proof is direct as in the setting in which all couples play the same game and the same
strategy profile, if a matching profile is internally Nash stable, then, it is unilateral externally stable.
Therefore, if all couples play the same two-person game G with at least one Nash equilibrium, we
obtain the existence of matching profiles that are unilateral externally stable and internally Nash
stable. Going even further, since unilateral externally stable matchings are also weakly externally
stable, we obtain the existence of weak externally stable and Nash stable matchings.

This last combination was studied by Jackson and Wolinsky [21] and Bich and Morhain [5] in
2017, in network formation games. In such a model, agents can create links with all partners and
they can choose actions. The payoff function of an agent depends on the links created and the
actions played by all the agents. Their concept of Nash-pairwise stability corresponds in our model
to the combination of weak external and internal Nash stability.

J A numerical example

Consider a matching game with three men M = {i1, i2, i3} and three women W = {j1, j2, j3}, who
have the following preferences,

A =

83 85 99

74 13 15

58 49 54

B =

69 6 28

88 2 70

72 18 9

A(i, j) (resp. B(i, j)) represents the fixed utility that i ∈ M (resp. j ∈ W ) receives if he (resp.
she) matches with j (resp. i). Suppose that all agents have null IRPs, i.e. (ui, vj) = (0, 0),∀(i, j) ∈
M×W . Suppose in addition that if a couple (i, j) is created, as in Example 1, each agent can decide
for a linear monetary transfer to the partner. Formally, if xi, yj ≥ 0 are i and j respective monetary
transfers, their utilities are Ui,j(xi, yj) = A(i, j) − xi + yj and Vi,j(xi, yj) = B(i, j) + xi − yj.
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J.1 Computing a Nash stable allocation

As already discussed, internal Nash stable allocations for matching with transfer problems corre-
spond to matching profiles in which no agent makes a positive transfer. Due to this, computing
a Nash stable allocation is equivalent to Gale-Shapley’s stable allocations where the ordinal pref-
erences are deduced from the matrices A and B. Algorithm 1 is equivalent to Gale-Shapley’s
algorithm in which men are proposing, as competitions are reduced to preference comparisons. We
can summarize Algorithm 1 in that case in the following pseudo-code.

Algorithm 3: Propose-dispose algorithm

1 Set M ′ ← {i1, i2, i3} as the set of single men and vj(π) = 0,∀j ∈W
2 while M ′ 6= ∅ do
3 Let i ∈M ′ and j such that A(i, j) = argmax{A(i, ·) : B(i, j)>vj(π)}
4 if j is single then
5 i is automatically accepted

6 else
7 j chooses argmax{A(i, j);A(µi , j)} and the loser is included in M ′

Let us run Algorithm 1 iteration by iteration.

Iter 1. Suppose i1 is the first proposer man. Looking at the first row of A, we see that i1 prefers
to propose to j2, who accepts him.

Iter 2. Suppose i3 is the second proposer. From A(i3, ·), i3 proposes to j1, who accepts him as she
is single.

Iter 3. Finally, i2 proposes as he is the only remaining man. From the payoff matrix, i2 proposes
to j1 and has to compete against i3. From the first column of A, the winner is i2. i3 becomes single
and proposes again.

Iter 4. i3 computes his optimal proposal. As B(i3, j1) ≤ vj1(π), i3 proposes to his second best
option, j3. However, j3 is already matched with i1, who is better ranked than i3 according to j3’s
preferences, so i3 is rejected.

Iter 5. Finally, i3 proposes to j2 as she is his only feasible proposal, who accepts him, and the
algorithm ends.

The output is µ = ((i1, j3), (i2, j1), (i3, j2)). We see that i1 and i2 are matched with their best
possible options, so they will never prefer to change to another partner. Regarding i3, although
he would prefer to change to another partner, neither j1 nor j3 would accept him, as each of them
prefers their actual partners. We conclude that π = (µ, 0, 0) is a Nash stable matching profile where
(0, 0) means that there the transfer vector (x, y) is equal to zero.

J.2 Computing an externally stable allocation

Unlike Nash stability, as it will be seen now, the external stability concept will output a matching
profile in which (some) agents will make a positive transfer. First, let’s recall the payoff matrices
and the propose-dispose algorithm.

A =

83 85 99

74 13 15

58 49 54

B =

69 6 28

88 2 70

72 18 9
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Algorithm 4: Propose-dispose algorithm

1 Set M ′ ← {i1, i2, i3} as the set of single men and vj(π) = 0,∀j ∈W
2 while M ′ 6= ∅ do
3 Let i ∈M ′ and

(j, xi, yj) ∈ argmax{A(i, j′)− xi + yj : B(i, j′) + xi − yj >vj(π) + ε : j′ ∈ {j1, j2, j3}}
4 if j is single then
5 i is automatically accepted

6 else
7 i and µi compete for j: Each of them computes

max{B(i, j) + xi − yj : A(i, j) − xi + yj ≥ βi}

with βi being i’s reservation price. The highest bid wins and the winner decreases
the bid until matching the one of the loser

Let ε = 1 and let us consider the same order that for the previous section:

Iter 1. Suppose i1 is the first proposer man. He solves

max{A(i1, j)− xi1 + yj : B(i1, j) + xi1 − yj ≥ ε, j ∈W}

⇐⇒max{A(i1, j) +B(i1, j) − ε : j ∈W} = max{83 + 69− 1, 85 + 6− 1, 99 + 28 − 1} = 151

Therefore, the optimal proposal is (j1, 0, 68)
11, i.e. i1 proposes to j1 and takes the highest possible

profit from their transfer game by offering to j1 exactly her IRP. Since j1 is single, he accepts him
automatically.

Iter 2. Suppose i3 proposes next. Similarly, he solves the problem (notice that still all women
have 0 payoff),

max{A(i3, j)− xi3 + yj : B(i3, j) + xi1 − yj ≥ ε, j ∈W}

⇐⇒max{A(i3, j) +B(i3, j) − ε : j ∈W} = max{58 + 72− 1, 49 + 18− 1, 54 + 9− 1} = 129

Therefore, the optimal proposal for i3 is (j1, 0, 71). However, since j1 is already matched, i1 and
i3 compete. First of all, notice that i3’s reservation price is equal to 66, as it corresponds to the
second highest value in the calculation of his optimal proposal. Similarly, i1’s reservation price is
equal to 126. Let us compute the bid of i1,

λi1 = max{B(i1, j1) + xi1 − yj1 : A(i1, j1)− xi1 + yj1 ≥ 126}

⇐⇒λi1 = max{69 + xi1 − yj1 : 83− xi1 + yj1 ≥ 126}

⇐⇒λi1 = max{69 + xi1 − yj1 : xi1 − yj1 ≤ −43} = 69− 43 = 26

Similarly for i3,

λi3 = max{72 + xi3 − yj1 : 58− xi3 + yj1 ≥ 66}

⇐⇒λi3 = max{72 + xi3 − yj1 : xi3 − yj1 ≤ −8} = 72− 8 = 64

11Any transfer profile (xi, yj) satisfying −xi+yj = 68 is also an optimal proposal. Taking, in particular, an optimal
proposal in which one of the agents makes a null transfer will be useful for the next section.
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Since i3’s bid is the highest, he wins the competition. Finally, he decreases his bid until matching
the one of i1,

max{A(i3, j1)− xi3 + yj1 : B(i3, j1) + xi3 − yj1 ≥ λi1}

⇐⇒max{58 − xi3 + yj1 : 72 + xi3 − yj1 ≥ 26}

⇐⇒max{58 − xi3 + yj1 : −xi3 + yj1 ≤ 46} = 58 + 46 = 104

Therefore, the final transfer profile between i3 and j1 is (xi3 , yj1) = (0, 46). Notice that j1 reaches
exactly the previous bid of i1. As this is the highest payoff that i1 is willing to offer her, he will
not propose to her if he is the next proposer man.

Iter 3. Suppose i2 proposes next. His optimal proposal is,

max{A(i2, j)− xi2 + yj : B(i2, j) + xi2 − yj ≥ ε, j ∈ {j2, j3}, B(i2, j2) + xi2 − yj2 ≥ 26 + ε}

⇐⇒max{A(i2, j1) +B(i2, j1)− 26− ε,A(i2, j2) +B(i2, j2)− ε,A(i2, j3) +B(i2, j3)− ε}

⇐⇒max{74 + 88− 26− 1, 13 + 2− 1, 15 + 70− 1} = 135

Thus, i2 proposes to j1 the transfer profile (0, 61), and has to compete against i3. The reservation
prices of the men are βi2 = 94 and βi3 = 66. Then, the bids are equal to,

λi2 = max{B(i2, j1) + xi2 − yj1 : A(i2, j1)− xi2 + yj1 ≥ βi2} = 68

λi3 = max{B(i3, j1) + xi3 − yj1 : A(i3, j1)− xi3 + yj1 ≥ βi3} = 64

Since λi2 is the highest value, i2 is the winner of the competition. Finally, he decreases his offer for
matching the one of i3,

max{A(i2, j1)− xi2 + yj1 : B(i2, j1) + xi2 − yj1 ≥ λi3} = 98

and so, the final transfer profile between i2 and j1 is (xi2 , yj1) = (0, 24).

Iter 4. Suppose i1 proposes next. Since j1’s payoff is too high for offering her a profitable (for i1)
contract, i1 proposes to his next best option, j3 the transfer profile (xi1 , yj3) = (0, 27). Since j3 is
single, she accepts automatically.

Iter 5. Finally, i3 proposes again as he is the only single man. Since he lost the competition
for j1, he is not able to propose her again and increase her payoff by ε without violating his own
reservation price. Thus, he offers to his second-best option j2 the transfer profile (0, 17). Since she
is single, i3 is automatically accepted and the algorithm stops.

The output of Algorithm 1 is π = (µ, x, y) with µ = ((i1, j3), (i2, j1), (i3, j2)) and (x, y) =
((0, 0, 0), (24, 17, 27)). The final payoffs of the players are, (u(π), v(π)) = ((126, 98, 66), (64, 1, 1)).
For checking the ε-external stability of π, we compute the outside options of one side and check
that none of them is ε higher than the players’ payoff. Formally, for i ∈M we check that,

uεi = max{A(i, j) − xi + yj : B(i, j) + xi − yj ≥ vj(π) + ε, j ∈W \ {µi}} ≤ ui(π) + ε

⇐⇒uεi = max{A(i, j) +B(i, j) − vj(π)− ε, j ∈W \ {µi}} ≤ ui(π) + ε

We obtain that uε = (uεi1 , u
ε
i2
, uεi3) = (89, 83, 65). Since men’s payoff in π are strictly higher than

their outside options, none of them has the incentive to change of partner. Therefore, we conclude
that π is ε-externally stable, for ε = 112.

12As the payoff matrices have integer values, the solution found is indeed a 0-externally stable allocation
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J.3 Computing an externally-internally stable allocation

The externally stable matching profile π found by Algorithm 1 at the previous section is known
to be the most preferred stable allocation by the proposer side. However, there is a continuum of
strategy profiles that achieve the same payoffs that π. Indeed, for any δ ∈ [0,min{yj1 , yj2 , yj3}],
considering the shifted matching profile πδ = (µ, x+ δ, y − δ) gives the same payoffs to the agents
and therefore, it remains ε-externally stable. However, from this continuum of solutions, there is
only one internally stable.

Let us start this section by studying the constrained Nash equilibria. Recall that (xi, yj) ∈ R
2
+

is an ε-(uεi , v
ε
j )-CNE if and only if,

Ui,j(xi, yj) + ε ≥ max{Ui,j(s, yj) : Vi,j(s, yj) + ε ≥ vεj , s ≥ 0} ⇐⇒ Vi,j(xi, yj) ≤ v
ε
j

Vi,j(xi, yj) + ε ≥ max{Vi,j(xi, t) : Ui,j(xi, t) + ε ≥ uεi , t ≥ 0} ⇐⇒ Ui,j(xi, yj) ≤ u
ε
i

In words, as players’ profitable deviations are equivalent to decreasing their transfers, a couple plays
a constrained Nash equilibrium if each of them is receiving no more than their outside option, so
transfers are shifted to the minimum possible without breaking the external stability13. We state
the pseudo-code of Algorithm 2 for this problem.

Algorithm 5: Strategy profiles modification, ε-version

1 repeat
2 for (i, j) ∈ µ do
3 Compute (uεi , v

ε
j ) and reduce (xi, yj) s.t. Ui,j(xi, yj) = uεi and Vi,j(xi, yj) = vεj .

4 until Convergence;

Let us run the strategy profiles modification algorithm iteration by iteration.

Iter 1. Let (i1, j3) be the first couple. Since i1 is not making any transfer, only j3 decreases hers.
Recall uεi1 = 65, therefore j3 passes to transfer yj3 : A(i1, j3) + yj3 = uεi1 ⇐⇒ yj3 = 65− 99 = −34.
Since transfers are non-negative, j3 decreases hers until 0. The new payoffs of the couple become
(ui1(π), vj3(π)) = (99, 28). Notice that the couple has passed to play the Nash equilibrium of their
game, as this one is a feasible strategy profile.

Iter 2. Consider the second couple (i2, j1). Again, only j1 can deviate as i2 already plays a best
reply. We obtain that uεi2 = 15 thus, j1 decreases yj1 such that A(i2, j1) + yj1 = 15, so yji becomes
0. The new payoffs of the couple is (ui2(π), vj1(π)) = (74, 88), that corresponds to their Nash
equilibrium payoff.

Iter 3. Consider the last couple (i3, j2). It follows u
ε
i3
= 41 so j2 decreases yj2 such that A(i3, j2)+

yj2 = 41. Thus, yj2 = 0 and the third couple also passes to play a Nash equilibrium, getting as
payoffs (ui3(π), vj2(π)) = (49, 18).

As all couples switch to play the Nash equilibrium of their game, the algorithm stops. Hence
starting from the best externally stable matching for men, when we apply algorithm 2, we find the
best solution for men in the model without transfers (e.g. the Gale-Shapley original model). This
property is not always true: in Example 1, in the unique externally-internally stable matching, the
man offers a positive transfer δ to the woman.

13In reality, as we are working with ε-external stability, players’ payoffs can be decreased until ε less than their
outside options
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