
Necessary and possible interaction in a
2-maxitive Sugeno integral model

Abstract. This paper proposes and studies the notion of interaction
between two criteria in a 2-maxitive Sugeno integral model. Within the
framework of binary alternatives, we give a necessary and sufficient con-
dition for preferential information on binary alternatives to be repre-
sentable by a 2-maxitive Sugeno integral model. Using this condition,
we show that it is always possible to choose a numerical representation,
for which all the interaction indices are strictly positive. Outside the
framework of binary alternatives, by introducing of binary variables, we
propose a MILP allowing to test whether an ordinal preference informa-
tion is representable by a 2-maxitive Sugeno integral model and whether
the interpretation of the interaction indices is ambiguous or not. We
illustrate our results with examples.
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1 Introduction

The Sugeno integral was introduced in [18] and it is an aggregation function in
the ordinal approach to decision making. There are numerous applications of the
Sugeno integral in the decision making [7, 9], and the problem of identification
of fuzzy measures, based on which fuzzy integrals are defined, has attracted
substantial attention [1, 2, 10].

In the context of a 2-additive Choquet integral model, the interaction index
between two criteria coincides with the Möbius mass of this pair [15]. By anal-
ogy, in the context of a 2-maxitive Sugeno integral, in this paper we propose a
definition of the interaction index between two criteria.

In [15], we find necessary and sufficient conditions for a preferential informa-
tion on a set of binary alternatives to be represented by a 2-additive Choquet
integral model. We give a similar result with the 2-maxitive Sugeno integral
model.

In [14], it is proven that in the framework of binary alternatives, if the pref-
erential information contains no indifference, and if it is representable by a 2-
additive Choquet integral model, then it is always possible to represent these
preferences by a strict positive interaction. We obtain a similar result with the
2-maxitive Sugeno integral.

Outside the framework of binary alternatives, in [15] we find a simple LP
allowing us to test whether ordinal preference information is representable by a
2-additive Choquet integral model and whether the interpretation of interaction
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indices is or not ambiguous. Outside the framework of binary alternatives, using
the linearization of the min and max functions, we propose a MILP allowing to
test whether an ordinal preference information is representable by a 2-maxitive
Sugeno integral model and whether the interpretation of the interaction indices
is or not ambivalent.

This paper is organized as follows. After having recalled in Section 2 some
basic elements on the model of the Sugeno integral in MCDM, in Section 3, we
use a classic example to argue that the usual interpretation of interaction indices
is not always convincing. In Section 4, we give our main results. Outside the
framework of binary alternatives, by introduicing binary variables, we propose
a MILP model allowing to test whether an ordinal preference information is
representable by a 2-maxitive Sugeno integral model and whether the interaction
is necessary or not. We illustrate our results with an example in Section 6, and
we end by a conclusion.

2 Notations and definitions

2.1 The framework

Let N = {1, 2, . . . , n} be a set of n criteria and Li the evaluation scale for the
criterion i ∈ N . We denote by 0i (resp. 1i) the smallest (resp. biggest) element
of Li. An alternative is a vector x = (x1, · · · , xn) ∈ L1×L2×· · ·×Ln where xi is
the ordinal evaluation of the alternative with respect to the criterion i ∈ N . The
criteria are recoded numerically using, for all i ∈ N, a function ui from Li into R.

2.2 Sugeno integral

The Sugeno integral [5, 7, 18] is an aggregation function known in MCDM. It is
based on the notion of capacity [4, 16] defined as a function µ from the powerset
2N into L such that:

• µ(∅) = 0,
• µ(N) = 1,
• ∀S, T ∈ 2N ,

[
S ⊆ T =⇒ µ(S) ≤ µ(T )

]
(monotonicity).

For an alternative x = (x1, · · · , xn) ∈ L1 × L2 × · · · × Ln, the expression of
the Sugeno integral w.r.t. a capacity µ is given by:

Sµ
(
u(x)

)
=

n∨
i=1

(
uσ(i)(xσ(i)) ∧ µ(Nσ(i))

)
(1)

where u(x) = (u1(x1), · · · , un(xn)), σ is a permutation on N such that:
Nσ(i) = {σ(i), · · · , σ(n)} and uσ(1)(xσ(1)) ≤ uσ(2)(xσ(2)) ≤ · · · ≤ uσ(n)(xσ(n)).
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Remark 1. The Sugeno integral is equivalent to the following expression (see
[13])

Sµ
(
u(x)

)
=
∨
A⊆N

(( ∧
i∈A

ui(xi)
)
∧ µ(A)

)
. (2)

The ordinal Möbius transform [11] mµ of µ is defined by:

mµ(S) =


µ(S) if µ(S) >

∨
T(S

µ(T )

0 otherwise

(3)

The definition of a capacity generally requires 2n − 2 coefficients which are
the values of µ for all subsets of N . When n is large, this determination be-
comes difficult. This is why the concept of k-maxitive capacity, where k is an
integer between 1 and n, has been introduced in order to reduce the number of
parameters of µ to be determined.

Definition 1. A capacity µ is said to be k-maxitive [17, 3] if we have

µ(S) =
∨
T⊆S
|T |≤k

µ(T ) for all S ⊆ N. (4)

Remark 2. • k-maxitive capacities are thus completely determined by their
values on the sets with at most k elements.
• A Sugeno integral defined with respect to a k-maxitive capacity is also said

to be k-maxitive.
• It is not difficult to see from (4) that for a k-maxitive Sugeno integral Sµ,
mµ(S) = 0 for all S ⊆ N such that |S| > k, and thus Sµ can be expressed
as a supremum of terms with at most k variables.

The following proposition gives a simplified expression of the k-maxitive Sugeno
integral

Proposition 1. If a capacity µ is k−maxitive, then we have:

Sµ
(
u(x)

)
=
∨

A⊆N
|A|≤k

(( ∧
i∈A

ui(xi)
)
∧ µ(A)

)
(5)

Proof. Let us assume that a capacity µ is k-maxitive. We then have

µ(A) =
∨
B⊆A
|B|≤k

µ(B) for |A| ≥ k + 1.

Since
∧
i∈A

ui(xi) ≥
∧
i∈B

ui(xi) when A ⊆ B, so

∨
A⊆N
|A|≤k

(( ∧
i∈A

ui(xi)
)
∧ µ(A)

)
≥

∨
A⊆N
|A|≥k+1

(( ∧
i∈A

ui(xi)
)
∧ µ(A)

)
.
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Thus we have:

Sµ
(
x
)

=
∨
A⊆N

(( ∧
i∈A

ui(xi)
)
∧ µ(A)

)

=

[ ∨
A⊆
|A|≤k

(( ∧
i∈A

ui(xi)
)
∧ µ(A)

)]∨[ ∨
A⊆N
|A|≥k+1

(( ∧
i∈A

ui(xi)
)
∧ µ(A)

)]

=
∨

A⊆N
|A|≤k

(( ∧
i∈A

ui(xi)
)
∧ µ(A)

)
ut

Remark 3. For k = 1, the Sugeno integral simplifies in the form of a prioritized
maximum [6]:

Sµ
(
u(x)

)
=
∨
i∈N

(
ui(xi) ∧ µi

)
(6)

Remark 4. For k = 2, the 2-maxitive Sugeno integral is given by:

Sµ
(
u(x)

)
=

[ ∨
i∈N

(
ui(xi) ∧ µi

)]∨[ ∨
i,j∈N

(
ui(xi) ∧ uj(xj) ∧ µij

)]
(7)

In the context of a 2-additive Choquet integral, the interaction index be-
tween two criteria coincides with their Möbius transform [15]. By analogy, in the
framework of a 2-maxitive Sugeno integral, we propose below a definition of the
interaction index between two criteria. Indeed, we propose that Iµij = mµ

ij for all
i, j ∈ N .

Definition 2. The interaction index w.r.t. a 2-maxitive capacity µ is defined
by:

Iµij =

µij if µij > µi ∨ µj

0 otherwise
(8)

Remark 5. Given a capacity µ, it is usual to interpret the interaction as follows:

– If Iµij > 0, then we say that criterion i and j are complementary( or in
positive synergy) w.r.t µ.

– If Iµij = 0, then we say that criterion i and j are independent w.r.t µ.

Our definition for the 2-maxitive case implies that negative interactions are not
taken into account.

3 A motivating example

We consider the following example inspired by [?]. Four students are evaluated
on three subjects Mathematics (M), Statistics (S) and Language skills (L). All
marks are taken from the same scale, from 0 to 1. The evaluations of these
students are given by the Table 1.
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1:Mathematics(M) 2:Language(L) 3: Statistics(S)
a 0.3 0.25 0.6
b 0.3 0.6 0.25
c 0.7 0.25 0.6
d 0.7 0.6 0.25

Table 1: Evaluations students

To select the best students, the Dean of the faculty expresses his/her prefer-
ences where the notation xP y means x is strictly preferred to y. For a student
bad in Mathematics, Language is more important that Statistics, so that

aP b, (9)

for a student good in Mathematics, Statistics is more important that Language,
so that

dP c. (10)

It is not possible to model the two preferences aP b and dP c by an 1-maxitive
Sugeno integral model. Indeed we have:

Sµ(a) = (uM (0.3) ∧ µ1) ∨ (uL(0.25) ∧ µ2) ∨ (uS(0.6) ∧ µ3)

Sµ(b) = (uM (0.3) ∧ µ1) ∨ (uL(0.6) ∧ µ2) ∨ (uS(0.25) ∧ µ3)

Sµ(c) = (uM (0.7) ∧ µ1) ∨ (uL(0.25) ∧ µ2) ∨ (uS(0.6) ∧ µ3)

Sµ(d) = (uM (0.7) ∧ µ1) ∨ (uL(0.6) ∧ µ2) ∨ (uS(0.25) ∧ µ3)

We then have: (uM (0.7) ∧ µ1) ∨ Sµ(a) = (uM (0.3) ∧ µ1) ∨ Sµ(c) and

(uM (0.7) ∧ µ1) ∨ Sµ(b) = (uM (0.3) ∧ µ1) ∨ Sµ(d).

Therefore we have: aP b =⇒ Sµ(a) > Sµ(b),

=⇒ (uM (0.7) ∧ µ1) ∨ Sµ(a) ≥ (uM (0.7) ∧ µ1) ∨ Sµ(b),

=⇒ (uM (0.3) ∧ µ1) ∨ Sµ(c) ≥ (uM (0.3) ∧ µ1) ∨ Sµ(d),

=⇒ Sµ(c) ≥ Sµ(d),

=⇒ not(dP c). Contradiction with preference dP c.

Let us assume that the scale of evaluation [0, 1] corresponds to the utility func-
tion associated to each subject, i.e., uM (0.3) = 0.3, uM (0.7) = 0.7, uL(0.25) =
0.25, uL(0.6) = 0.6, uS(0.25) = 0.25 and uS(0.6) = 0.6. In this case, the prefer-
ences aP b and dP c, are now representable by a 2-maxitive integral w.r.t. any
capacity given in Table 2 below. We chose eight capacities compatible with these
preferences (Cap. for short in Table 2) in order to illustrate the fact that the
sign of an interaction index is strongly dependent upon to the chosen capacity.
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In this illustration, the interpretation of the interaction between two criteria
is not easy. For instance, w.r.t. the 2-maxitive capacity, the interaction between
Mathematics and Statistics, IµMS , could be strictly positive (Cap. 2, Cap. 7, Cap.
8) or null (Cap. 1, Cap. 3, Cap. 4, Cap. 5, Cap. 6). Thus, from the preferences
given by the DM, it is not obvious whether the subjects Mathematics and Statis-
tics are complementary or independent. This conclusion is still valid concerning
the interaction IµLS between Language and Statistics. Indeed, this interaction is
strictly positive (see Cap. 2, Cap. 3, Cap. 4, Cap. 6 and Cap. 7), and null (see
Cap. 1 and Cap. 5).

Cap. 1 Cap. 2 Cap. 3 Cap. 4 Cap. 5 Cap. 6 Cap. 7 Cap. 8
µM 0 0 0.3 0.5 0.3 0 0 0
µL 0 0 0 0 0 0 0 0
µS 0.5 0.4 0.5 0.5 0.5 0.5 0.49 0.49
µML 1 1 0.6 0.6 1 0.6 0.6 1
µMS 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5
µLS 0.5 0.5 1 1 0.5 1 1 0.49

Sµ(a) 0.5 0.4 0.5 0.5 0.5 0.5 0.49 0.49
Sµ(b) 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3
Sµ(c) 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5
Sµ(d) 0.6 0.6 0.6 0.6 0.6 0.6 0.6 0.6

IµML 1 1 0.6 0.6 1 0.6 0.6 1

IµMS 0 0.5 0 0 0 0 0.5 0.5

IµLS 0 0.5 1 1 0 1 1 0

Table 2: A set of eight 2-maxitive capacities compatible with the preferences
aP b and dP c.

Depending on the numerical representation µ, the interaction index can be null
or strictly positive, this led to the definition of the notion of necessary and
possible interaction, as introduced in [12, 14] for the Choquet integral model.

4 Necessary and possible interaction

In the sequel, we will suppose that the DM is able to compare a number of
alternatives in terms of strict preference (P ) or indifference (I). The idea is to
ask to the DM its preferences by comparing some elements of X. We then obtain
the binary relations P and I defined as follows.

Definition 3. An ordinal preference information {P, I} on X is given by:

P = {(x, y) ∈ X ×X: DM strictly prefers x to y},



Necessary and possible interaction in 2-maxitive Sugeno integral model 7

I = {(x, y) ∈ X ×X : DM is indifferent between x and y}.

We say that {P, I} is representable by a 2-maxitive Sugeno integral model,
if there exists a 2-maxitive capacity µ such that: for all x, y ∈ X,

(x, y) ∈ P =⇒ Sµ(u(x)) > Sµ(u(y))
(x, y) ∈ I =⇒ Sµ(u(x)) = Sµ(u(y)).

The set of all 2-maxitive capacities used to represent the preference information
at hand will be denoted S2-max(P, I). When there is no ambiguity on the under-
lying preference information, we will simply write S2-max.

The following definition of necessary and possible interactions will be central
in the rest of this text.

Definition 4. Let be i, j ∈ N be two distinct criteria, We say that:

1. there exists a possible complementary (resp. independence) between i and j
if there exists a capacity µ ∈ S2-max such that Iµij > 0 (resp. Iµij = 0);

2. there exists a necessary complementary (resp. independence) between i and
j if Iµij > 0 (resp. Iµij = 0) for all capacity µ ∈ S2-max.

Remark 6. Let i, j ∈ N be two distinct criteria.

• If there exists a necessary complementary (resp. independence) between i and
j, then there exists a possible complementary (resp. independence) between
i and j.
• If there is no necessary complementary (resp. independence) between i and
j, then there exists a possible independence (resp. synergy) between i and j.

5 Necessary and possible interaction with binary
alternatives

5.1 Framework

We assume that the DM is able to identify on each criterion i ∈ N two reference
levels 1i and 0i:

• the level 0i in Li is considered as a neutral level and we set ui(0i) = 0;
• the level 1i in Li is considered as a good level and we set ui(1i) = 1.

For a subset S ⊆ N we define the alternative aS = (1S ; 0−S) such that ai = 1i
if i ∈ S and ai = 0i otherwise. Our work is based on the set B that we can find
in [15] and is defined as following.

Definition 5. The set of binary alternatives is defined by
B = {0N , (1i, 0N−i), (1ij , 0N−ij) : i, j ∈ N, i 6= j}

where
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• 0N = (1∅, 0N ) =: a0 is an alternative considered neutral on all criteria.
• (1i, 0N−i) =: ai is an alternative considered satisfactory on criterion i and

neutral on the other criteria.
• (1ij , 0N−ij) =: aij is an alternative considered satisfactory on criteria i and
j and neutral on the other criteria.

Remark 7. For any 2-maxitive capacity µ, we have:

Sµ(u(a0)) = 0; Sµ(u(ai)) = µi; Sµ(u(aij)) = µij .

We add to this ordinal information a relation M modeling the relation of
monotonicity between binary alternatives, and allowing us to ensure the satis-
faction of the monotonicity conditions µi ≥ 0 and µij ≥ µi for a capacity µ. For
(x, y) ∈ {(ai, a0) : i ∈ N} ∪ {(aij , ai) : i, j ∈ N, i 6= j}, xMy if not (x(P ∪ I)y).

5.2 Results

The following proposition gives a necessary and sufficient condition for an ordinal
preference information on B containing no indifference to be representable by a
2-maxitive integral model.

Proposition 2. Let {P, I} be an ordinal preference information on B such that
I = ∅. Then {P, I} is representable by a 2-maxitive Sugeno integral if and only
if the binary relation P ∪M contains no strict cycle.

Proof. Necessity. Suppose that the ordinal preference information {P, I} on
B is representable by a Sugeno integral. So there exists a capacity µ ∈ S2-max

such that {P, I} is representable by Sµ.
If P ∪M contains a strict cycle, then there exists x0, x1, . . . , xr on B such that
x0 (P ∪M)x1 (P ∪M) . . . (P ∪M)xr (P ∪M)x0 and there exists two elements
xi, xi+1 ∈ {x0, x1, . . . , xr} such that xi P xi+1. Since {P, I} is representable by
Sµ, therefore Sµ(u(x0)) ≥ . . . ≥ Sµ(u(xi)) > Sµ(u(xi+1)) ≥ . . . ≥ Sµ(u(x0)),
then Sµ(u(x0)) > Sµ(u(x0)), contradiction.

Sufficiency. Assume that (P ∪M) contains no strict cycle. The proof of suffi-
ciency consists to extend the relation P to a total order on B. This latter can
be viewed as a partition of B elaborated by computing a topological sorting on
(P ∪M) detailed in Section 5.2. of [15].
Then there exists {B0,B1, . . . ,Bm} a partition of B, builds by using a suitable
topological sorting on (P ∪M) [8].
We construct a partition {B0,B1, . . . ,Bm} as follows:
B0 = {x ∈ B : ∀y ∈ B,not[x(P ∪M)y]},
B1 = {x ∈ B \ B0 : ∀y ∈ B \ B0,not[x(P ∪M)y]},
Bi = {x ∈ B \ (B0 ∪ . . .∪Bi−1) : ∀y ∈ B \ (B0 ∪ . . .∪Bi−1),not[x(P ∪M)y]}, for
all i = 1, 2, . . . ,m.

Let us define the mapping φ : B −→ P(N), f : P(N) −→ R, µ : 2N −→ [0, 1] as
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follows: φ(aS) = S for all S ⊆ N, f(φ(x)) = ` for all ` ∈ {0, 1, . . . ,m}, ∀x ∈ B`,

µ∅ = 0, µi =
fi
α
, µij =

fij
α
, µ(S) =

∨
i,j∈S

µij , ∀i, j ∈ N, ∀S ⊆ N , where

fi = f(φ(ai)), fij = f(φ(aij)) and α =
∨
i,j∈N

µij

The capacity µ, defined like this is 2-maxitive by construction and the ordinal
information {P, I} is then representable by a 2-maxitive Sugeno integral model
Sµ. ut
Given the ordinal preference information {P, I} on B, under the previous con-
ditions, the following proposition shows that, it is always possible to choose in
S2-max(P, I), a capacity allowing all the interaction indices strictly positive. This
result shows that positive synergy interaction is always possible for all pairs of
criteria in a 2-maxitive Sugeno integral model if the ordinal information does
not contain indifference. This condition is the same as that obtained in the case
of the 2-additive Choquet integral [14].

Proposition 3. Let {P, I} be an ordinal preference information on B such that
I = ∅. Suppose that this information can be represented by the 2-maxitive Sugeno
integral model. Then there exists a possible positive synergy between all pairs of
criteria.

Proof. The partition {B0, . . . ,Bm} of B and the capacity µ are built as in the
proof of Proposition 2: φ(aS) = S for all S ⊆ N,
Let be i, j ∈ N , there exist p, q, s ∈ {1, . . . ,m} such that aij ∈ Bp, ai ∈ Bq, aj ∈
Bs with p > q > 0 and p > s > 0

The capacity µ, defined like this is 2-maxitive by construction and in Propo-
sition 2 we have proved that Sµ represent.
Moreover we have fij = p, fi = q, fj = s with p > q and p > s, therefore
p > q ∨ s, i.e., µij > µi ∨ µj , then Iµij = µij > 0. Hence, we proved that, if
I = ∅ then there exists a capacity µ such that i, j ∈ N , Iµij > 0, i.e., there exists
a possible positive synergy between pair of criteria {i, j}. Hence, there is no
necessary independence between criteria i and j. ut
The following example illustrates the two previous results in this section.

Example 1. N = {1, 2, 3}, P = {(a23, a1), (a12, a23)}.
The ordinal preference information {P, I} contains no indifference and the bi-
nary relation (P ∪M) contains no strict cycle, so {P, I} is representable by a
2-maxitive Sugeno integral model. A suitable topological sorting on (P ∪ M)
is given by: B0 = {a0}; B1 = {a1, a2, a3}; B2 = {a13, a23}; B3 = {a12}. The
preference information {P, I} is representable by the capacity µ given by Table
3. We can see that Iµij > 0, ∀i, j ∈ N .:

S ∅ {1} {2} {3} {1, 3} {2, 3} {1, 2} {1, 2, 3}
µ(S) 0 1/3 1/3 1/3 2/3 2/3 1 1
ISµ(S) − − − − 2/3 2/3 1 −
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Table 3: The capacity µ and the corresponding interaction indices.

6 A MILP testing necessary interactions

In this section, we relaxe the hypothesis that we only ask a preference information
on binary alternatives since the set of binary alternatives is restrictive. Given
two criteria i and j, we elaborate a MILP to test in two steps if a preference
information on the set of alternatives is representable by a 2-maxitive Sugeno
integral model. Then, in the third step, we test the existence of a necessary null
or positive interaction between i and j. In the next subsection, we show how to
linearize the min and max functions so as to obtain a MILP.

6.1 Linearization of min and max functions

Given n real numbers x1, x2, · · · , xn, we have:

• m = min(x1, x2, · · · , xn) ⇐⇒ m ≤ xi; m ≥ xi − Aδi; δi ∈ {0, 1} ∀i =
1, 2, · · · , n; δ1 + δ2 + · · · + δn = n − 1 and A is a “big” positive constant
arbitrarily chosen.
• M = max(x1, x2, · · · , xn)⇐⇒ M ≥ xi; M ≤ xi +Bδi; δi ∈ {0, 1}
∀i = 1, 2, · · · , n; δ1 + δ2 + · · ·+ δn = n− 1 and B is a “big” positive constant
arbitrarily chosen.
This transformation of the min and max functions into linear constraints
allows us to transform the following program into a MILP.

6.2 Algorithm

Step 1. The following MILP (MIPL1) models each preference of {P, I} by
introducing two nonnegative slack variables α+

xy and α−xy in the correspond-
ing constraints (Equations (1a) and (1b)). Equation (1c) (resp. (1d) ) ensures
the normalization (resp. monotonicity) of capacity µ. Equation (1e) reflects 2-
maxitivity condition. The objective function Z1 minimizes all the nonnegative
variables introduced in (1a) and (1b).

Minimize Z1 =
∑

(x,y)∈P∪I

(α+
xy + α−xy) (PL1)

Subject to
Sµ(u(x))− Sµ(u(y)) + α+

xy − α−xy ≥ ε ∀x, y ∈ X such that x P y (1a)
Sµ(u(x))− Sµ(u(y)) + α+

xy − α−xy = 0 ∀x, y ∈ X such that x I y (1b)
α+
xy ≥ 0, α−xy ≥ 0 ∀x, y ∈ X such that x(P ∪ I)y
ε ≥ 0
µ(N) = 1 (1c)
µi ≥ 0, µij ≥ µi, µij ≥ µj , for all i, j ∈ N. (1d)

µ(S) =
∨
i,j∈S

µij ∀S ⊆ N, |S| ≥ 3 (1e)
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The MILP (MIPL1) is always feasible due to the introduction of the non-
negative variables α+

xy and α−xy. There are two possible cases:

1. If the optimal solution of (MIPL1) is Z∗1 = 0, then we can conclude that,
depending on the sign of the variable ε, the preference information {P, I}
may be representable by a 2-maxitive Sugeno integral model. The next step
of the procedure, Step 2 hereafter, will confirm or not this possibility.

2. If the optimal solution of (MIPL1) is Z∗1 > 0, then there is no 2-maxitive
Sugeno integral model compatible with {P, I}.

Step 2. Here, the MILP (MIPL2) ensures the existence of a 2-maxitive
Sugeno integral model compatible with {P, I}, when the optimal solution of
(PL1) is Z∗1 = 0. Compared to the previous MILP, in this formulation, we only
removed the nonnegative variables α+

xy and α−xy (or put them equal to zero) and
change the objective function by maximizing the value of the variable ε, in order
to satisfy the strict preference relation.

Maximize Z2 = ε (PL2)

Subject to
Sµ(u(x))−Sµ(u(y)) ≥ ε ∀x, y ∈ X such that x P y (1a)
Sµ(u(x))−Sµ(u(y)) = 0 ∀x, y ∈ X such that x I y (1b)
ε ≥ 0
µ(N) = 1 (1c)
µi ≥ 0, µij ≥ µi, µij ≥ µj for all i, j ∈ N. (1d)

µ(S) =
∨
i,j∈S

µij ∀S ( N, |S| ≥ 3 (1e)

Notice that (MIPL2) is solved only if Z∗1 = 0. Hence, the linear program
(MIPL2) is always feasible and it does not have an unbounded solution (it is
not restrictive to suppose that Sµ(u(x)) ∈ [0, 1]; ∀x ∈ X). Hence, we have one
of the following two cases:

1. If the linear program (MIPL2) is feasible with optimal solution Z∗2 = 0,
then there is no 2-maxitive Sugeno integral model compatible with {P, I}.

2. If the optimal solution of is (MIPL2) is Z∗2 > 0, then ordinal information
{P, I} is representable by a 2-maxitive Sugeno integral model.

Step 3. At this step, we suppose that the preference information {P, I} is rep-
resentable by a 2-maxitive Sugeno integral model, i.e., Z∗2 > 0. In order to know
if the interaction between i and j is necessarily null (resp. positive) w.r.t. the
provided preference information. At (PL2), we add the contraint Iµij > 0 (resp.

Iµij = 0) and we obtain the MILP denoted by MIPLijNN (resp. MIPLijNP ). After
a resolution of the MILP, we have one of the following three possible conclusions :
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1. If MIPLijNN (resp. MIPLijNP ) is not feasible, then there is a necessary posi-
tive (resp. null) interaction between i and j. Indeed, as the program (MIPL2) is
feasible with an optimal solution, the contradiction about the representation of
{P, I} only comes from the introduction of the constraint Iµij > 0 (resp. Iµij =
0).

2. If MIPLijNN (resp. MIPLijNP ) is feasible and the optimal solution Z∗3 = 0,
then the contraint Sµ(u(x))− Sµ(u(y)) ≥ ε ∀x, y ∈ X such that x P y is satis-
fied with ε = 0, i.e., it is not possible to model strict preference by adding the
constraint Iµij > 0 (resp. Iµij = 0) in MIPLijNN (resp. MIPLijNP ). Therefore, we
can conclude that there is a necessary positive (resp. null) interaction between i
and j.

3. If MIPLijNN (resp. MIPLijNP ) is feasible and the optimal solution Z∗3 > 0,
then there is no necessary null (resp. positive) interaction between i and j.

6.3 Example

We consider the preferences given by the DM in the classic example given by
Table 1. We proved in Section 3 that these preferences are representable by a
2-maxitive Sugeno integral. The following MIPLNNMS corresponding to the test
of the existence of a necessary null interaction between the Mathematics (1) and
Statistics (3):

Maximize Z3 = ε

Inputs of example

a1 = 0.3; a2 = 0.25; a3 = 0.6; b1 = 0.3; b2 = 0.6; b3 = 0.25; c1 = 0.7;
c2 = 0.25; c3 = 0.6; d1 = 0.7; d2 = 0.6; d3 = 0.25;
Sµ(a) ≥ Sµ(b) + ε; Sµ(d) ≥ Sµ(c) + ε; ε ≥ 0.1

Constraints related of linearization of Sµ(x) = max(αx1, αx2, αx3, αx12, αx13, αx23)
with the introduction of binary variables δx1 , δ

x
2 , δ

x
3 , δ

x
12, δ

x
13, δ

x
23, where

x ∈ {a, b, c, d}.
Sµ(x) ≥ αx1; Sµ(x) ≥ αx2; Sµ(x) ≥ αx3; Sµ(x) ≥ αx12;Sµ(x) ≥ αx13;
Sµ(x) ≥ αx23; Sµ(x) ≤ αx1 + 500δx1 ; Sµ(x) ≤ αx2 + 500δx2 ;
Sµ(x) ≤ αx3 + 500δx3 ; Sµ(x) ≤ αx12 + 500δx12; Sµ(x) ≤ αx13 + 500δx13; Sµ(x) ≤
αx23 + 500δx23; δx1 + δx2 + δx3 + δx12 + δx13 + δx23 = 5; δx1 , δ

x
2 , δ

x
3 , δ

x
12, δ

x
13, δ

x
23 ∈ {0, 1}.

Constraints related of linearization of αxi = min(xi, µi) with the
introduction of binary variables δxi1, δ

x
i2, where x ∈ {a, b, c, d} and i ∈

{1, 2, 3} .
αxi ≤ xi; αxi ≤ µi; αxi ≥ xi − 500δxi1; αxi ≥ µi − 500δxi2; δxi1 + δxi2 = 1;
δxi1, δ

x
i2 ∈ {0, 1}.
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Constraints related of linearization of αxij = min(xi, xj , µij) with the
introduction of binary variables δxij1, δ

x
ij2, δ

x
ij3, where x ∈ {a, b, c, d} and

i, j ∈ {1, 2, 3}, i 6= j.
αxij ≤ xi; αxij ≤ xj ; αxij ≤ µij ; αxij ≥ xi − 500δxij1;αxij ≥ xj − 500δxij2;
αxij ≥ µij − 500δxij3; δxij1 + δxij2 + δxij3 = 2; δxij1, δ

x
ij2, δ

x
ij3 ∈ {0, 1}.

2-maxitivity constraints
µ12 ≥ µ1;µ12 ≥ µ2;µ13 ≥ µ1;µ13 ≥ µ3;µ23 ≥ µ2;µ23 ≥ µ3; µ123 = max(µ12, µ13, µ23).

Contraint of normalization µ123 = 1.

Constraints related of linearization of µ123 = max(µ12, µ13, µ23) with
the introduction of binary variables δ1, δ2, δ3.
µ123 ≥ µ12; µ123 ≥ µ13; µ123 ≥ µ23;µ123 ≤ µ12+500δ1; µ123 ≤ µ13+500δ2;µ123 ≤
µ23 + 500δ3; δ1 + δ2 + δ3 = 2; δ1, δ2, δ3 ∈ {0, 1}.

Constraints related of linearization of Iµ13 > 0
µ13 ≥ µ1 + ε; µ13 ≥ µ3 + ε; ε ≥ 0.1.

The results obtained by solving MIPLMS
NN are given in Table 4. We can con-

clude that the interaction between Mathematics and Statistics is not necessarily
null, because the optimal solution of the program MIPLMS

NN is Z∗3 = 0.1 > 0.
Besides, we have Sµ(a) = 0.4, Sµ(b) = 0.3, Sµ(c) = 0.5 and Sµ(d) = 0.6.

Z3 = ε 1 2 3 {1, 2} {1, 3} {2, 3} {1, 2, 3}
Optimal solution Z∗3 0.1 − − − − − −

Capacity µ − 0 0 0.4 0.6 0.5 1 1
Interaction index Iµij − − − − 0.6 0.5 1 -

Table 4: Results of MIPLMS
NN testing necessary null interaction between Math-

ematics and Statistics

7 Conclusion

This article proposes and studies the notion of interaction between two criteria
in a 2-maxitive Sugeno integral model. We make a restriction in the case where
the DM gives preference information on a set of finite number of alternatives.
The 2-maxitive capacity that is elicited in such a setting is not unique. The in-
terpretation of the interaction effects between two criteria requires some caution.
Indeed, we have give some examples in which the sign of the interaction index
depends upon the arbitrary choice of a capacity within the set of all 2-maxitive
capacities compatible with the preference information. Only necessary interac-
tions are robust since their sign and, hence, interpretation, does not vary within
the set of all representing capacities.
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Within the framework of binary alternatives, our first result gives a neces-
sary and sufficient condition for an ordinal preference information containing
no indifference to be representable by a 2-maxitive Sugeno integral model. This
result is similar to that obtained in our paper on the general Choquet integral
model (see Proposition 1 on [12]).

Under the conditions of our first result, in the framework of binary alterna-
tives, if the ordinal preference information contains no indifference, our second
result shows that it is always possible to represent it by a 2-maxitive Sugeno
integral model which all interaction indices between two criteria are strictly pos-
itive. This result is similar to that obtained in paper on the general Choquet
integral model (see Proposition 2 on [12]).

Outside the framework of binary alternatives, using the linearization of the
min and max functions, we propose a MILP allowing to test whether the inter-
pretation of the interaction indices is ambivalent or not.

The subject of this paper offer several avenues for future research.
In fact, this paper proposes an interaction index for the 2-maxitive Sugeno

integral, it would be interesting to propose others for the k-maxitive Sugeno
integral, with k ≥ 3.

The notion of interaction would deserve further study. In particular, it would
be interesting to have a definition that would not depend on a particular aggre-
gation technique or on a particular index.

It would finally be interesting to study the case of bipolar scales. We are
already investigating some of these research avenues.
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