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Abstract. Let A be a finite set and B an arbitrary set with at least two

elements. The arity gap of a function f : An → B is the minimum decrease in

the number of essential variables when essential variables of f are identified.
A non-trivial fact is that the arity gap of such B-valued functions on A is at

most |A|. Even less trivial to verify is the fact that the arity gap of B-valued

functions on A with more than |A| essential variables is at most 2. These
facts ask for a classification of B-valued functions on A in terms of their arity

gap. In this paper, we survey what is known about this problem. We present
a general characterization of the arity gap of B-valued functions on A and

provide explicit classifications of the arity gap of Boolean and pseudo-Boolean

functions. Moreover, we reveal unsettled questions related to this topic, and
discuss links and possible applications of some results to other subjects of

research.

1. Introduction

The theory of essential variables of finite functions became a topic widely stud-
ied within the scope of many-valued logic. This is partially due to current research
in computer science, especially, in the theory of finite automata, which led to in-
vestigations in the theory of essential variables in several directions concerning,
in particular, the distribution of values of functions whose variables are all essen-
tial (see e.g. [9, 24, 30]), the process of substituting variables for constants (see
e.g. [3, 16, 24, 26]) and the process of substituting variables for variables (see e.g.
[5, 10, 24, 29]).

The current manuscript is a contribution in the latter direction. This line of
study goes back to Salomaa [24] who considered the following problem: How is the
number of essential variables of a given finite function f reduced when essential
variables of f are identified? Referring to the minimum decrease in the number
of essential variables as arity gap, Salomaa [24] showed that the arity gap of any
Boolean function is at most 2. This result was extended to functions defined on
arbitrary finite domains by Willard [29], who showed that the same upper bound
holds for the arity gap of any function f : An → B, provided that n > |A|. More-
over, he showed that if the arity gap of such a function f is 2, then f is totally
symmetric. These results had important consequences in the study of sequences
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〈pn(C)〉n<ω, where pn(C) denotes the number of n-ary operations of a clone C
which depend on all of its variables [29] (see also [1, 13] for earlier references).

In [5], Salomaa’s [24] result on the upper bound for the arity gap of Boolean
functions was strengthened to an explicit classification of Boolean functions ac-
cording to their arity gap. Here the notion of arity gap was given in terms of a
quasi-order between B-valued functions on A, the so-called simple minor relation:
a function f is said to be a simple minor of a function g if f can be obtained from
g by identification of variables, permutation of variables or addition of inessential
variables. In this setting, the arity gap counts the minimum difference between the
number of essential variables of a given function and the number of essential vari-
bles of its strict simple minors. This complete characterization of Boolean functions
was then extended in [6] to a similar explicit classification of all pseudo-Boolean
functions, i.e., functions f : {0, 1}n → B, where B is an arbitrary set. A general
characterization of finite functions according to their arity gap was also provided
and given in terms of the notion of quasi-arity (see Section 3).

In this paper we survey these and other recent results concerning the arity gap
of finite functions. In Section 2, we recall the basic concepts needed in throughout
the manuscript. In Section 3 we present earlier and recent results in an explanatory
manner (providing examples and exposing unsettled questions) and which led to the
characterization of finite functions according to their arity gap as given in [6]. The
complete classification of Boolean functions in terms of their arity gap is then stated
in Section 4, Theorem 12. We present a new proof of this theorem which makes use
of results in the previous section and which is considerably simpler than the original
proof given in [5]. This result is then used to deduce a similar classification in the
more general case of pseudo-Boolean functions. In Section 5, we recall some facts
and results concerning the poset associated with the simple minor relation between
Boolean functions and discuss the apparent importance of Theorem 12 towards a
solution of Problem 1 in [7].

2. Preliminaries: basic notions and terminology

Let A be an arbitrary finite set with |A| = k ≥ 2 elements, and let B be
an arbitrary set with at least two elements. By a B-valued function of several
variables on A we mean a mapping f : An → B for some positive integer n, called
the arity of f . If B = A, we refer to these functions as operations on A. Operations
on the two-element set {0, 1} are called Boolean functions. If A = {0, 1} and B
is an arbitrary set, not necessarily equal to {0, 1}, we refer to such functions as
pseudo-Boolean functions.

For 1 ≤ i ≤ n, the i-th n-ary projection is the mapping (a1, . . . , an) 7→ ai, de-
noted by x(n)

i , or simply by xi when the arity is clear from the context. Projections
are also called variables. The i-th variable is said to be essential in f , or f is said
to depend on xi, if there are elements a1, . . . , an, b ∈ A such that

f(a1, . . . , ai−1, ai, ai+1 . . . , an) 6= f(a1, . . . , ai−1, b, ai+1, . . . , an).

In this case, the pair ((a1, . . . , ai−1, ai, ai+1, . . . , an), (a1, . . . , ai−1, b, ai+1, . . . , an))
is called a witness of essentiality of xi in f . The number of essential variables in f
is called the essential arity of f , and it is denoted by ess f . If ess f = m, we say
that f is essentially m-ary. Note that the essentially nullary functions are exactly



ON THE ARITY GAP OF FINITE FUNCTIONS: RESULTS AND APPLICATIONS 3

the constant functions. See also [2, 3] and [10, 25] for variants and extensions to
the notion of essentiality.

The composition of f : Bn → C with g1, . . . , gn : Am → B is the function
f(g1, . . . , gn) : Am → C defined by

f(g1, . . . , gn)(a) = f(g1(a), . . . , gn(a))

for all a ∈ Am.
We say that a function f : An → B is obtained from g : Am → B by simple vari-

able substitution, or f is a simple minor of g, if there is a mapping σ : {1, . . . ,m} →
{1, . . . , n} such that

f = g(x(n)
σ(1), . . . , x

(n)
σ(m)).

If σ is not injective, then we speak of identification of variables. If σ is not surjective,
then we speak of addition of inessential variables. If σ is a bijection, then we speak
of permutation of variables. For indices i, j ∈ {1, . . . , n}, i 6= j, the function
fi←j : An → B obtained from f : An → B by the simple variable substitution

fi←j = f(x(n)
1 , . . . , x

(n)
i−1, x

(n)
j , x

(n)
i+1, . . . , x

(n)
n )

is called a variable identification minor of f , obtained by identifying xi with xj .
Observe that each x

(n)
σ(i) is simply an n-ary projection, and thus we have that f

is a simple minor of g if and only if f ◦ Ic ⊆ g ◦ Ic, where

f ◦ Ic = {f(p1, . . . , pn) : for projections p1, . . . , pn of the same arity}.

From this observation it follows that the simple minor relation constitutes a
quasi-order ≤ on the set of all B-valued functions of several variables on A which
is given by the following rule: f ≤ g if and only if f is obtained from g by simple
variable substitution. If f ≤ g and g ≤ f , we say that f and g are equivalent,
denoted f ≡ g. If f ≤ g but g 6≤ f , we denote f < g. It can be easily observed
that if f ≤ g then ess f ≤ ess g, with equality if and only if f ≡ g. For background,
extensions and variants of the simple minor relation, see, e.g., [4, 7, 12, 14, 15, 18,
28, 32].

For f : An → B with ess f ≥ 2, we denote

ess< f = max
g<f

ess g,

and we define the arity gap of f by gap f = ess f−ess< f . It is easily observed that

gap f = min
i 6=j

(ess f − ess fi←j),

where i and j range over the set of indices of essential variables of f . Since the
arity gap only depends on the essential arities of functions and since every B-valued
function on A is equivalent to a function whose variables are all essential, we will
assume without loss of generality that the functions f : An → B whose arity gap
we consider are essentially n-ary.

The arity gap of f is clearly at least 1, and it can be as large as the number of
essential variables of f , as shown by the following example.

Example 1. Let |A| = k, and consider the function f : Ak → B given by

f(a1, a2, . . . , ak) =

{
b, if ai 6= aj for all i 6= j,
c, otherwise,
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where b and c are distinct elements of B. It is easily seen that all variables of f are
essential and any identification of variables results in a constant function; in other
words, gap f = k.

3. General characterization of arity gap

The study of arity gap goes back to the 1963 paper by Salomaa [24], in which
it was shown that the arity gap of any Boolean function is at most 2. This upper
bound was extended by Willard [29] to the more general case of B-valued functions
on arbitrary finite sets A as follows.

Theorem 1. Suppose f : An → B depends on all of its variables. If n > |A|, then
gap f ≤ 2.

Since gap f ≥ 1, this result asks for a complete classification of functions accord-
ing to their arity gap. Willard gave a necessary condition for a function to have
arity gap 2. A function f : An → B is totally symmetric if for every permutation σ
on {1, . . . , n} we have f(a1, . . . , an) = f(aσ(1), . . . , aσ(n)) for all a1, . . . , an ∈ A.

Theorem 2. Suppose f : An → B depends on all of its variables and n > max(|A|, 3).
If gap f = 2, then f is totally symmetric and for all i 6= j, fi←j depends on all of
its variables except for xi and xj.

Berman and Kisielewicz [1] gave necessary and sufficient conditions for a totally
symmetric function to have arity gap 2. This condition is given in terms of the
following notion. Let P(A) denote the power set of A. For each positive integer n,
define the function oddsupp: An → P(A) by

oddsupp(a) = {ai : |{j ∈ {1, . . . , n} : aj = ai}| is odd}.
A function f : An → B is said to be determined by oddsupp if there is a nonconstant
function f∗ : P(A)→ B such that f = f∗ ◦ oddsupp.

Theorem 3. Let f : An → B be an essentially n-ary totally symmetric function,
and assume that n > max(|A|, 3). Then gap f = 2 if and only if f is determined
by oddsupp.

Theorems 2 and 3 together imply the following.

Corollary 4. Suppose f : An → B, n > max(|A|, 3) depend on all of its variables.
If gap f = 2, then f is determined by oddsupp.

Theorem 1 leaves unsettled the arity gap of functions of small essential arities.
Moreover, Corollary 4 only gives a necessary condition for a function to have ar-
ity gap 2. In order to give an account of functions f : An → B when n ≤ |A|
and to classify functions according to their arity gap, we need to introduce some
terminology.

For n ≥ 2, the diagonal of An is defined as the set

An= = {a ∈ An : ai = aj for some i 6= j}.
We define A1

= = A. Note that if n > |A|, then An= = An.
Let f : An → B. Any function g : An → B satisfying f |An

=
= g|An

=
is called a

support of f . The quasi-arity of f , denoted qa f , is defined as the minimum of the
essential arities of the supports of f , i.e., qa f = ming ess g, where g ranges over
the set of all supports of f . If qa f = m, we say that f is quasi-m-ary. Note that
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if n > |A|, then quasi-arity simply means essential arity. As the following example
illustrates, this is not the case when n ≤ |A|.

Example 2. Let A = {0, 1, . . . , k − 1}, k ≥ 2, and consider the canonical ordering
of elements of A. For each 1 ≤ m ≤ k, define the function fm : Ak → A by

fm(a1, . . . , ak) =

{
0, if ai 6= aj for all i 6= j,
max{a1, . . . , am}, otherwise.

It is easy to verify that ess fm = k and qa fm = m. Similarly, the functions of
Example 1 are essentially k-ary but quasi-nullary.

In [6], the notion of quasi-arity was shown to be essential in obtaining gen-
eralizations of the well-known Świerczkowski’s lemma [27], whose importance in
clone theory was made apparent in several studies, in particular in Rosenberg’s
classification of minimal clones [23]. For further backgrounds and extensions, see
[8, 19, 20, 21].

The following result reveals the relevance of quasi-arity in the study of arity gap.

Proposition 5. Suppose f : An → B, 2 ≤ n ≤ |A|, depends on all of its variables.
If qa f = m < n, then gap f = n−m.

In order to establish a connection between quasi-arity and essential arity, we
need to extend the notion of essential arity to partial functions f : S → B where
S ⊆ An. The definition is the same as for total functions but now the witnesses of
essentiality are pairs of elements of the domain S. The essential arity of a partial
function is defined in the obvious way.

Lemma 6. Suppose f : An → B, 3 ≤ n ≤ k, depends on all of its variables. We
have qa f = ess f |An

=
.

Theorem 1 can be generalized to partial functions of the form f : An= → B.

Theorem 7. Suppose f : An= → B depends on all of its variables. Then gap f ≤ 2.

From the relation qa f = ess f |An
=

given by Lemma 6 we obtain the following.

Corollary 8. Suppose f : An → B depends on all of its variables. If qa f = n,
then gap f ≤ 2.

From this corollary and Proposition 5 we can now derive the following necessary
and sufficient condition for the arity gap of functions of small essential arity.

Theorem 9. Suppose f : An → B depends on all of its variables. For 0 ≤ m ≤
n− 3, we have that gap f = n−m if and only if qa f = m.

Theorems 2 and 3 can also be generalized to partial functions of the form
f : An= → B, removing the condition n > |A|. Together with Theorem 2 and
Proposition 5, we obtain a necessary and sufficient condition for a function to
have arity gap 2. We say that f : An → B is strongly determined by oddsupp
if f |An

=
= f∗ ◦ oddsupp, where f∗ : P ′(A) → B is a nonconstant function and

oddsupp: An= → P ′(A) is defined as above, but here P ′(A) denotes the set of odd
or even—depending on the parity of n—subsets of A of order at most n− 2.

Theorem 10. Suppose f : An → B, n > 3, depends on all of its variables. Then
gap f = 2 if and only if qa f = n − 2 or qa f = n and f is strongly determined by
oddsupp.
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We can summarize the previous results and actually give a complete character-
ization of all functions f : An → B according to their arity gap, which is given in
terms of quasi-arity and of the notion of a function being determined by oddsupp,
provided that n 6= 3. This condition cannot be removed, as explained in [6].

Theorem 11. Suppose that f : An → B, n ≥ 2, n 6= 3, depends on all of its
variables.

(i) For 0 ≤ m ≤ n− 3, gap f = n−m if and only if qa f = m.
(ii) gap f = 2 if and only if qa f = n−2 or qa f = n and f is strongly determined

by oddsupp.
(iii) Otherwise gap f = 1.

Even though this theorem provides a general characterization of the arity gap,
this characterization is not explicit in the sense that in general if we are given a B-
valued function on A, we cannot immediately determine its arity gap. This leaves
open the following problem.

Problem 1. For each 1 ≤ m ≤ |A|, determine explicitly the functions f : An → B
whose arity gap is m.

This problem has been solved in the case of Boolean functions [5] and recently
in the general case of functions with Boolean variables, that is, defined on the
2-element set [6]. Such explicit classifications are given in the following section.

4. The arity gap of functions with Boolean variables

It is well-known that every Boolean function f : {0, 1}n → {0, 1} is represented by
a unique multilinear polynomial over the two-element field, the so-called Zhegalkin
(or Reed–Muller) polynomial of f [17, 22, 31].

Theorem 12. Let f : {0, 1}n → {0, 1} be a Boolean function with at least two
essential variables. Then the arity gap of f is two if and only if f is equivalent to
one of the following functions:

(1) x1 + x2 + · · ·+ xm + c for some m ≥ 2,
(2) x1x2 + x1 + c,
(3) x1x2 + x1x3 + x2x3 + c,
(4) x1x2 + x1x3 + x2x3 + x1 + x2 + c,

where c ∈ {0, 1}. Otherwise the arity gap of f is one.

Sketch of proof. It is easy to verify that the theorem holds when ess f = 3. If
ess f 6= 3, then the theorem follows from Theorem 11 by verifying that the functions
strongly determined by oddsupp are exactly the linear functions and the only quasi-
nullary funtions are those equivalent to x1x2 + x1 + c for c ∈ {0, 1}. �

This complete classification of Boolean functions according to their arity gap in
turn leads to the classification of pseudo-Boolean functions, by making good use of
the following observation.

Lemma 13. Suppose that f : An → B, where n > max(|A|, 3), depends on all of
its variables. If the range of f contains more than 2|A|−1 elements, then gap f = 1.

If |A| = 2, then Lemma 13 asserts that any function f : An → B satisfying
ess f > 3 and gap f = 2 has a two-element range. In other words, if a pseudo-
Boolean function f with more than three essential variables has arity gap 2, it is of



ON THE ARITY GAP OF FINITE FUNCTIONS: RESULTS AND APPLICATIONS 7

the form f = g ◦h, where h is a Boolean function with gaph = 2 and g : {0, 1} → B
is injective. Moreover, it is not difficult to verify that the converse is also true. By
dealing separately with the cases when ess f ≤ 3, we obtain the following.

Theorem 14. For a pseudo-Boolean function f : {0, 1}n → B which depends on all
of its variables, gap f = 2 if and only if f satisfies one of the following conditions:

• n = 2 and f is a nonconstant function satisfying f(0, 0) = f(1, 1),
• f = g ◦ h, where g : {0, 1} → B is injective and h : {0, 1}n → {0, 1} is a

Boolean function with gaph = 2, as listed above.
Otherwise gap f = 1.

5. Arity gap and the poset induced by the simple minor relation
between Boolean functions

Recall that the simple minor relation constitutes a quasi-order on the set of all
B-valued functions on A. The importance of this quasi-order in the equational
approach to function class definability was first observed by Ekin, Foldes, Hammer
and Hellerstein [11] who showed that the classes (or properties) of Boolean func-
tions definable by functional equations coincide exactly with the initial segments
↓K = {f ∈ Ω : f ≤ g for some g ∈ K} of this quasi-order. Equivalently, equational
classes where shown to correspond to antichains A of Boolean functions in the sense
that they constitute sets of the form Ω \ ↑A. Similarly, those equational classes de-
finable by finitely many equations where shown to correspond to finite antichains
of Boolean functions.

These results motivated a study [7] of this simple minor relation on the set Ω of
all Boolean functions, where the notion of arity gap had useful applications, which
we now briefly discuss. As any quasi-order, the simple minor relation induces a
partial order, denoted v, on the set Ω̃ = Ω/≡ of equivalence classes of Boolean
functions. Properties of quasi-ordered sets translate naturally into properties of
their induced partially ordered sets (posets). In our case, properties of (Ω,≤) are
much easier to express in terms of the poset (Ω̃,v).

Now this poset has several interesting properties. For instance, each principal
initial segment ↓f , f ∈ Ω, is finite. In particular, this means that Ω̃ can be de-
composed into levels Ω̃0, . . . , Ω̃n, . . . , where Ω̃n is the set of minimal elements of
Ω̃ \

⋃
{Ω̃m : m < n}. Moreover, each level is finite. For instance, Ω̃0 which corre-

sponds to the set of minimal elements of (Ω̃,v), comprises four equivalence classes,
namely, those of constant 0 and 1 functions, and those of projections and negated
projections. In fact, these four equivalence classes, induce a partition of (Ω̃,v) into
four different blocks with no comparabilities in between them.

These facts were observed in [7] where a classification of the poset (Ω̃,v) was
given in terms of equimorphisms (two posets are equimorphic if they are equivalent
w.r.t. embeddings) showing that (Ω̃,v) has a sort of universal property among
countable posets. More precisely, the following was shown.

Theorem 15 (in [7]). (Ω̃,v) is equimorphic to ([ω]<ω,⊆), the poset of all finite
subsets of integers.

(This result led to a similar description of the dual topological space, the so-
called Priestley space, of the bounded distributive lattice made of finitely definable
equational classes of Boolean functions, see [7].) Note that Theorem 15 cannot
be strengthened to an isomorphic relation, because the levels of our poset are all
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finite whereas all but the first level of ([ω]<ω,⊆) are infinite. This observation
already reveals a problem that we face when trying to describe (Ω̃,v) by means of
isomorphisms:

Problem 2 (in [7]). How does the function ϕΩ̃ (which, for each n ≥ 0, counts the
size of Ω̃n) behave?

More generally, we would like to compute, for each n ≥ 1, the equivalence
classes in Ω̃n. Now the fact that every Boolean function is represented by a unique
multilinear polynomial over the two-element field GF (2) becomes useful since we
are allowed to work with polynomial expressions instead of Boolean functions.

As mentioned, the simple minor relation can be described in terms of addition of
inessential variables, permutation of variables and identification of variables. The
following fact shows that, in the case of polynomial expressions, to describe the
simple minor relation we only need to consider the two latter operations.

Fact 16. A variable xi is essential in f ∈ Ω(n) if and only if xi appears in the
Zhegalkin polynomial of f .

Thus, if f is obtained from g by addition of inessential variables, then their
Zhegalkin polynomials are exactly the same.

Fact 17. If f ≤ g, then ess f ≤ ess g, with equality if and only if f ≡ g.

Thus two ploynomials P1 and P2 represent two equivalent functions f1 and f2,
respectively, if and only if the two polynomials are the same, up to permutation of
their variables. Moreover, this fact tell us that strict minors must have polynomial
expressions with strictly less variables.

The notions of essential arity and, especially, of arity gap played an important
role in deriving several properties of our poset (Ω̃,v). For example, the fact that
each principal initial segment of Ω̃ is finite is an immediate consequence of Fact 17.
Also, Salomaa’s [24] result which asserts that the arity gap of Boolean functions is
at most 2, led to upper and lower bounds for the essential arity of representatives of
equivalence classes in each level and thus showing that indeed each level of Ω̃ is finite
(see [7]). In fact, the notion of arity gap relates to (Ω̃,v) as follows: if ess g = n and
the equivalence class of f covers that of g in (Ω̃,v), then ess f = ess g+gap f . This
fact exposes the apparent importance of Theorem 12 when attacking Problem 2.
For instance, as an immediate consequence of Theorem 12, we get the description
of Ω1: covering the equivalence class of

• 0, we have the equivalence classes of x1 + x2 and x1 + x1x2,
• 1, we have the equivalence classes of x1 + x2 + 1 and x1 + x1x2 + 1,
• x1, we have the equivalence classes of x1x2, x1x2 + x1 + x2, x1 + x2 + x3,
x1x2 + x1x3 + x2x3 and x1x2 + x1x3 + x2x3 + x1 + x2,
• x1 + 1, we have the equivalence classes of x1x2 + 1, x1x2 + x1 + x2 + 1,
x1 +x2 +x3 +1, x1x2 +x1x3 +x2x3 +1 and x1x2 +x1x3 +x2x3 +x1 +x2 +1.

Moreover, from Theorem 12 it follows that above Ω1 the essential arities grow
by 1, except for the 4 chains made of linear (affine) functions for which the growth
is by 2. This becomes quite useful when we observe the following. As mentioned,
the 4 minimal elements of (Ω̃,v), namely, the equivalence classes of 0, 1, x1 and
x1 + 1, induce a partition of (Ω̃,v) into 4 distinct blocks with no comparabilities
between each other. Now, for each block, we know exactly the polynomials whose
equivalence class belongs to that block. Indeed, in the block of
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• 0, we have the polynomials which are an even sum of monomials,
• 1, we have the polynomials which are an even sum of monomials plus 1,
• x1, we have the polynomials which are an odd sum of monomials,
• x1 + 1, we have the polynomials which are an odd sum of monomials plus

1.
Note that the block of 1 and of x1+1 are copies of the block of 0 and x1, respectively.
Moreover, the chains made of linear functions belong to different blocks. Thus
excluding these, we know that in the level Ωn, n ≥ 1, in the block of

• 0 we have the equivalence classes of those polynomials with n+ 1 variables
and which are the sum of an even number of monomials, and similarly for
the block of 1,
• x1 we have the equivalence classes of those polynomials with n+ 1 or n+ 2

variables and which are the sum of an odd number of monomials, and
similarly for the block of x1 + 1.

We believe that Theorem 4 together with these observations constitute important
steps towards a solution of Problem 2.
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